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Manipulating spinor condensates with magnetic fields: Stochastization, metastability,
and dynamical spin localization
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We study the dynamical response of a spinor Bose condensate under the influence of external magnetic
fields. A rich set of phenomena are investigated such as stochastization in population evolution, metastability
in spin composition, and dynamical localization in spin space.
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I. INTRODUCTION is the atomic field annihilation operator and is related to the
_ o wave functiony; via (\Tfj)zszpj, with N; being the par-
Multicomponent Bose-Einstein condensates have beeficle number with spirj. The two-body nonlinear interaction
studied extensively for the past two yeats. More recently  potential U(ry,r)=68(ri—r)32_ogePe, where gg
experiments or**Na condensates confined in an optical di- =4mh2a:/m with ap being thes-wave scattering length in
pole trap[2,3] have stimulated great interests in the study ofihe total spinF channel (for 23Na, a,=52ag, and a,
spinor Bose condensates—condensates with spin degrees 0fjga, [4], whereag is the Bohr radius P is the projec-
freedom, represented by a vector order parameter. A varietjon gperator that projects the pair 1 and 2 into spistate.
of new phenomena have been predicted for these systemser the trapping geometry considered here, we may approxi-
such as spin textures, spin waves, superfluid flow, and matt¢hate the wave function of spin stafe (j=0,=1) as
wave phase conjugatic[r4—6]._ In previous papers, we have_ (%Y, 2,0) = ¢, (X,) ¢>j(z,t)e*“"ﬂ, with ¢, (x,y) being
studied the ground-state spin structure and nonlinear spifine ground state of the two-dimensional harmonic potential
mixing dynamics of such a system for the case of zero aPmy? (x2+y2)/2. At zero temperature and zero magnetic

pzliegd nr:agnetic fi_elc[?,f8].hHovv_ever, asdhas been subggestedﬁeld, the equations of motion for the longitudinal wave func-
[2,9], the properties of the spinor condensate can be conver $,(2,t) may therefore be written as

niently manipulated with weak magnetic fields, and novel
behavior may arise. In the present work, we study the evo- .-, _ 2 4% 2 2
lution of the spinor condensate in the presence of external 1= Lohrt NaN7( ot +[4-al"¢- 1+ | bol b
magnetic fields. —|1|?_1),

We describe our model in Sec. Il. The main results are
presented in Sec. lll and Sec. IV, where the effects of longi- i bo=L,do+ NaN7(2h1d_ G5+ 1|2 bot | balbo)
tudinal and transverse magnetic fields are studied, respec- 0 FzP0 T Ta 17170 1o o '2
tively. Some concluding remarks are given in Sec. V.

i 1= Lop1+ NaN (5" 1+ ba|2 b1+ ol 2 s

2
We begin by introducing our physical model as presented ~l¢-a"du),
in Ref.[8]. We consider arf=1 spinor condensate trapped \,hereN is the total particle numben ,=(g,—g,)/3, £,=
in a cigar-shaped harmonic potential with tight confinement_ 42,424 ,2/4+ ) N7 b 12+ dol2+|baD),  A=(29,
in the transverse direction, i.es, > w,, With w, , w,being | ¢ y/3 andn=fijxdy|¢L|4/f dXdy|¢>J_|2=wl/(S4'n'w ).
the transverse and longitudinal trap frequencies, respectively o ahove equations have been written in dimenszionless
(the trapping potential is assumed to be the same for all threg ., a1d the units for length, energy, and time are
spin states The Hamiltonian of the system can be expresse l7I(2mw,), hw,, and 1b,, respectively. The first term
as[4.9] inside the bracket on the right-hand side of E@. origi-
R o nates from the nonlinear spin-exchange interaction.
H=j dr W'(r)(K+V)W¥(r) Assuming the initial particle number in spjris N;, we
study the dynamics of the system by taking the initial wave
function ¢;(z,0) to be the ground-state solutions of

L, $i(2,0)=u ¢;(2,0).

()
o Apart from a normalization constant, the thrégz,0) have
HereK, V represent the kinetic energy and the external trapthe same spatial profile and hence can be written as

ping potential, respectivelyp= (¥ _,, ¥, ¥,)T, where¥;  ¢;(z,0)=2;(0)$(2) = VP;(0)e'Vp(z), where P;(0)

II. PHYSICAL MODEL

1 n " “ “
+ Ef drydry W(r )W (r)U(ry,r)W(rp)W(ry).
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=N;/N is the initial population in spirj, #;(0) the initial
phase of wave functiow;(z,0), and¢(z) is assumed to be
real and normalized afdz ¢%(z)=1.

Generally, the population in each spin compong(t)
= [ dz|¢;(z,t)|? executes complex oscillatory behavior fa-
miliar in a nonlinear system. However, under certain condi-
tions, we have shown tha;(z,t) does not evolve with time
except for an overall phase change. Henegit)=P;(0).
This happens when the population and phase of the conden-
sate satisfy either of the following two conditions:

(B) P_1:P1 and0=77,

oOwNM & O DO ON & O B O

1
0
8]
(A) Po=3[1—(P_;—P;)?] and §=0, o
O
8]

. (o] 5.0 160 léO 200
where §=260,— 6_,— 60,. In fact, under these two special .t

conditions[we will call them conditiongA) and(B), respec-
tively], the system can be shown to be in one of the nonmix- FIG. 1. Population of spin-0 component as a function of time, in
ing eigenstates of the total Hamiltoni48] in such a way the presence of a uniform longitudinal magnetic fiedpB, = 0.1 G
that the contribution of the nonlinear spin-exchange interacand (b) B;=0.2 G. Initially, n;=ng=n_,=1/3, N=20000, 6
tion appears as a constant energy shift for all the spin com= /2. Other parameters used in the calculation args2mwx40
ponents, and hence population transfer among different spi'ﬁz' n=1.
states does not occur.
cited spatial modes can be excited as the condensate evolves.
[ll. EFFECTS OF LONGITUDINAL FIELDS Interference among these higher modes can cause an effec-

In this work, we study the effects of external magnetictlve damping of the population oscillation, a process that has

fields using this same framework. First, let us consider onI)Peen referred 10 as stochastization. An analogous phenom-
- . - , - enon was found in the two-component condensate system by
a longitudinal fieldB=B, z. Such a field will lift the energy

q £ th N states th h 7 foct T Sinatraet al.[10], where the two components initially having
‘egeneracy ot the spin states through ceeman efiect. h[?]e same density profile were set into motion by an abrupt
field introduces an extra term into the Hamiltonian:

displacement of their respective trap centers. For small dis-
1 placement, a periodic oscillatory motion was found; whereas
Ha=— g 2 f d°r ¥l (josBi+j%giPBY) ¥, for large displacement, strong nonlinear mixing induced cou-
i=-1 pling to higher excitation modes, thus leading to damping of
the relative motion of the two components.

In Fig. 2, we illustrate the effect of an inhomogeneous

5 longitudinal field. Particularly, we have chosen a field lin-
#ed=0.7 MHZ/G andugg{”)= —390 Hz/G. early dependent o B,=B,+B,z. Figure 2 shows the

Figure 1 shows the population of spin-0 state as a funCtlorbopulation of spin-0 component, starting from two different

of time, evolving in the presence of a uniform longitudinal initial states: (1) the case where the entire condensate is

magnetic field, where initially all three spin states are equally . . i
populated. For small field strengfRig. 1(a)], the dynamics placed in the spin-0 stat€?) the case where the condensate

are not very different from the zero-field caggy: Popula- S IN @ 50-50 mixture of spin-1 and spin-(1) components
tions in individual spin states oscillate with frequencies that

are dependent on the condensate phase. For large field 1.0
strength[Fig. 1(b)], however, a strong damping is observed

where ug is the Bohr magneton, angt, g{? are the linear
and quadratic Zeeman coefficients, respectively. Edia,

in the population oscillation. Specifically, the spin-0 state 0.8

becomes highly populated and the dynamics of the conden- 0.6

sate are no longer sensitive to the phase. Such behavior can P,

be intuitively understood in the following manner: In the 0.4

presence of a uniform longitudinal magnetic fiddg, the

guadratic Zeeman shift causes the energy of the two spin-0 0.2

atoms to be lower than that for a pair of spin-1 and spin- 0.0 ‘ ‘ ‘ ‘

(—1) atoms by 2 390 Hzx B?/G? (note that this pair still 0O 100 200 300 400 500

has net spin zero in thedirection. This makes the spin-0 w:t

state energetically favorable. With a larg¢ and substan- FIG. 2. Spin-0 population in the presence of a magnetic bias

tially populated spin-£ 1) states, the magnetic Hamiltonian field B,=200 mG, and gradier,; =200 mG/cm. The initial state
Hg can contribute enough energy to the system so that as (1) n,=0.998, n;=n_;=0.001; (2) ny=0.001, n;=n_;
population is transferred fror®.; to Py, more highly ex- =0.4995. Other parameters are the same as in Fig. 1.
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1.0 ' ' ' ' remains in a nonmixing eigenstate in the absence of mag-
netic fields. This explains why after the field is turned off,
the population in individual spin states ceases to evolve, be-
coming “frozen.”

Such a behavior can be understood as follows. The pres-
ence of a weak magnetic fieRlintroduces an extra term into

the HamiltoniarHg = const< B- L. Notice that_? is the total
Hamiltonian in the absence of magnetic fieldpart from a
constant pait[7,8]. Hence, if we start the condensate in an

Wit eigenstate of 2 (for example, the state with complete spin

) , , , polarization, the system will remain in an eigenstate [of
FIG. 3. Population as a function of time, in the presence of a | he field i i, inée .
uniform magnetic field wittB,=0.3 mG andB,=0.3 mG. Initially, as long as the field is uniform, sint& commutes witt# .

ny=1, ng=n_,=0. The field is turned off at=5/w, . T_o_ describe the evolution of _the condensate under_these con-
ditions, we seek an expression for the time evolution of the

[11]. We assume that the inhomogeneous magnetic field id€ld amplitudesa;(t). We can derive the equations of mo-

imposed after the initial state is prepared, such that for bot§on of &(t) from the Hamiltoniar?g (again, the contribu-

cases, we can assume that the condensate has the same digf. from the remaining part of the Hamiltonian is a constant

sity profile att=0. From Fig. 2, one can see that the popu-energy shift, and can be neglected in dynamics

lation approaches an equilibrium, but the evolution to this

Population
o
[e2]
>
1

equilibrium is quite different for different initial states. When ia_1=b,a_;~ b,

one starts with a pure spin-0 state, the condensate remains in .

that state for a certain amount of time before spin mixing iag=—by(a;+a-1), (4)
takes place, depleting,. On the other hand, starting from

the 50-50 mixture of spin-1 and spin-(1) states, the popu- ia;=—b,a;—b,a,

lation for the spin-0 states grows immediately. As explained

by Miesneret al. [3], such behavior can be understood aswhere b,= ugg:By and b= ugd:By/\2. As we have as-
being caused by an interplay between a quadratic Zeemasumed that the field is weak, the quadratic Zeeman effect has
effect (which makes the spin-0 state energetically favorablebeen neglected. With the initial conditiom,(0)=1,

and the effect of the magnetic field gradig¢mthich makes a_;(0)=4a,(0)=0, Egs.(4) can be solved as

the spin-(-1) state energetically favorable by separating
them into spin domains at the ends of the condens&@se "
(1) shown in Fig. 2 demonstrates the metastability of the a_1(t)=——(1—coswpt),

2

spinor condensate in its spin composition. “b
b,b by
IV. EFFECTS OF TRANSVERSE FIELDS ag(t) = — — (1—coswpt) +i— sinwyt, (5)
w Wp
Next, let us consider the effects of transverse magnetic b
fields. Different from the longitudinal field, the transverse b2 2, 2
field appears as a coupling between different spin compo- - X z_ X b,
PP pling p p a(t)=—-+ coswpt +i — sinwpt
. . . . 1 2 2 b bt
nents. Without loss of generality, we choose the direction of wp p @p

the field to be along the axis and the field strengtB, is
assumed to be weak, then its contribution to the Hamiltonianvhere w,= \b?+2b2. As a self-consistency check, using

may be written as a;(t)=P;(t)e'’, it is easy to see that conditig@) is in-
o deed satisfied witfa(t) given by Eqs(5) [12].
Hg=— ugdBy (W|L,|W). (3 From Eg. (5), we see that ifb,>b,, then P_4(t)

~Py(t)=0 andP4(t)~1, i.e., the population becomés-

Figure 3 shows an example of the evolution of the popu-calizedin the initially populated spin-1 state. Such a behav-
lation as functions of time in a weak uniform magnetic field ior is not unfamiliar in condensed matter systems. For ex-
with longitudinal and transverse field streng®h and B,, ample, in a system of tight-binding electrons moving in a
respectively. Initially, the system is spin polarized such thafattice with nearest-neighbor transfer, if one of the lattice
only the spin-1 state is populated. In this example, the field isites is initially occupied by the electron wave packet, spatial
on fromt=0-5 and off aftet=5. The population oscillates localization, known as Wannier-Stark localization, will occur
when this field is present and remains unchanged after it isnder the action of a dc electric fig]d3]. However, a more
turned off. Furthermore, we find that the condensate dynaminteresting phenomenon found in that system is the effect of
ics is independent of the total number of the atoms, and thatynamical localizatioDL) studied by Dunlap and Kenkre
the wave functions retain their initial spatial profile, i.e., [14] and experimentally realized clearly, only recently, in
¢;(z,t)=a;(t) ¢(2). A closer examination shows that at any optical lattices15]. When the electric field is modulated as
given timet, the system satisfies conditigA) and as such E(t)=Egcos(t), spatial localization will occur when
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1.0 W ' " even when the Bessel root condition is obejsek curvel)
0.8l in Fig. 4(@)]. A similar effect has also been observed in
1) finite-sized tight-binding chains by Raghavenal.[16]. (2)

P, 06r (2) i The condition for localization depends on the specific time
0.4 . dependence of the magnetic fields. In general, one can show
osl i that if the longitudinal field behavior i8,(t)=B,cos(t)

(@ and the transverse field B,(t)=B,cos(dwt), localization
0.0 z : s 5 o occurs whenJ,,(b,/Aw)=0. On the other hand, iB,(t)
° N .t =B,sinf(2n+1)wt], we obtain localization when
Jons1(b,/hw)=0. (3) Curve(2) in Fig. 4a) shows the sys-
1.0 tem experiencing delocalization in steps. This happens be-

cause at every half-cycle of the longitudinal field zero cross-
ing, the spin states become quasidegenerate permitting rapid
tunneling of population induced by the transverse field. A
simple Landau-Zener-type analysjd47] shows that the
amount of probability transfefor spin delocalizationwill
depend exponentially on the ratlmf/(wbz) and that this
: : : transfer will be most pronounced when the energy levels of
0 5 10 15 20 ; ) . i )
b, Ih® the spin states adiabatically cross. This also explains why we
need to haveb,>b, in order to observe the DL effect—if
FIG. 4. (a) Population of spin-1 component as a function of this condition is not satisfied, at each zero crossing of the
time, in the presence of a uniform field with,=0.2 mG and |ongitudinal field, substantial transfer to other spin states will
B,(t)=B,cos@t), ®=5. B,=3.4 mG for curve(l) andB,=3.7  take place and the discrimination of the Bessel root condition
mG for curve (2). For curve (1), Jo(b,/2w)=0. (b) Averaged will be less effective.
population of spin-1 componefdveraged over a time period of )10
as a function ob, /% w. B,=0.2 mG,w=5, andB, varies from 0
to 5.7 mG. V. CONCLUSIONS

0.8
(P;)o.6

0.4

0.2

] ) In summary, we have studied in this paper the dynamical

Jo(eEga/fiw) =0, wherea is the lattice constant anth(X)  response of a spinor condensate under the influence of exter-
is the zeroth-order ordinary Bessel function. It is interestingna| magnetic fields. By manipulating the applied fields, a rich
to investigate whether a similar effect can be found in theset of phenomena can be studied, and dynamical control of
spinor condensate. the collective spin states can be realized. We have shown

To study this possibility, we investigate the dynamics ofthat a relatively strong longitudinal field may populate a sub-
the spinor condensate under a weak uniform magnetic fieldtantial amount of higher excitation modes. The interference
with a time-independent transverse componBgpt(which  among these modes drives the condensate into an equilib-
plays a similar role to the intersite transfer that couples thejum, a signature of stochastization. Also we have shown that
neighboring states in the electron lattice systamd a time-  the approach to equilibrium depends on the initial prepara-
dependent longitudinal componer,cost) (which is  tion of the system.
analogous to a time-dependent electric field in the electron- By applying a weak transverse field to a completely spin-
lattice system Again, we assume that only the spin-1 statepolarized condensate, one can evolve the system into spin-
is initially populated. Figure @) showsP,(t) for two situ-  non-mixing states as described by conditidA9 and (B).
ations: (1) Jo(b,/hw)=0, and(2) Jo(b,/Aw)#0, where These states correspond to the eigenstates of the total Hamil-
b,= ugg¢B,. Figure 4b) displays the averaged population tonian in the absence of magnetic fields. When the conden-
in the spin-1 state as a function bf /A w. These figures sate is in such a state, the nonlinear atom-atom interaction
clearly demonstrate the effect of DL under a similar condi-does not affect the dynamics, and the condensate always oc-
tion as found in the condensed matter system—population isupies the lowest spatial mode. Furthermore, the condensate
localized in the initially occupied state whén/#% w is aroot  responds linearly to the applied fields such that its evolution
of the Bessel functioldy(x) provided thatB,> B, . can be described by a set of simple linear differential equa-

A few explanatory remarks are in ordét) The dynami- tions [Egs. (4)]. With these interesting properties, a spinor
cal localization studied here occurs &pin spacefor the  condensate in such a state becomes very attractive for mac-
spinor condensate case as opposed to position space for thescopic coherent quantum control, a subject we are now
electron-lattice system considered by Dunlap and Kenkrestudying using a fully quantum treatment.
Furthermore, the spinor condensate has a finite number of Finally we have shown that dynamical localization in spin
states (three states for arf=1 condensaje while the space can be realized using time-dependent magnetic fields.
electron-lattice system contains an infinite chain. The DLDynamical localization in position space was first proposed
effect nevertheless persists. One can show that this effeat condensed matter systems such as tight-binding electrons
will persist for times«1/b,, much longer than the typical moving in a lattice subject to a time-dependent electric field,
time scale of oscillations shown in Fig. 4. However, a finite-but its experimental realization has been difficult. Our work
sized system will show a slow delocalization at long timesshows that the spinor condensate provides an attractive sys-
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tem to study such a phenomenon. full dynamics of the three-dimensional spinor condensate,
In this study, we assume the radial wave function to bencluding the possibility of radial evolution.

the ground state of the transverse trapping potential. Such an

assumption is valid whefiw, is larger than the nonlinear

interaction energy. For the parameters used in Figs. 1 and 2, ACKNOWLEDGMENTS

these two quantities are comparable to each other. However,
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