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Assisted cloning and orthogonal complementing of an unknown state
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~Received 10 February 1999; published 14 January 2000!

We propose a protocol where one can exploit dual quantum and classical channels to achieve perfect
‘‘cloning’’ and ‘‘orthogonal-complementing’’ of an unknown state with minimal assistance from a state pre-
parer~without revealing what the input state is!. The first stage of the protocol requires usual teleportation, and
in the second stage the preparer disentangles the leftover entangled states by a single-particle measurement
process and communicates a number of classical bits~1-cbit per copy! to different parties so that perfect copies
and complement copies are produced. Our protocol produces clones and complement clones of unknown qubit
each with a probability1

2 and clones of real qubit with unit probability.

PACS number~s!: 03.67.Hk, 03.65.Bz
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Manipulation and extraction of quantum information a
important tasks in the ongoing field of information theor
One of the interesting questions raised by Wootters
Zurek @1# and Dieks@2# is whether it is possible to copy
quantum state perfectly. It was found that linearity of qua
tum theory does not allow us to do so. Though exact clon
is not possible, in the literature various cloning machin
have been proposed@3–9# which operate either in a dete
ministic or probabilistic way. Recently, we have proved th
it is possible to build a novel cloning machine, which c
produce linear superposition of multiple clones@10#. This
would find a potential application in quantum informatio
processing.

Recently, we found that it is not possible to produce
conjugate copy of an unknown state using either linearity
unitarity of the quantum process@11#. Independently, it was
found that it is not possible to create an orthogon
complement state of an unknown state@12#. In the case of a
qubit, a complement state can be related to a conjugate
by a rotation operator. Hence, these problems are iden
~up to a rotation operator!. Also, in @13# it was proved that it
is impossible to flip an arbitrary spin, as it involves antiun
tary operations.

Although there has been an immense number of theo
cal ideas about how well one can copy a quantum state, n
of them seems to yield a perfect copy of the input state. H
we mention that using the probabilistic cloning machine, o
can produce perfect copies of linearly independent st
with some probabilities@7#. The probabilities of succes
obey certain inequalities which depend on the inner prod
of the input states. However, in the present scheme the
fect copies are produced with a probability independen
the input state with unit fidelity~universal cloning!. More-
over, there is no proof yet that by using the unitary a
reduction operations one can produce an orthogonal com
ment copy of an unknown state. Also, there is no hope
one can test all the existing theoretical ideas experiment
where one can create a copy with some error.

The purpose of this paper is to investigate the possib
of copying and complementing an unknown state perfe
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using resources such as entangled states, Bell-state mea
ment, single-particle von Neumann measurement, and c
sical communication. We go beyond the traditional cloni
ideas that exist in the literature. The question we raise is,
we produce a perfect copy and complement copy of an
known quantum state with ‘‘minimal assistance’’~consid-
ered as an extra resource! from the state preparer~call him
Victor!. It turns out that with the help of Victor, our protoco
can produce a perfect copy and a complement copy~anti-
clones!. Ordinarily, if Victor sends his recipe to someone
prepare the state, this would require double infinity of bits
information @14# to be sent across a classical channel.

We show that instead of sending infinite bits of inform
tion, Victor can use the entangled state left after the telep
tation process@15# and sendone classical bitto Alice to
create either a copy or an orthogonal-complement copy
the unknown state. As in the teleportation process, one q
can be passed by sending two cbits and the remaining fl
across the entanglement channel. Similarly here~in the sec-
ond stage of protocol!, the infinite amount of bits of infor-
mation can be passed to a distant site by just sending one
and the remaining bits flow across the entanglement chan
This is a nontrivial observation in this context which must
remembered. This approach is important, where Victor is
off ~one way! from the rest of the world and he cannot se
any quantum states but has a classical channel to send
cbits. An example could be as follows. Suppose Vic
owned a private company~‘‘qubit company’’! which was
producing qubits and sending them to interested parties.
day, his company crashes and he has no resources to sta
company again nor has he any capital. Then, if the ot
interested parties can send him one-half of the particles f
an entangled source, then they can benefit from gettin
copy or a complement copy of an unknown state after rec
ing 1 cbit from Victor. This way, many parties can bene
from Victor, although he has lost his ‘‘qubit company.’’ Bu
his knowledge and communication of 1 cbit per copy a
quite helpful in such scenarios.

Suppose we have a pure input qubit stateuC&1PH5C2,
represented asuC&15au0&11bu1&1, with a as real andb as
a complex number, in general. Let Alice and Bob share o
half of the particles from an EPR source as in the quant
teleportation protocol@15#. The EPR state for the particles
and 3 is given by
©2000 The American Physical Society08-1
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uC2&235
1

A2
~ u01&232u10&23). ~1!

Alice is in possession of particle 2 and Bob is in poss
sion of 3. The input stateuC&1 is unknown to both Alice and
Bob. The combined state of the unknown state 1 and
EPR state 23 is

uC&1235uC&1^ uC2&23

52
1

2
@ uC1&12~sz!uC&31uC2&12uC&3

1uF1&12~ isy!uC&31uF2&12~2sx!uC&3],

~2!

where thes ’s are usual Pauli spin matrices. Once Alice pe
forms a Bell-state measurement onto the two-particle stat
and 2, and if the measurement outcome of Alice isuC2&12
~the probability of this outcome is only14 ), then the resulting
three-particle state is given by

uC2&12̂ C2uC&12352
1

2
uC2&12^ uC&3 . ~3!

When Alice communicates two bits of classical inform
tion to Bob, then Bob knows that he has received the orig
state ~or the state up to a rotation operator!. Now can we
create a copy of the original state at Alice’s place? Since
teleportation process obeys the ‘‘no-cloning theorem,’’
first it might look impossible to have a copy at Alice’s plac
However, this impossibility becomes a possibility when w
allow one bit of classical informationfrom Victor to Alice.

Usually it is said that the Bell-state measurement destr
the particles 1 and 2, so there is no state available to Al
The point to be noted is that, in general, the particles 1 an
need not be destroyed after the Bell-state measurement.
happens that when one uses photons for Bell-state analys
was done by Bouwmeesteret al. @16#, they are absorbed b
the detectors and hence destroyed. For other particles
need not be so, because the projection postulate says
when we apply a Bell-basis projector onto the combin
stateuC&123, indeed a Bell-state remains formally@see Eq.
~3!#. Quantum theory does not say that the particles 1 an
need to be destroyed after a measurement. How to im
ment this in practice is another question. A possible way
do this is through Bell-state analysis using quantu
nondemolition measurement~QND! @17# in the case of pho-
tons. This would require a device which can perform pho
number QND measurement at the single photon level.
sending particles 1 and 2 along with probe modes in a n
linear Kerr medium, one may think of a QND measureme
This would be, indeed, a challenge for experimentalists
the future. For other entangled sources such as spin-1

2 par-
ticles or two-level atoms, one needs some suitable dete
which can distinguish all four Bell states and allow them
propagate freely for further processing. Let there be partic
1 and 2 after Bell-state measurement, which are in a sin
state. Alice sends particle 1 to Victor and keeps particle 2
02230
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her possession. Now Victor carries out another measurem
on particle 1 by using a linear polarizer~in the case of a
photon! or Stern-Gerlach apparatus~in the case of spin-1

2

particles! to measure the state in another basis$ux&,uy&%,
where the new basis are given by

u0&15aux&12buy&1 ,
~4!

u1&15b* ux&11auy&1 .

The normalization and orthogonality relation betwe
these basis vectors are preserved under this transforma
Interestingly, we find that the basisux&15uC&1 and the basis
uy&15uC'&1, where uC'&15(au1&12b* u0&1) is the
orthogonal-complement state touC&1. However, we keep
ux&1 ,uy&1 for Victor just to distinguish the fact that he know
the state. When we writeuC& and uC'& for other particles,
we mean they are unknown to the parties concerned. N
writing the entangled stateuC2&12 in the basisux&1 ,uy&1
gives us

uC2&125
1

A2
@ ux&1~au1&22b* u0&2)2uy&1~au0&21bu1&2)].

~5!

If the outcome of Victor isuy&1, then he sends his measur
ment result~one bit of classical information! to Alice. Alice
knows that her state of particle 2 has been found in the or
nal state (au0&21bu1&2), which is just a copy.

More explicitly, the total state after a Bell-state measu
ment and a single-particle von-Neumann measuremen
given by

uy&1^yuC2&12̂ C2uC&12352
1

2A2
uy&1^ uC&2^ uC&3 .

~6!

If the outcome of Victor’s measurement result isux&1,
then one cbit from Victor to Alice would yield a compleme
state given by

ux&1^xuC2&12̂ C2uC&12352
1

2A2
ux&1^ uC'&2^ uC&3 .

~7!

On the other hand, if the measurement outcome of Al
is other thanuC2&12 in the first stage of the protocol, then th
result of the second stage of the protocol can be worked
in detail. First, we note that although the singlet state is
same in any basis, the other Bell states are not the sam
the basis$ux&1 ,uy&1% we can express the other three Be
states as

uC1&1252
1

A2
@ ux&1~sz!uC'&21uy&1~sz!uC&2],

uF1&125
1

A2
@ ux&1~ isy!uC'&21uy&1~ isy!uC&2], ~8!
8-2
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uF2&125
1

A2
@ ux&1~sx!uC'&21uy&1~sx!uC&2].

When Alice’s outcomes areuC1&12,uF6&12 in the first
stage of the protocol, then the resulting states can be ca
lated using Eqs.~2! and ~8!. Equations~6! and ~7! are exact
ones and one of the main results of this paper. The impor
observation is that if after the Bell-state measurement Vic
finds uy&1 (ux&1) in a single-particle measurement, then o
cbit from Victor to Alice will result in an exact copy
~complement copy! or a copy up to a rotation operato
~complement copy up to a rotation operator! at Alice’s place.
Interestingly, the rotation operators that Alice has to apply
get a copy are the same as those of Bob’s case to ge
original state.

In the special case, if the unknown state is real, i.e.,uC&
5cosuu0&1sinuu1&, then Alice just has to perform a rotatio
or do nothing after receiving the classical information fro
Victor. In both cases she gets a copy of the unknown st
This shows that our protocol produces clones of real qu
100% of the time. For an arbitrary unknown state, our p
tocol produces an accurate copy of the original input s
50% of the time and an orthogonal-complement copy 5
of the time.

We generalize our protocol for producing more copies
complement copies using a multiparticle entangled state
first it may seem that if we use three-particle entanglem
we might be able to generateone to threecopies at different
sites with the help of Victor. But it turns out that with
three-particle entangled source one can again produce
one perfect copy or one complement copy. The useful
source for producingone to threecopies or two copies and
complement copy is a four-particle entangled state of
type from Greenberger-Horne-Zeilinger~GHZ! @18# given by

uC&23455
1

A2
~ u0011&23451u1100&2345). ~9!

Here, Alice has particle 2, Bob has particles 3 and 4, a
Carla has particle 5. Let Victor prepare a state which is
known to Alice, Bob, and Carla and send it to Alice. No
the combined five-particle state is given byuC&1^ uC&2345.
Let us express the basis of states of particles 1 and 2 in
respective Bell basis. Then the total state can be written

uC&123455uC&1^ uC&23455
1

2
@ uC1&12~bu011&345

2au100&345)2uC2&12~bu011&3451au100&345)

1uF1&12~au011&3452bu100&345)

1uF2&12~au011&3451bu100&345)]. ~10!

Now Alice carries out a Bell-state measurement on p
ticles 1 and 2. The two-particle projection would yield a
one of four possible results. If the readout of Alice’s me
surement isuC2&12, then the resulting state will be
02230
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uC2&12̂ C2uC&1234552
1

2
uC2&12~bu011&3451au100&345).

~11!

Thus the Bell-state measurement leaves particles 1 and 2
maximally entangled state and particles 3, 4, and 5 in a th
particle entangled state. After the above measurement, A
sends her results via a classical channel with two bits
information to both Bob and Carla. In the next step, Bo
who is in possession of particles 3 and 4, carries out ano
Bell-state measurement on them. Let us express the ab
state in terms of Bell states of 3 and 4. This is given by

uC2&12̂ C2uC&1234552
1

2
uC2&12@ uC1&34~au0&51bu1&5)

2uC2&34~au0&52bu1&5)]. ~12!

After a Bell-state measurement onto particles 3 and 4 if
readout is~say! uC1&34, then the state of particle 5 is foun
to be in the original state. If the readout isuC2&34, then the
state of particle 5 is merely the original state up to a rotat
operator sz . Suppose Bob’s measurement gives a res
uC1&34. Then the classical information from Bob to Car
would yield the state

uC1&34̂ C1uC2&12̂ C2uC&12345

52
1

2
uC2&12^ uC1&34^ uC&5 . ~13!

In the second stage, Bob needs to send only one bi
classical information to Carla as he could get only two p
sible Bell-state measurement results. The resulting state
Carla is the teleported state of the original input state~this
can be calledteleportation of an unknown state using a fou
particle entangled state, which has not been discussed in th
literature!. Recently, Karlsson and Bourennane@19# have
discussed teleportation of an unknown state using a th
particle entangled state. After teleportation of the origin
state, the particles 1,2 and 3,4 are in a maximally entang
state. Now Alice and Bob send particle 1 and 3 to Victor o
after the other. When Victor gets the particles~1 and 3!, he
chooses to measure the states in the basisux& i ,uy& i , (i
51,3), where these are given byu0& i5aux& i2buy& i ,u1& i
5b* ux& i1auy& i . In the new basis, the total state is given

uC1&34̂ C1uC2&12̂ C2uC&12345

5
1

4
@ ux&3~au1&41b* u0&4)2uy&3~au0&42bu1&4)]

^ @ ux&1~au1&22b* u0&2)

1uy&1~au0&21bu1&2)] ^ uC&5 . ~14!

Suppose Victor first performs a von Neumann measu
ment on particle 1 and then on 3 and in both cases let
outcomes beuy&1 and uy&3. He can send the classical info
mation~one cbit! to Alice and~one cbit! to Bob, who can in
turn find their particles in the original state exactly or up to
8-3
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rotation operator, respectively. Thus the final state after
Neumann measurements is given by

uy&1^yuy&3^yuC1&34̂ C1uC2&12̂ C2uC&12345

52
1

4
uy&1^ uC&2^ uy&3^ ~sz!uC&4^ uC&5 . ~15!

It is clear from Eq.~15! that Alice, Bob, and Carla eac
acquire a perfect copy of the unknown state. If Victor’s o
comes for particles 1 and 3 areux&1 and ux&3 ~after sending
one bit to Alice and one to Bob!, then Alice gets a comple
ment copy, Bob gets a complement copy~up to a rotation
operator!, and Carla gets the original state. In general, wh
Victor finds both particles in the basisuy&, then we have two
copies with probability1

16 , and when both particles are foun
in the basisux&, we have two complement copies with pro
ability 1

16 . However, if Victor finds particle 1 in the basisux&
and 3 in uy& ~or vice versa!, then we have a copy and
complement copy~all are up to doing nothing or a rotatio
operation! with probability 1

8 . Thus the above protocol i
able to produce two perfect copies or two complement cop
or a copy and a complement copy. Since our protocol wo
work for all Bell-state outcomes, the probability of produ
ing two clones~up to a rotation operator! is 25% and of
producing two complement copies is 25% and one clone
one complement is 50%. The present results can be gen
ized to produce multiple copies and complement copies
hu

02230
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ing a multiparticle entanglement source and multiparti
The useful resource to produceN copies orN complement
copies ~plus one original! is n52N particle entanglemen
source shared byN11 parties. The entangled source has
be distributed in such a way that the first and the last per
possess one particle each and all intermediate parties po
two particles from the entangled source.

We have proposed a protocol which can produce per
copies and orthogonal-complement copies of an arbitrary
known state with the help of dual quantum and classi
channels and an extra resource of one cbit~per copy! from a
state preparer. This protocol realizes perfect cloning a
complementing of an unknown state, which works in
probabilistic manner. For a real unknown qubit our proto
works in a deterministic manner. We hope this will be
practical way of copying and complementing quantum sta
inside a quantum computer in the future. Also, the pres
work could have some application in quantum communi
tion complexity@20# and quantum bit commitment protoco
@21#, which deserves further exploration. The present ide
useful in answering the question, what is the minimum nu
ber of classical bits required to simulate a quibit@22#.
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