PHYSICAL REVIEW A, VOLUME 61, 022308
Assisted cloning and orthogonal complementing of an unknown state
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We propose a protocol where one can exploit dual quantum and classical channels to achieve perfect
“cloning” and “orthogonal-complementing” of an unknown state with minimal assistance from a state pre-
parer(without revealing what the input state.iJhe first stage of the protocol requires usual teleportation, and
in the second stage the preparer disentangles the leftover entangled states by a single-particle measurement
process and communicates a number of classical bithit per copy to different parties so that perfect copies
and complement copies are produced. Our protocol produces clones and complement clones of unknown qubit
each with a probability’g and clones of real qubit with unit probability.

PACS numbes): 03.67.Hk, 03.65.Bz

Manipulation and extraction of quantum information areusing resources such as entangled states, Bell-state measure-
important tasks in the ongoing field of information theory. ment, single-particle von Neumann measurement, and clas-
One of the interesting questions raised by Wootters angical communication. We go beyond the traditional cloning
Zurek [1] and Dieks[2] is whether it is possible to copy a ideas that exist in the literature. The question we raise is, can
quantum state perfectly. It was found that linearity of quan-e produce a perfect copy and complement copy of an un-
tum theory does not allow us to do so. Though exact clonin no(\j/vn quantum state Wclf:eg mr|]n|mal aSS|stancéﬁcl)ln§|d—
is not possible, in the literature various cloning machine<S'e€d as an extra resoujdeom the state prepardcall him
have been proposd@—9] which operate either in a deter- ictor). It turns out that with the help of Victor, our protocol

L D can produce a perfect copy and a complement c@pyi-
.m'.n'St'C or probab|I|_st|c way. Recen_tly, we he_lve prO\_/ed thatclones}. Ordinarily, if Victor sends his recipe to someone to
it is possible to build a novel cloning machine, which can

: . 4 . prepare the state, this would require double infinity of bits of
produce linear superposition of multiple clonkl. This  noimation[14] to be sent across a classical channel.
would find a potential application in quantum information  \ye show that instead of sending infinite bits of informa-
processing. . _ tion, Victor can use the entangled state left after the telepor-
Recently, we found that it is not possible to produce asation procesg15] and sendone classical bitto Alice to
conjugate copy of an unknown state using either linearity ogreate either a copy or an orthogonal-complement copy of
unitarity of the quantum proce$s1]. Independently, it was the unknown state. As in the teleportation process, one qubit
found that it is not possible to create an orthogonal-can be passed by sending two cbits and the remaining flows
complement state of an unknown st@i]. In the case of a across the entanglement channel. Similarly Herghe sec-
qubit, a complement state can be related to a conjugate statéd stage of protocgl the infinite amount of bits of infor-
by a rotation operator. Hence, these problems are identicahation can be passed to a distant site by just sending one cbit
(up to a rotation operatprAlso, in[13] it was proved that it and the remaining bits flow across the entanglement channel.
is impossible to flip an arbitrary spin, as it involves antiuni- This is a nontrivial observation in this context which must be
tary operations. remembered. This approach is important, where Victor is cut
Although there has been an immense number of theoretoff (one way from the rest of the world and he cannot send
cal ideas about how well one can copy a quantum state, norgnhy quantum states but has a classical channel to send only
of them seems to yield a perfect copy of the input state. Heresbits. An example could be as follows. Suppose Victor
we mention that using the probabilistic cloning machine, oneowned a private compang/‘qubit company”) which was
can produce perfect copies of linearly independent statesroducing qubits and sending them to interested parties. One
with some probabilitieg7]. The probabilities of success day, his company crashes and he has no resources to start his
obey certain inequalities which depend on the inner productompany again nor has he any capital. Then, if the other
of the input states. However, in the present scheme the peinterested parties can send him one-half of the particles from
fect copies are produced with a probability independent otn entangled source, then they can benefit from getting a
the input state with unit fidelitfuniversal cloningg More-  copy or a complement copy of an unknown state after receiv-
over, there is no proof yet that by using the unitary anding 1 cbit from Victor. This way, many parties can benefit
reduction operations one can produce an orthogonal complérom Victor, although he has lost his “qubit company.” But
ment copy of an unknown state. Also, there is no hope thahis knowledge and communication of 1 chit per copy are
one can test all the existing theoretical ideas experimentallyjuite helpful in such scenarios.
where one can create a copy with some error. Suppose we have a pure input qubit sfakd, e H=C?,
The purpose of this paper is to investigate the possibilityepresented gaF'), = «|0), + 8|1),, with « as real ang3 as
of copying and complementing an unknown state perfectlya complex number, in general. Let Alice and Bob share one-
half of the particles from an EPR source as in the quantum
teleportation protocdl15]. The EPR state for the particles 2
*Electronic address: akpati@sees.bangor.ac.uk and 3 is given by
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1 her possession. Now Victor carries out another measurement
|¥ ™) o3=—=(|01)23—|10),3). (1)  on particle 1 by using a linear polarizéin the case of a
V2 photon or Stern-Gerlach apparats the case of spig-

particles to measure the state in another bafis),|y)},

Alice is in possession of particle 2 and Bob is in possesy hare the new basis are given by

sion of 3. The input statgl’), is unknown to both Alice and
Bob. The combined state of the unknown state 1 and the |0)1=a|x)1— Bly)1,

EPR state 23 is (4)
[1)1=8*X)1+ aly);.

The normalization and orthogonality relation between

|W)105=[¥) 1@ ) g

=— E[|q;+>12(az)|qf>3+|qr>12|\p>3 these basis vectors are preserved under this transformation.
2 Interestingly, we find that the bagis), =|¥), and the basis
D) (ioy) | P)3+]D 7)1 — 0 [ W), Y)1=[¥1)1, where |V, );=(a|1);—-p*[0);) is the

orthogonal-complement state {&),. However, we keep
(2 |x)1,|y); for Victor just to distinguish the fact that he knows
the state. When we writgV') and|W¥ ) for other particles,
e mean they are unknown to the parties concerned. Now
riting the entangled staté¥ ~),, in the basis|x),|y);

where theo’s are usual Pauli spin matrices. Once Alice per-
forms a Bell-state measurement onto the two-particle states
and 2, and if the measurement outcome of AlicéWs )4,

(the probability of this outcome is only), then the resulting gives us
three-particle state is given by 1
1 |‘I'_>12:E[|X>1(a|1>2—3*|0>2)_|Y>1(a|0>2+ﬂ|1>2)]-
(W) 1AW W)105= = 5 [W )18 W)s. () (5)

If the outcome of Victor igy),, then he sends his measure-
ent resultlone bit of classical informatigrto Alice. Alice
nows that her state of particle 2 has been found in the origi-
pal state &|0),+ B|1),), which is just a copy.
More explicitly, the total state after a Bell-state measure-
ment and a single-particle von-Neumann measurement is
given by

When Alice communicates two bits of classical informa-
tion to Bob, then Bob knows that he has received the origin
state (or the state up to a rotation operatoNow can we
create a copy of the original state at Alice’s place? Since th
teleportation process obeys the “no-cloning theorem,” at
first it might look impossible to have a copy at Alice’s place.
However, this impossibility becomes a possibility when we
allow one bit of classical informatiofrom Victor to Alice.

- . 1

Usually it is said that the Bell-state measurement destroys YN VWY, = |, @ |W)..
the particles 1 and 2, so there is no state available to Alice. YY) 1)z 2\/§|y>l )281¥)s
The point to be noted is that, in general, the particles 1 and 2 (6)

need not be destroyed after the Bell-state measurement. It so o )
happens that when one uses photons for Bell-state analysis as!f the outcome of Victor's measurement result|ig,
was done by Bouwmeestet al. [16], they are absorbed by then one cbit from Victor to Alice would yield a complement
the detectors and hence destroyed. For other particles thi§ate given by

need not be so, because the projection postulate says that

when we apply a Bell-basis projector onto the combined - - __ 1
state|¥),,3, indeed a Bell-state remains formallyee Eq. XYW )1V T W) 123 2\/§|X>1®|‘1’¢>2®|‘1’>3-
(3)]. Quantum theory does not say that the particles 1 and 2 (7)

need to be destroyed after a measurement. How to imple-

ment this in practice is another question. A possible way to On the other hand, if the measurement outcome of Alice
do this is through Bell-state analysis using quantum-s other tharf¥ ™), in the first stage of the protocol, then the
nondemolition measuremef®ND) [17] in the case of pho- result of the second stage of the protocol can be worked out
tons. This would require a device which can perform photorin detail. First, we note that although the singlet state is the
number QND measurement at the single photon level. Bypame in any basis, the other Bell states are not the same. In
sending particles 1 and 2 along with probe modes in a northe basis{|x);,|y);} we can express the other three Bell
linear Kerr medium, one may think of a QND measurementstates as

This would be, indeed, a challenge for experimegtalists in

the future. For other entangled sources such as spa¥- 1

ticles or two-level atoms, one needs some suitable detector W) 12= ﬁ“xh(az)lwﬁﬁ|y>1(‘72)|q’>2]’

which can distinguish all four Bell states and allow them to

propagate freely for further processing. Let there be particles 1

1 and 2 after Bell-state measurement, which are in a singlet N i i

state. Alice sends particle 1 to Victor and keeps particle 2 in |[®7)12 \/§[|X>l(|0y)|qu_>2+ IV 1(iay)|[¥),),  (8)
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1
|q)7>12:i[|x>1(0x)|‘1’¢>2+ [Y)1(o0) | ¥)2l. [V 7)1 V[ W) 10545= — §|‘I’_>12(,3|013>345+ @|100)349).
V2 (11

When Alice’s outcomes argl ") ,,|P )1 in the first  Thus the Bell-state measurement leaves particles 1 and 2 in a
stage of the protocol, then the resulting states can be calcyhaximally entangled state and particles 3, 4, and 5 in a three-
lated using Egs(2) and(8). Equations(6) and(7) are exact particle entangled state. After the above measurement, Alice
ones and one of the main results of this paper. The importarfends her results via a classical channel with two bits of
observation is that if after the Bell-state measurement Victofnformation to both Bob and Carla. In the next step, Bob,
finds|y), (|x)1) in a single-particle measurement, then onewho is in possession of particles 3 and 4, carries out another
chit from Victor to Alice will result in an exact copy Bell-state measurement on them. Let us express the above

(complement copy or a copy up to a rotation operator state in terms of Bell states of 3 and 4. This is given by
(complement copy up to a rotation operatat Alice’s place.

Interestingly, the rotation operators that Alice has to applyto, B 1 N
get a copy are the same as those of Bob’s case to get the? 1AW ™ [W)1zass= = 5[V )1d [V )z @[0)s+ B[ 1))
original state.

In the special case, if the unknown state is real, &) — | )34 @|0)5— B]1)s)]. (12
=cos#|0)+sin 41), then Alice just has to perform a rotation . .
or do nothing after receiving the classical information fromAfter a Bell-state measurement onto particles 3 and 4 if the
Victor. In both cases she gets a copy of the unknown statd€adout is(say [ ™)z, then the state of particle 5 is found
This shows that our protocol produces clones of real qubitd0 be in the original state. If the readout|i ~)4, then the
100% of the time. For an arbitrary unknown state, our prc,_state of particle 5 is merely the original state up to a rotation
tocol produces an accurate copy of the original input stat@Perator o;. Suppose Bob’s measurement gives a result
50% of the time and an orthogonal-complement copy 50% v >34._Then the classical information from Bob to Carla
of the time. would yield the state

We generalize our protocol for producing more copies or
complement copies using a multiparticle entangled state. At
first it may seem that if we use three-particle entanglement 1
we might be able to generatme to threecopies at different =— §|\If*)12® |V )30 | V)5, (13
sites with the help of Victor. But it turns out that with a

three-particle entangled source one can again produce only |, the second stage, Bob needs to send only one bit of

one perfect copy or one complement copy. The useful reg|,sgical information to Carla as he could get only two pos-
source for producmgne to threecopies or two copies and @ gy e Bell-state measurement results. The resulting state for

complement copy is a four-particle entangled state of thesgyi4 is the teleported state of the original input sihés
type from Greenberger-Horne-Zeiling€H2) [18] given by 2, e calledeleportation of an unknown state using a four-

particle entangled statevhich has not been discussed in the
1 literature. Recently, Karlsson and Bourennah&d] have
|‘P>2345:E(|001]>2345+|110@2345)' ©) discussed teleportation of an unknown state using a three-
particle entangled state. After teleportation of the original
tate, the particles 1,2 and 3,4 are in a maximally entangled
g

Here, Alice has particle .2' Bob has particles 3 apd 4,an state. Now Alice and Bob send patrticle 1 and 3 to Victor one
Carla has particle 5. Let Victor prepare a state which is un:

known to Alice, Bob, and Carla and send it to Alice. Now after the other. When Victor gets the particldsand 3, he

the combined five-particle state is given p¥),® | W ),34s. ihf %‘;'eswferg] ?ﬁ::;e atrge is\tztnesﬂé? ihe| X?#_@'Z]'y;i ’| 1(>I.
Let us express the basis of states of particles 1 and 2 in their =/’ 9 i Xl Y12

o _ . 771
respective Bell basis. Then the total state can be written as_ﬁ [X)i+aly)i. In the new basis, the total state is given by

|W )W ¥ )1V W) 12305

|W ) (W W) 1AV 7| W) 12305

1
|‘I’>1234f|‘I’>1®|\I’>2345:§[|‘I’+>12(,3|01]>345 1
2 UN0s(alL)a B0}~ Iy)s(al0)— BIL))

— 1000349 — |V )12 Bl011) 345+ [ 100) 345)
+]® 7)1 @|011) 345~ B|100) 349
+]D 7)1/ @|01D) 345+ B]100)349)]- (10

®[|x)1(a|1),—B*|0),)
+y)1(a]0),+ B|1)2)]®|¥)s. (14)

Suppose Victor first performs a von Neumann measure-
Now Alice carries out a Bell-state measurement on parment on particle 1 and then on 3 and in both cases let the
ticles 1 and 2. The two-particle projection would yield any outcomes béy), and|y)s;. He can send the classical infor-
one of four possible results. If the readout of Alice’s mea-mation(one cbij to Alice and(one cbij to Bob, who can in
surement i§W ~)4,, then the resulting state will be turn find their particles in the original state exactly or up to a
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rotation operator, respectively. Thus the final state after voiing a multiparticle entanglement source and multiparties.

Neumann measurements is given by The useful resource to produdé copies orN complement
N R 3 copies (plus one original is n=2N particle entanglement
V) YY) (YW )l W W)W [W) 10305 source shared b+ 1 parties. The entangled source has to
1 be distributed in such a way that the first and the last person
=— Z|y>1® |¥),8|Y)3®@(0,) | V)@ ¥)s. (15)  possess one particle each and all intermediate parties possess

two particles from the entangled source.

We have proposed a protocol which can produce perfect
copies and orthogonal-complement copies of an arbitrary un-
known state with the help of dual quantum and classical
channels and an extra resource of one @iEr copy from a
state preparer. This protocol realizes perfect cloning and
ri:omplementing of an unknown state, which works in a
probabilistic manner. For a real unknown qubit our protocal
d works in a deterministic manner. We hope this will be a
practical way of copying and complementing quantum states
inside a quantum computer in the future. Also, the present
work could have some application in quantum communica-
tion complexity[20] and quantum bit commitment protocols
[21], which deserves further exploration. The present idea is
seful in answering the question, what is the minimum num-
er of classical bits required to simulate a quilag].

It is clear from Eq.(15) that Alice, Bob, and Carla each
acquire a perfect copy of the unknown state. If Victor's out-
comes for particles 1 and 3 ahe), and|x); (after sending
one bit to Alice and one to Bobthen Alice gets a comple-
ment copy, Bob gets a complement cofup to a rotation
operatoy, and Carla gets the original state. In general, whe
Victor finds both particles in the badig), then we have two
copies with probabilityss, and when both particles are foun
in the basigx), we have two complement copies with prob-
ability {5. However, if Victor finds particle 1 in the badis)
and 3 inly) (or vice versy then we have a copy and a
complement copyall are up to doing nothing or a rotation
operation with probability 3. Thus the above protocol is
able to produce two perfect copies or two complement copieﬂE
or a copy and a complement copy. Since our protocol woul
work for all Bell-state outcomes, the probability of produc-
ing two clones(up to a rotation operatpris 25% and of | wish to thank S. Braunstein, V. Bek, A. Chefles, and
producing two complement copies is 25% and one clone and. M. Duan for useful discussions. | thank D. Dieks for en-
one complement is 50%. The present results can be generaleuragement. | gratefully acknowledge the financial support
ized to produce multiple copies and complement copies usrom EPSRC.
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