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Stimulated radiative recombination and x-ray generation
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We consider the process of electron-ion recombination in a powerful laser field and investigate the spectrum
of emitted x-ray radiation. This process is of interest in the interaction of laser radiation with gaseous or solid
targets in connection with harmonic and coherent x-ray production. The process is treated in the framework of
the inverse Keldysh-Faisal-Reiss model describing the ingoing electron either by a Gordon-Volkov wave or by
a Coulomb-Volkov solution. Even for higher energies of the impinging electrons, considerable Coulomb
effects are recognized. We evaluate the rates of the generated x-ray field and determine the energy range of its
spectrum. The maximum photon energy achieved by this process is estimated by\vX5Ep1Up1uEBu
12A2UpEp, with Ep being the kinetic energy of the ingoing electron,Up the ponderomotive energy, andEB

the binding energy. The equivalence of the two models for the zero-range interaction is also shown.

PACS number~s!: 32.80.Wr, 34.50.Rk, 42.50.Hz
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I. INTRODUCTION

The radiative recombination of a positive ion and an el
tron with subsequent emission of a photon,A1n1e2

→A1(n21)1\v, has been a subject of thorough studies
plasma physics and astrophysics for the past 70 years@1#.
From a theoretical point of view, the process is the inverse
photoionization. Direct experimental observation of the is
lated recombination process was extremely difficult due
its small cross section. The situation has changed when
use of merged electron and ion beams in storage rings
abled the performance of very precise measurements.
stored in a ring and electrons of a cooling beam, propaga
with equal average velocities and proper spatial overlap, m
undergo collisions which give rise to spontaneous recom
nation accompanied by photon emission. The rate of rec
bination can be significantly enhanced by the presence o
external field and this process is called stimulated radia
recombination or laser-induced radiative recombination.
example, a process of this type, the formation of hydrog
was observed during electron cooling of a proton beam
storage ring and the total rate of the recombination was m
sured as well as the so-called gain factor, representing
induced recombination rate normalized to the spontane
rate, as a function of the laser intensity and wavelength@2,3#.
In particular, a gain factor of the order of 1000 has be
measured for hydrogen formation with final states of
principal quantum numbersn511, 12, and 13@4#. Further
studies of the photorecombination spectrum have b
stimulated by promising prospects of the future applicat
of the laser-induced recombination for producing reco
bined systems in desired, well-defined final states@5#. Fi-
nally, laser-induced recombination was studied with the h
of future exploitation in designing short-wavelength las
pumped by recombination. The intensive search for new
sers and the challenge to extend the region of known la
lines into the x-ray domain has led to the investigation
high-density plasmas as possible active media@6#. In particu-
lar, it has been realized that in addition to high harmo
generation from gaseous targets, x-ray radiation can be
1050-2947/2000/61~2!/023404~6!/$15.00 61 0234
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ciently generated from high-power laser interactions w
solid surfaces@7#. In this case both odd and even harmon
are generated via the oscillating electric current associa
with electrons being dragged back and forth across the as
metric density distribution created at the surface. Moreov
for low-energy electrons the problem of stimulated recom
nation at a resonance was investigated in@8#, where the num-
ber of pairs recombined by a laser pulse was analyzed
function of the laser field parameters.

Very promising conditions for x-ray generation by mea
of laser field-induced electron-ion recombination can be m
in the experimental setup, proposed many years ago by
kas and Horva´th @9#, as depicted in Fig. 1. In such a setu
very short and powerful x-ray pulses may be generated
shining laser light at grazing incidence on a gold target
create a surface plasma and by applying in addition a str
static negative voltage to a metal plate parallel to the g
target at a small distance of about 1 cm such that electr
are pushed back to the gold surface. If picosecond la
pulses of some 1012 W/cm2 are focused onto the target an
a static voltage of some 20 kV is applied, x-ray radiation
about 20 keV is observed at a power of some 20 mRtg
pulse. The appearance of these x-ray pulses coincides ex
with the laser pulses and these x-ray pulses emanate
from the laser spot at the metal surface. No x-ray emiss

FIG. 1. Sketch of the Farkas and Horva´th experimental setup
The laser pulse shining at grazing incidence on a gold target cre
a surface plasma. Energetic electrons, which normally escape
the plasma, are pushed back by a constant negative voltage
recombine with ions generating at the same time x-ray radiatio
©2000 The American Physical Society04-1
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from other surfaces of the experimental setup is detected
the same time an extremely high electron current den
towards the cathode is measured. These strong Ro¨ntgen
pulses are, however, not observed in the absence of
strong static electric field. Hence this scheme presen
rather simple means to produce strong x-ray fields w
rather modest costs of the equipment. The above experim
have been repeated with essentially the same conclusion
Dinev et al. @10# and by Hontzopouloset al. @11#. The ob-
served x-ray pulses have a rather complicated structure a
certain part of it can be explained by electron bremsstrahl
emission and electron-ion recombination.

To summarize, in order to utilize high-energy electro
which are produced not only by means of multiphoton io
ization of atoms@12# but also by some collective electron
plasma interaction effects@13,14#, a static high voltage is
applied@9# that pushes back fast electrons towards the ta
and allows them to recombine with plasma ions and henc
radiate x-ray photons. In particular, in this manner one
make use of hot electrons produced in above-threshold
ization, since it is now a well-established experimental@15#
and theoretical@16# fact that in multiphoton ionization in a
powerful laser beam the electron spectrum extends up
10Up (Up being the ponderomotive energy!, and that the
physical mechanism responsible for this is the rescatterin
slow photoelectrons by their parent ions in the presence
the laser field. Hot electrons of the energy around 10Up are
predominantly moving in the direction of polarization of th
linearly polarized laser beam. Usually, these electrons
lost for the x-ray generation. The experimental setup of F
kas and Horva´th prevents such an escape and creates
possibility to further extend the energy spectrum of high h
monics. The aim of this paper is to study such a possibil

II. COULOMB-VOLKOV MODEL FOR RECOMBINATION

Let us consider the process of recombination of electr
with ions in the presence of a strong laser beam, describe
a vector potentialAL(t) in the dipole approximation. During
the action of the laser field, the emission of x-ray photons
frequencyvX , wave vector (vX /c)n, and linear polarization
« takes place. In the electric field gauge the differen
power spectrum of high-energy photons radiated into
solid angledVn is given in atomic units by the following
formula:

S~vX ,n,p!5
avX

4p

~2p!4c2 UvL

2pE0

2p/vL
dtI~ t !U2

, ~1!

wherea, c, and p are the fine-structure constant, speed
light, and the momentum of incident electrons, respective
whereas

I ~ t !5E drcB* ~r,t !«•rei [vXt2(vX /c)n•r]cp
(1)~r,t !. ~2!

Here,cB(r,t) is the wave function of a final quasibound sta
of an electron in the laser field andcp

(1)(r,t) is the scattering
state of an electron in both the laser field and the static b
02340
At
ty

he
a

h
nts
by

d a
g

s
-

et
to
n
n-

to

of
of

re
r-
e
-
.

s
by

f

l
e

f
,

d-

ing potential of an ion. We shall further assume thatcB(r,t)
is a wave function of the ground state of an electron with
the laser field, which for hydrogen takes the form

cB~r,t !'Ab3

p
e2 iEBte2br , ~3!

with b51 andEB520.5 in atomic units, and thatcp
(1)(r,t)

is represented by the Coulomb-Volkov solution

cp
(1)~r,t !' expS 2 iEpt2 i aL~ t !•p

2
i

2mE t

e2AL
2~ t !dtDup2eAL(t)

(1) ~r!, ~4!

where up
(1)(r) is the Coulomb scattering state without th

laser field. The laser field is assumed to be described by
following vector potential:AL(t)5A0 cosvLt. Hence, in the
above equation,aL(t)5a0 sinvLt with a052eA0 /vL . The
first approximation, Eq.~3!, is commonly applied in the KFR
models@17#, whereas the second one, Eq.~4!, is justified for
high-energy electrons considered here@18,19#.

Figure 2 presents the differential power spectrumS as a
function of the emitted x-ray photon energy\vX for the
electron energyEp542.5 a.u. and for three intensities of a
Nd:YAG ~yttrium aluminum garnet! laser field of \vL
51.17eV. We observe the emergence of a plateau, boun
both from below and above, the width of which increas
with intensity of the laser beam. Moreover, its maximu
value slightly decreases with intensity, which does not ta
place for the well-known high harmonic plateau@20# .

III. KFR MODEL FOR RECOMBINATION

In order to understand qualitatively the above results,
have compared our model with the Keldysh-Faisal-Re
model in which the scattering state in the laser field is
proximated by the corresponding Gordon-Volkov solutio
We present in Figs. 3 and 4 the differential power spec
calculated with the Coulomb-Volkov wave function, Eq.~4!,
and the Gordon-Volkov plane wave, respectively. We o
serve, as expected, that with increasing electron energy
results of both models converge. However, even forEp
around 1000 eV, the difference is still visible. Quite surpr
ingly, the inclusion of the effect of the attracting Coulom
potential diminishes the emitted power spectrum, which is
contrast to the multiphoton ionization rates, where we o
serve a substantial enhancement by the presence of the
lomb attraction@19#. This could be an explanation for th
fact that the commonly used strong field approximation
high harmonic generation@21# provides a reasonable agre
ment with both experimental and numerical data, althou
the two basic ingredients of this model~that is, ionization
and capture! are not satisfactorily described by the plan
wave approximation for the laser dressed electrons in
continuum with rather small kinetic energies~see, e.g.,@22#!.

We consequently see that although there is a differe
between these two models, nonetheless the structure o
4-2
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plateau qualitatively remains the same. Therefore, in orde
understand how the x rays’ plateau depends on the laser
parameters and on the electron energies, we have replac
our formulas the Coulomb-Volkov state by the Gordo
Volkov wave function and have moreover assumed that b
the electron kinetic energyEp and momentump are much
larger than the ponderomotive energyUp and x-ray photon
momentum (vX /c)n, respectively. With these approxima
tions we finally arrive at the following approximate formu
for the differential power spectrum:

FIG. 2. Differential power spectrum calculated with th
Coulomb-Volkov state for the geometry, in which the laser be
and the generated x-ray radiation propagate along thex direction,
the polarization vectors are parallel to thez direction, whereas the
electron momentum vector is antiparallel to thez direction~see Fig.
1!. The laser photon energy is equal to\vL51.17 eV and the
electron kinetic energy isEp542.5 in atomic units. In the uppe
frame, the differential power spectrum is presented for lower la
field intensities, i.e., forI 51011 W/cm2 ~dash line! and for I
51012 W/cm2 ~full line!, and in the lower frame for the highe
intensity I 51013 W/cm2 . Observe the formation of a platea
bounded both from below and above, the width of which increa
whereas the magnitude of the differential power spectrum slig
decreases at the same time with increasing laser field intensity
a givenEp the power spectrum exists only for some discrete val
of \vX , which fulfill the energy conservation condition, Eq.~6!.
For visualization purposes, the points are connected by lines.
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S~vX ,n,p!5
26ab5vX

4p

p3c2

~«•p!2

~b21p2!6
Jn

2~a0•p!, ~5!

in which n is determined by the energy conservation con
tion

vX5Ep1Up1uEBu1nvL. ~6!

It has to be noted, however, that the above simple form
for the differential power spectrum can only be used fo
qualitative analysis of the x-ray power spectrum for electr
energies even up to 1000 eV, for which the difference
r

s,
ly
or
s

FIG. 3. Comparison of the differential power spectra calcula
for the Coulomb-Volkov state~full line! and the Gordon-Volkov
plane wave~dash line!, respectively, for the same geometry, las
photon energy, and electron energy as in Fig. 2, and for the l
field intensityI 51013 W/cm2 . Observe that even for such a larg
electron energy, the difference between these two approaches i
visible.

FIG. 4. The same as in Fig. 3, but for the larger electron ene
Ep5429.5 in atomic units. As expected, discrepancies betw
these two models decrease with increasing electron energy.
4-3
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tween the data of the two models, considered here,
proaches approximately 20% at the edges of the spectru

Considering, in particular, the geometry in whicha0uup,
we want to find an estimate of the domain for which t
power spectrum attains significant values. The correspon
limits are given by the conditionunu<a0p, i.e., when

unuvL<a0vLA2mEp52A2UpEp . ~7!

This condition, which follows from the well-known prope
ties of the Bessel functions of large indices and argume
determines the possible frequencies of the emitted x-ray p
ton ~i.e., frequencies for which the power spectrum atta
significant values!, provided we account for the energy co
servation condition, Eq.~6!,

Ep1Up1uEBu22A2UpEp<vX<Ep1Up1uEBu

12A2UpEp . ~8!

From the above considerations, we can conclude that
shape of the power spectrum forms a plateau, cente
aroundvX5Ep1Up1uEBu, the width of which is equal to
DvX54A2UpEp and grows with increasing laser field inte
sity. The power spectrum attains its maxima at the edge
this plateau. In Fig. 5 we present the contour plot of
differential power spectrumS, calculated for the Coulomb
Volkov state, in the (Ep ,vX) plane. One can clearly see th
region of dominant x-ray radiation production. The positio
and shapes of the two edges are well described by the a
formulas, although the energyEp considered here is no
much larger than the ponderomotive energy,Up , as well as
the ionization energy,uEBu. For the KFR model, a qualita
tively similar contour plot appears, with the same positio
of the edges of the spectrum.

Our approximate formula, Eq.~5!, shows that the mos
favorable conditions for the generation of x rays are with
vectors«, a0, andp parallel to each other. This simple mod
also explains why with increasing laser field intensity t
differential power spectrum slightly decreases. It follow
from the asymptotic behavior of the Bessel functionsJn(n)
for largen @23#,

Jn~n!;
21/3

32/3G~2/3!
n21/3, ~9!

where G(z) is Euler’s gamma function. Since in our ca
nvL'2A2UpEp, we find for a given electron kinetic energ
Ep ~but much larger than the ponderomotive energyUp) and
particular laser photon energyvL that the differential power
spectrum drops down with increasing laser field intensitI
like

S~vX ,n,p!;I 21/3. ~10!

This fact does not mean, however, that for large laser fi
intensities the suppression of the power of emitted x r
could be observed. The power spectrum presented he
calculated for a single recombination event. Since the nu
ber of such events grows rapidly with increasing laser fi
02340
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intensity, due to the increase of the number of electrons
ions created in the process of plasma formation in a la
field, we can, therefore, expect that the power of high-ene
photons will also rapidly increase with the laser intensity.
present, it is difficult to determine this power since the nu
ber and the momentum distribution of hot electrons in
plasma are not precisely known. However, in order
roughly estimate the energy conversion efficiency, let
make the following qualitative analysis. It is an experimen
fact that the energy conversion efficiency for high-order h
monics generated in the first dominant plateau, which end
photon energies close to 3Up , is of the order of 1026 @7#. On
the other hand, experiments measuring hot electrons, as
as theoretical analysis, show that the ratio of the numbe
electrons with energy equal to 10Up to the number of slow
electrons is of the order of 1025 @15,16#. Using these num-
bers, and noticing that for a broad range of electron ener

FIG. 5. Contour plot of the differential power spectrum in th
(Ep ,vX) plane calculated with the Coulomb-Volkov state for th
same geometry and laser photon energy as in Fig. 2, but for
laser intensityI 51014 W/cm2 . The limiting lines are well repro-
duced by the formulasvX5Ep1Up1uEBu22A2UpEp ~for the
lower edge! and vX5Ep1Up1uEBu12A2UpEp ~for the upper
edge!.
4-4
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the recombination probability rates are of the same orde
magnitude, we estimate that the energy conversion efficie
of x-ray radiation of energy around 20Up ~i.e., for Ep
'10Up) could be of the order of 10211.

IV. EQUIVALENCE OF THE TWO MODELS FOR ZERO-
RANGE INTERACTION

The Coulomb potential is one of very few examples
interactions for which the exact scattering wave funct
up

(1)(r) can be written in a closed form. Due to this fact, t
space integration that appears in the expression for the
ferential power spectrum, Eq.~2!, can be performed exactly
Another example of such an interaction is the zero-ra
interaction. In the three-dimensional space it can be defi
by a potential of the form@24–26#

V~r !5A2p2

uEBu
d~r!

]

]r
r , ~11!

whered(r) is the three-dimensional Diracd distribution. For
the above interaction, a particle possesses one bound sta
energyEB52uEBu, and the wave function of this state tak
the form

cB~r!5A4 uEBu

2p2

exp~2A2uEBur !

r
. ~12!

Also the scattering state can be written down in closed fo

up
(1)~r!5eip•r1 f ~p!

eipr

r
, ~13!

where the scattering amplitudef (p) is equal to

f ~p!5
i

p2 iA2uEBu
. ~14!

This potential is broadly applied in studies of the intera
tion of low-energy electrons with neutral atoms provided t
the de Broglie wavelength of a free electron is much lar
~i.e., the kinetic energy is sufficiently small! than the size of
an atom. One can ask, therefore, what is the difference
tween the two models for x-ray generation considered in
paper, when electrons interact with neutral atoms? If we
ply the dipole approximation to the x-ray radiation, which
very much justified for the x-ray frequencies consider
above, the functionI (t), defined by Eq.~2!, adopts the form
02340
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I ~ t !5A4 uEBu

2p2
expS i @EB2Ep2aL~ t !•p#

2
i

2mE t

e2AL
2~ t !dtD E dr

exp~2A2uEBur !

r
«•r

3S ei [p2eAL(t)] •r1 f @ up2eAL~ t !u#

3
exp@ i up2eAL~ t !ur #

r D . ~15!

It is clearly seen that after space integration the only non
nishing contribution comes from the plane-wave part of
scattering state, as it is assumed in the KFR models. T
means that for the zero-range interaction, or more gener
for an interaction the range of which is much smaller th
the de Broglie wavelength of recombined electrons, both
proaches presented here are equivalent. Obviously, the s
analysis can be applied to the ionization process as well a
the high harmonic generation, because also in these case
space integrations yield only the plane-wave part of the ex
scattering state~cf., @19,22#!. This means, in particular, tha
for very short-range interactions~more precisely, the range
should be much less than the de Broglie wavelength of f
electrons!, both models, i.e., ours, with the modified exa
scattering state, and the KFR model, give exactly the sa
results. The situation changes if one deals with long-ra
interactions. As follows from our previous investigation
@19,22# and the analysis presented in this paper, accoun
for the Coulomb interaction modifies multiphoton process
in strong laser fields, if compared to the KFR models, ev
for electron energies as large as 1000 eV.

V. CONCLUSIONS

In view of existing considerations, mentioned in the I
troduction, that electron-ion recombination in a laser fie
could be another potential source for generating x rays
increasingly higher coherent photon energy, we investiga
in the present work this stimulated recombination proces
the framework of the inverse KFR model, taking into a
count the Coulomb effects of the ionic target on the ingo
laser-dressed electron. These Coulomb effects were foun
be considerable even at higher electron kinetic energies.
evaluated on the basis of our model the rates and estim
their orders of magnitude for the generated discrete x-
spectrum. We also determined the dominant frequency ra
of this x-ray field and evaluated the laser intensity dep
dence of the rates of electron-ion recombination. In conc
sion, we estimated that the energy conversion efficiency
x-ray radiation of about 20Up will be of the order of magni-
tude 10211. Finally, we showed that our model, with th
laser dressed exact scattering state of an electron intera
with an atom, is equivalent to the KFR model provided th
the static electron-atom interaction can be approximated b
zero-range potential. This equivalence holds for photoioni
tion, stimulated recombination, as well as for high harmo
generation processes.
4-5
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Gy. Horváth, and Cs. To´th, Opt. Commun.67, 124 ~1988!.

@12# The possibility of generating x rays and fast electrons p
duced upon interaction of powerful picosecond and subp
second laser pulses with solid targets in vacuum was revie
by M. D. Perry and G. Mourou, Science264, 917 ~1994!.
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@17# L. V. Keldysh, Zh. Éksp. Teor. Fiz.47, 1945 ~1964! @Sov.
Phys. JETP20, 1307 ~1965!#; F. H. M. Faisal, J. Phys. B6,
L89 ~1973!; H. R. Reiss, Phys. Rev. A22, 1786~1980!.

@18# N. M. Kroll and K. M. Watson, Phys. Rev. A8, 804 ~1973!.
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