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Propagation of the electromagnetic field in optical-limiting reverse-saturable absorbers
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Reverse-saturable absorbers are of considerable interest for optical limiting. Using the electric dipole per-
turbation, we derived the rate equation for a five-level system describing reverse-saturable absorbers. Tradi-
tional theories for the propagating laser beam in these materials are expressed in terms of the optical intensity.
However, with the introduction of high-power short-pulsed lasers, the propagation of light in these materials
may be subject to nonlinear phenomena such as self-focusing and self-phase modulation. Furthermore, con-
ventional theories treat the laser light as a continuous wave or as a very broad temporal pulse in which
dispersive effects are neglected. In order to incorporate these other nonlinear or dispersive effects, and there-
fore determine their influence in reverse-saturable absorbers, we derived an equation for the propagation of the
electromagnetic field, rather than the intensity, coupled to the rate equations for a five-level system. We also
coupled our theory to experimentally measurable parameters for these materials and detailed the various
physical approximations used to obtain the rate equations.

PACS number~s!: 42.50.Ct, 42.65.Pc, 42.25.Bs, 52.35.Mw
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I. INTRODUCTION

The rapid evolution of lasers requires novel protect
mechanisms for human eyes and sensors. Optical limiters
needed that display high transmittance at low intensities
low transmittance at high intensities. Desirable properties
optical-limiting candidates include~1! a high linear transmit-
tance,~2! a potentially low limiting threshold,~3! a rapid
response of ps or faster,~4! a broad spectral response, a
~5! a large dynamic range. There are various mechani
that result from nonlinear optical responses such as nonli
absorption, nonlinear scattering, and nonlinear refraction@1#.
The best known materials are photochromics used in s
glasses but they are too slow in response and recovery t
Some semiconductors, gases, and liquid crystals are use
optical-limiting materials. Liquid crystals exhibit high refrac
tive nonlinearities but low response time~ns!. Semiconduc-
tors have very large nonlinearites that are maximized i
region of high linear absorption. The nonlinearity is due
two-photon absorption that introduces electronic carriers
results in permanent optical damage. Chromophores exh
ing nonlinear absorption, such as reverse-saturable abs
tion ~RSA!, are under consideration for optical-limiting ap
plications@2–7#. In a molecular system, RSA arises when t
excited-state absorption cross section is larger than
ground-state absorption cross section. The process is m
eled by several vibronically broadened electronic energy
els. The general situation involves a five-level system. T
energy states included are three levels of the singlet s
coupled to two levels of an excited triplet state. Some ch
morphores exhibit RSA over an optical range@4#. The
mechanism of RSA is traditionally described in terms
simple rate equations coupled to a one-dimensional prop
tion equation of the optical pulse intensity. Figure 1 sho
the energy level diagram for the five-state model.

However, with the introduction of novel high-power la
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sers, the propagation of light in nonlinear materials is of
subject to various phenomena such as self-focusing and
phase modulation. Additionally, many traditional theori
treat the laser beam as a continuous wave or as a very b
temporal pulse and neglect dispersive effects. To date m
of these effects have not been included in studies of R
materials. Yet, with the advent of new laser sources, it is
interest to determine the conditions under which these eff
may become significant. In order to incorporate these effe
we derived an equation for the propagation of the elec
magnetic field coupled to the rate equations because the
ditional equations, which use the pulse intensity, cannot
swer these questions. Second, we identified the condit

FIG. 1. Schematic energy level for a chromophore. Electro
states are represented by solid horizontal lines and vibronic s
are represented by dotted horizontal lines.Sk represents a single
state andTk represents a triplet state. The photon absorption e
tations are represented by solid vertical lines and decay proce
are represented by wavy lines. The absorption coefficientss jk and
the decay constantskjk are explained in the text.
©2000 The American Physical Society01-1
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BRIEF REPORTS PHYSICAL REVIEW A 61 025801
under which the off-diagonal polarization terms in the ra
equations can be neglected. Therefore, the rate equation
be modified to reflect materials in which the off-diagon
polarization terms cannot be ignored. Finally, we incorp
rated experimentally measurable parameters in the equa
for the propagation of the electromagnetic field in RSA m
terials.

II. RATE EQUATIONS FOR REVERSE-SATURABLE
ABSORBERS

Rate equations for the five-level model are derived
making the following assumptions:~1! optical pumping of
excited-singlet population can lead to prompt sequential
sorption to higher-excited singlet states;~2! intersystem
crossing ofS1 to T1 is typically a slow process~tens to
hundreds of ns! but if k13

21 is <tp ~the pulse duration!, ap-
preciable exited triplet population can build up during t
pulse duration leading to triplet-triplet absorption of t
light; ~3! if the vibrational relaxation is faster than the optic
pumping, stimulated emission from the initially pumped v
bronic level ofS1 to the ground state is negligible, thus th
ground-state population may be totally depleted by a su
ciently strong pulse; and~4! the total electron density is con
served.

The well-known phenomenological rate equations@4# de-
scribing the electronic state populations for the five-st
model are

]N0

]t
52s01fN01k10N11k30N3 , ~2.1!

]N1

]t
5s01fN02~s12f1k101k13!N11k21N2 , ~2.2!

]N2

]t
5s12fN12k21N2 , ~2.3!

]N3

]t
52~s34f1k30!N31k13N11k43N4 , ~2.4!

]N4

]t
5s34fN32k43N4 , ~2.5!

whereNi is the electron number density of the statei, s i j is
the absorption cross section for electron pumping from
statei to the statej, andki j is the decay rate from the statei
to the statej. In these reactions, the total numberNT of
electrons is conserved such thatN01N11N21N31N4
5NT . The optical pulse has an intensityI with frequencyv0
and fluencef, defined by f5I /\v0. The well-known
propagation equation@4# for the optical pulse intensity is
given by

]I

]z
52~s01N01s12N11s34N3!I . ~2.6!

The propagation equation given by Eq.~2.6! describes the
optical intensityI not the electric fieldE; thus it is inadequate
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for the general electromagnetic field propagation of
strong light-matter interaction in RSA. Using a densit
matrix approach, we obtained the induced electric polari
tion vector from the dipole moment perturbation calculatio
The following sections describe the derivation of the pol
ization vector and the propagation of the electromagn
field.

III. DERIVATION OF THE POLARIZATION FROM THE
DIPOLE MOMENT PERTURBATION

Using the electron density-matrix approach@8#, we derive
the polarization vectorPW such as

PW ~ t !5Na^C~ t !ueEW •xW uC~ t !&5Na Tr rpW , ~3.1!

where pW jk is the dipole matrix element,Na is the volume
density of atoms, andr jk is the density-matrix element tha
satisfies the equation,

]r jk

]t
52~g jk1 iv jk!r jk1

iEW

\
•( ~pW j l r lk2pW lkr j l !,

~3.2!

where \v jk is the energy difference between two unpe
turbed energy levels andg jkr jk is a decay term due to add
tional mechanisms such as irreversible losses and ela
scattering. For a five-state system, we assume thatpW 12, pW 23,
andpW 45 are nonzero and all of them are parallel to the el
tric field EW that is given by

E~ t !5A~rW,t !eik0z2 iv0t1A* ~rW,t !e2 ik0z1 iv0t, ~3.3!

wherev0 andk0 are the carrier frequency and wave numb
of the electromagnetic field, respectively. We also assu
that v215v325v545v0 and ug jkr jku@u]r jk /]t1 iv jkr jku
for j Þk. The later inequality identifies the condition re
quired for the rate of decay of the off-diagonal terms. If th
condition is not met, then these terms cannot be ignored
date traditional theories for RSA materials implicitly mak
this assumption. The off-diagonal termr jk becomes

r jk'
iE

g jk\ ( ~pjl r lk2plkr j l !. ~3.4!

The diagonal termrkk describes the electron density at sta
uck&. We denoterkk5Nk and assume decay terms forNk
such that

2g00N05k10N11k30N3 , ~3.5!

2g11N152~k101k13!N11k21N2 , ~3.6!

2g22N252k21N2 , ~3.7!

2g33N352k30N31k13N11k43N4 , ~3.8!

2g44N452k43N4 . ~3.9!
1-2
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Then, we derive rate equations for electron populations s
that

dN0

dt
5

2up01Au2

\2g01

~N12N0!1k10N11k30N3 , ~3.10!

dN1

dt
5

2up12Au2

\2g12

~N22N1!2
2up01Au2

\2g01

~N12N0!1k21N2

2~k131k10!N1 , ~3.11!

dN2

dt
52

2up12Au2

\2g12

~N22N1!2k21N2 , ~3.12!

dN3

dt
5

2up34Au2

\2g34

~N42N3!1k43N42k30N3 , ~3.13!

dN4

dt
52

2up34Au2

\2g34

~N42N3!2k43N4 , ~3.14!

whereN01N11N21N31N45NT . We denote the polariza
tion vector such that

P~rW,t !5B~rW,t !eik0z2 iv0t1B* ~rW,t !e2 ik0z1 iv0t,
~3.15!

whereB(rW,t) is given as

B~rW,t !5
i

\ F up01Au2

g01
~N12N0!1

up12Au2

g12
~N22N1!

1
up34Au2

g34
~N42N3!GA~rW,t !. ~3.16!

By comparing the derived rate equations~3.10!–~3.14! with
the phenomenological rate equations~2.1!–~2.5!, we obtain
the following equations

s01a

\v0
5

2up01u2

\2g01

, ~3.17!

s12a

\v0
5

2up12u2

\2g12

, ~3.18!

s34a

\v0
5

2up34u2

\2g34

, ~3.19!

wherea5I /uAu2. This identification is straightforward; ye
it is essential in order to tie together the experimentally m
surable parameters in the rate equation to the theoretical
vation. Using this identification, we obtain the polarizati
vector as
02580
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2v0
@s01~N12N0!1s12~N22N1!

1s34~N42N3!#Ae2 iv0t1c.c. ~3.20!

However, there are additional terms in the derived rate eq
tions ~3.10!–~3.14! due to stimulated emission. If we assum
a fast decay of the vibrational states, then the stimula
emission is negligible. Therefore we can replace the te
s jk(Nj2Nk) by s jk(2Nk) so that the derived rate equation
and the phenomenological rate equations have the s
form. Using this approximation, Eq.~3.20! becomes

P52
ia

2v0
~s01N01s12N11s34N3!Ae2 iv0t1c.c.

~3.21!

Next, we substitute the polarization vector into Maxwel
equation and derive the propagation equation for the elec
magnetic field.

IV. DERIVATION OF THE PROPAGATION EQUATION
FOR THE ELECTROMAGNETIC FIELD

In Sec. III we derived the electric polarization in terms
molecular absorption coefficientss j l and decay constant
kjl . The wave equation in the presence of the electric po
ization vector is given by

¹2E~rW,t !2
1

c2

]2

]t2
E~rW,t !2

1

e0c2

]2

]t2
P~rW,t !50. ~4.1!

The polarization vector we derived in Sec. III is pure
imaginary and describes only the nonlinear absorption p
of the complex nonlinear polarization vector for the fiv
level model. The real part of the nonlinear polarization ve
tor gives rise to phenomenon such as self-phase modula
@9#. Additionally, for pulsed lasers, there are linear polariz
tion terms dependent upon frequency@9# giving rise to dis-
persion. A general equation for pulsed lasers propagatin
nonlinear materials, excluding the five-level model for RS
materials has been obtained@9–12#. Thus, including both the
linear and nonlinear parts of the complex polarization, a
the five-level model for RSA materials, the wave equation
the frequency domain becomes

F2ik0

]

]z
1¹'

2 1
]2

]z2
2k0

21
v2

c2
e~v!G Ã~rW,v2v0!

5
v2

e0c2
B̃~rW,v2v0!, ~4.2!

where¹'
2 5]2/]x21]2/]y2, Ã and B̃ are the Fourier trans

formations ofA andB, respectively. Equation~4.2! is general
and includes linear dispersion, self-focusing, and self-ph
modulation in addition to the nonlinear absorption term
RSA materials. To compare our propagation equation for
electromagnetic field, Eq.~4.2!, to the conventional equation
1-3
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BRIEF REPORTS PHYSICAL REVIEW A 61 025801
for the optical intensity, Eq.~2.6!, we consider the wave
equation in time domain given by

2ik0

]

]z
A1S ¹'

2 1
]2

]z2
2

1

c2

]2

]t2
22iv0

]

]t D A

52
v0

2

e0c2
B2

2iv0

e0c2

]

]t
B. ~4.3!

In order to compare Eq.~4.3! to Eq. ~2.6!, we neglect dis-
persion, self-focusing, and self-phase modulation beca
these effects are not included in Eq.~2.6!, and we obtain the
equation given by

2ik0

]

]z
A'2

v0
2

e0c2
B. ~4.4!

From Eq.~4.4! and its complex conjugate, we obtain

]

]z
uAu2}

ivc
2

2k0e0c2
~A* B2AB* ! ~4.5!

}2
v0

2

2k0e0c2

a

v0
@s01N01s12N11s34N3#uAu2

~4.6!

}2@s01N01s12N11s34N3#uAu2, ~4.7!

wherea5e0c/2. We find that Eq.~4.7! has the same func
tional form as Eq.~2.6!. In principle, Eq.~4.3! is general and,
in future work, we will include three-dimensional~3D!
propagation, allowing for the possibility of self-focusing
well as dispersion and other nonlinearities.
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e

02580
se

V. SUMMARY

Optical limiters are needed for laser protection. Recen
there has been considerable interest in materials that ex
reverse-saturable absorption. Historically, laser propaga
in these materials has been described in terms of rate e
tions coupled to a one-dimensional propagation equation
scribing the optical intensity. This method, however, do
not describe the electromagnetic field propagation that is
quired to encompass the possibility of other nonlinearit
such as self-focusing or self-phase modulation and dis
sion for pulsed lasers. Using the dipole moment perturbat
we derived the rate equations and a general 3D wave e
tion for the electromagnetic field. In deriving the rate equ
tions from the dipole moment perturbation, we identified t
conditions under which the off-diagonal polarization term
can be neglected. These polarization terms are tradition
neglected in RSA calculations; however, we show how
include them if future RSA materials warrant it. Furthe
more, in the simplest one-dimensional, nondispersive c
the equation derived for the pulse intensity from our gene
field equation has the same form as the well-known inten
pulse propagation equation. Thus, using the valuess andk
obtained from experiments, we can solve the general p
propagation for the electromagnetic field propagating
reverse-saturable absorbers numerically. Additionally,
can test for the effects of other nonlinearities and dispers
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