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Collisions of ground-state hydrogen atoms
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We derive an expression for the diffusion cross section of identical atoms and use it in a report of diffusion,
viscosity, total, spin-change, frequency-shift, and broadening cross sections in hydrogen, calculated with im-
proved interaction potentials. We also report some total cross sections for spin-polarized hydrogen.
PACS number~s!: 34.10.1x
st
er
ia
-
se
te

nd
bl
l-
ur
en

he

ro

ns
y.
al
f

an

ve
-

t
pi
he
lik
d
ta

me-
ave

plet
lei;

tes,
o
ith
let
ave
ec-
in-
an
e

ion
ur-
ta-
er-
plane
se of

nc-

on

en

en.
ired
ive
ed
e is
tive

ive

N

In a previous study, various cross sections for the ela
scattering of ground-state hydrogen atoms at low temp
tures were calculated with the best interaction potent
available at the time@1#. To evaluate the effects of the im
provements that were contained in the potentials, cross
tions were compared with values that had been calcula
earlier, with necessarily older potentials, by Allison a
Smith @2#. More precise potentials have become availa
since our earlier calculations@1# and we present updated va
ues for various elastic cross sections at several temperat

The calculated scattering length describing very low
ergy collisions of H(1s) and H(1s) atoms interacting via the
X 1Sg

1 molecular potential varies by about 33% when t
nuclear reduced mass is replaced by the atomic mass@3#; we
examine the influence of the mass on the calculated c
sections.

Allison and Smith@2# calculated transport cross sectio
effective in diffusion, viscosity, and thermal conductivit
Because the interchange of two identical atoms does not
the atom densities, different definitions have been used
self-diffusion cross sections@4,5#. We adopt the definition in
which the treatment of the collisions is fully symmetric@5#.
The resulting formulas are the same as those of Allison
Smith @2#, Jamiesonet al. @1#, and Celibertoet al. @4# for
viscosity and of Krstic´ and Schultz@5# for diffusion.

The wave function for a pair of identical atoms in relati
motion with asymptotic wave vectork separated by displace
ment vectorR is, for largeR @6#,

C~R!;exp~ ik•R!6exp~2 ik•R!1@ f ~u,f!

6 f ~p2u,f!#@exp~ ikR!/R# , ~1!

where@ f (u,f)6 f (p2u,f)# is the amplitude for scattering
into the solid angleV5(u,f) and the6 signs are such tha
the total wave function, including electronic and nuclear s
parts, is antisymmetric with respect to interchange of eit
the electrons or the nuclei. The nuclei are protons which,
the electrons, are fermions, hence the antisymmetry. We
cuss the scattering amplitude and the sign in more de
below.
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The pair of atoms that separate asymptotically to H(1s)
1H(1s) interact via theX 1Sg

1 andb 3Su
1 electronic states

of molecular hydrogen. These states are already antisym
trized with respect to interchange of the electrons and h
statistical weights of14 and 3

4 , respectively. The nuclearspin
states comprise a singlet which is antisymmetric and a tri
which is symmetric with respect to interchange of the nuc
their statistical weights are14 and 3

4 , respectively. Thus we
must consider four states, namely the two electronic sta
X 1Sg

1 and b 3Su
1 , combined with each nuclear state. T

ensure that the overall wave function is antisymmetric w
respect to interchange of the nuclei, the singlet and trip
nuclear spin states must be associated with spatial w
functions that are symmetric and antisymmetric, resp
tively, with respect to interchange of the nuclei. We can
terchange the nuclei by rotating the atom pair through
anglep. However, by doing so we rotate the electrons. W
can restore them to their original positions by a reflect
through the midpoint of the internuclear distance and a f
ther reflection in a plane perpendicular to the original ro
tion. The midpoint reflection changes the sign of the ung
ade state but leaves the gerade state unchanged. The
reflection leaves both electronic states unchanged becau
their S1 symmetry~there is a sign change forS2 symmetry!
@7#.

The partial wave expansion of the asymptotic wave fu
tion C(R) in Eq. ~1! is, for a central potential,

C~R!;(
l

~2l 11!S i l j l~kR!1
1

k
exp~ ih l !sin~h l !

3
exp~ ikR!

R D @Pl~cosu!6Pl~cosp2u!#, ~2!

where j l andPl denote the regular spherical Bessel functi
of order l and the Legendre polynomial of degreel, respec-
tively. By substitutingPl(cosp2u)5(21)lPl(cosu) into Eq.
~2!, we see that only terms with evenl, which do not change
sign under rotation, contribute if the positive sign is chos
in Eq. ~1! and only terms with oddl, which do change sign
under the rotation, contribute if the negative sign is chos
Taking cognizance of the reflections, we achieve the requ
symmetries of the collision system by choosing the posit
sign whenl is even and the singlet nuclear state is combin
with the electronic gerade state or the triplet nuclear stat
combined with the electronic ungerade state and the nega

r-

e-
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BRIEF REPORTS PHYSICAL REVIEW A 61 014701
sign otherwise. The signs are closely related to the divis
of hydrogen molecules into orthohydrogen and parahyd
gen; orthohydrogen is the species with the greater statis
weight @8#. Each species contains states whose rotatio
quantum numbers are either even or odd. The signs and
cies are summarized in Table I.

The incident wave, exp(ik•R)6exp(2ik•R), may be
written as 2 cosk•R or 2i sink•R, both of which yield an
average probability of 2, corresponding to either particle
ing the incident particle, with wave function exp(ik•R), say,
or the target particle with wave function exp(2ik•R) @9#.
The flux of incident particles,\k/m, wherem is the reduced
mass for the collision, must therefore be multiplied by 2
yield the rate of collisions. The probability current calculat
from the spherical wave part of the wave function in Eq.~1!
measures the probability that either atom is scattered into
solid angle (u,f). We define the differential cross section
the ratio of this current to the rate of collisions so that it
given by one-half of the square of the modulus of the co
ficient of exp(ikR)/R.

On substituting the partial wave expansion in@ f (u,f)
6 f (p2u,f)#, we obtain twice the sums over even valu
of l for the positive sign and twice the sums over odd valu
of l for the negative sign. The differential cross section is

ds

dV
5 1

4 AS~u,f!1 3
4 AT~u,f!, ~3!

whereAS(u,f) and AT(u,f) are the differential cross sec
tions for scatteringvia the electronicX 1Sg

1 and b 3Su
1

states, respectively. Singlet and triplet nuclear spin st
contribute to each of these differential cross sections.
find, from Eq.~1! with the signs now determined,

AS~u,f!5
1

4

2

k2
u (

l even
~2l 11!Pl~cosu!exp~ ih l

S!sin~h l
S!u2

1
3

4

2

k2
u (

l odd
~2l 11!

3Pl~cosu!exp~ ih l
S!sin~h l

S!u2,

AT~u,f!5
1

4

2

k2
u (

l odd
~2l 11!Pl~cosu!exp~ ih l

T!sin~h l
T!u2

1
3

4

2

k2
u (

l even
~2l 11!

3Pl~cosu!exp~ ih l
T!sin~h l

T!u2, ~4!

where h l
S and h l

T are the phase-shifts for thel th partial
waves scattered via theX 1Sg

1 and b 3Su
1 state potentials,

respectively. The first term of each right-hand side is

TABLE I. Signs and molecular species.

Electronic state Nuclear state l odd l even l odd l even

1Sg
1 Singlet 2 1 Para

1Sg
1 Triplet 1 2 Ortho

3Su
1 Singlet 1 2 Para

3Su
1 Triplet 2 1 Ortho
01470
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contribution from the nuclear singlet state and the sec
term is the contribution from the nuclear triplet state. T
total cross section is

sTotal5E ds

dV
dV5~4p/k2! (

l odd
~2l 11! 3

8 sin2~h l
S!

1 ~4p/k2! (
l even

~2l 11! 1
8 sin2~h l

S!

1 ~4p/k2! (
l even

~2l 11! 9
8 sin2~h l

T!

1 ~4p/k2! (
l odd

~2l 11! 3
8 sin2~h l

T!; ~5!

the formulation that takes account of symmetry makes
cross section twice that used by Jamiesonet al. @1#.

The diffusion cross section is@9#

sD5E ~ds/dV!~12cosu!dV. ~6!

The breakdown into sums over oddl and evenl only, indi-
cated in Eq.~4!, implies that the part of the integrand wit
the factor cosu is odd in cosu; hence, with our definition,

sD5sTotal, ~7!

which agrees with the formula given by Krstic´ and Schultz
@5#.

We adopted Born-Oppenheimer potentials correc
where possible for adiabatic, relativistic, and radiative
fects. The Born-Oppenheimer potentials were construc
from theab initio values of Fryeet al. @10#, Kolos and Ry-
chlewski @11#, and Wolniewicz@12,13#; at long range we
used multipole expansions with the coefficients of Yanet al.
@14# and the exchange expression of Herring and Flic
@15#. Adiabatic corrections were taken from the results
Wolniewicz @12# matched to the long-range expressio
Vad(R), of Dalgarno and McCarroll@16#,

Vad~R!52
1

2m
$VBO~R!1R @dVBO~R!/dR#%, ~8!

wherem is the reduced mass measured in electron mass u
andVBO(R) is the Born-Oppenheimer potential. We used t
relativistic and radiative corrections of Wolniewicz@12#,
available only for theX 1Sg

1 potential, at short to medium
range and ignored them at long range where the adiab
correction~8! is more important. The adopted potentials a
improved over those used previously@1# by having superior
ab initio values, more complete adiabatic, relativistic, a
radiative corrections, and more accurate asymptotic cont
ations to large nuclear separations.

We calculated the phase shifts by solving the differen
equations for the scattering numerically by Numerov
method and fitting the solutions asymptotically to the us
linear combination of spherical Bessel functions. We eva
ated the spin-change rates and viscosity cross sections
the formulas of Dalgarno and Smith@17,18# and Allison and
Smith @2#, respectively, and we used Eqs.~5! and~7! for the
total and diffusion cross sections. We evaluated the shift
broadening cross sections, which are important in the st
of hydrogen masers, in the elastic@17# or degenerate internal
states~DIS! approximation@19#; the appropriate phase-shi
1-2
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BRIEF REPORTS PHYSICAL REVIEW A 61 014701
formulas are quoted in Ref.@1#. The weights for temperatur
averaging are listed in Table I of Ref.@1#; we performed the
averaging by generalized Gauss-Laguerre quadrature@20#.

The X 1Sg
1 potential supports a quasibound state fol

55 at 1.27731024 hartree for the nuclear reduced mass a
at 1.24731024 hartree for the atomic reduced mass. As t
energy is increased, the phase shift of a partial wave
creases through an amountp for each bound state in acco
dance with Levinson’s theorem, and the contributions to
various cross sections oscillate. The oscillations have a n
lible effect on most of our calculated temperature-avera
cross sections because of the exponential damping, but
the l 55 partial wave, interference between the shape re
nance and the onset of the oscillations broadens the influ
of the resonance. For temperatures of 6 K and 8 K, we cal-
culated the contribution from this shape resonance by Si
son’s rule.

There is no unique choice of the value of the reduc
mass, which plausibly can range from the reduced mas
the two protons, as in conventional Born-Oppenheimer c
culations, to the reduced mass of two hydrogen atoms.
guments have been presented that indicate that diabatic
rections can be partially incorporated by selecting the ato
reduced mass@24#. We explore the sensitivity of the cros
sections to the choice of reduced mass. The calculati
made with the reduced nuclear and atomic masses, are sh
in Tables II–IV.

The total, diffusion, and viscosity cross sections are
unduly sensitive to the reduced mass. In Table V we co
pare the new results with those of Allison and Smith@2#. The
increasing difference with temperature is expected beca
of the differing cross-section formulas, as is the similarity
low temperatures, wheres-wave scattering dominates; th
formula used by Allison and Smith becomes identical to f
mula ~5! when only s waves are taken into account. Th
difference in the viscosity cross sections, remaining stead

TABLE II. Cross sections (10216 cm2).

Total Diffusion Viscosity
Temp.
~K!

Nucl.
mass

Atom.
mass

Nucl.
mass

Atom.
mass

Nucl.
mass

Atom.
mass

1.0 32.1 32.0 79.1 78.8 195.0 194.
2.0 42.6 42.5 99.8 99.5 231.0 230.
4.0 51.0 50.9 111.0 111.0 222.0 223.
6.0 55.0 54.4 113.0 113.0 206.0 206.
8.0 55.3 55.1 127.0 135.0 201.0 198.

TABLE III. Rate coefficients R(120) for spin change
(10214 cm3 s21).

Temp.~K! Nucl. mass Atom. mass

1.0 6.10 8.75
2.0 6.28 8.94
4.0 12.7 14.9
6.0 62.1 65.3
8.0 188.0 191.0
01470
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about 5% over the table, is attributable to the improved
tentials. In this comparison, we adopted the nuclear redu
mass to ensure consistency with the calculations of Allis
and Smith.

The influence of the reduced mass on the spin-cha
rates is quite marked at lower temperatures because the
sections at small energies depend on the square of the d
ences of the~electronic! singlet and triplet phase shifts
which in turn depend on the differences of the scatter
lengths, and these are very sensitive to the reduced mas@3#.

The shift cross sectionsl0 are also sensitive to the re
duced mass. As functions of energy, the singlet and trip
s-wave phase shifts cross, leading to cancellation. The
ergy of the crossing depends strongly on the scatte
lengths and so is sensitive to the reduced mass. The br
ening cross sectionss1 also owe their sensitivity to the can
cellation of thes-wave phase shifts; close to the energy
complete cancellation, thep- and d-wave contributions,
which are small at low energies, become more important
there is further cancellation because the terms alternat
sign. The broadening cross sectionss2 are much smaller
thans1 at low temperatures because they vanish rapidly
the energy approaches zero.

Measurements of these cross sections have been mad
temperature of 0.5 K by Haydenet al. @21#. They found a
value of221.762.8310216 cm2 for l0 compared with our
values of28.62310216 cm2 with the nuclear reduced mas
and 210.3310216 cm2 with the atomic reduced mass
Kokkelmans and Verhaar@22# obtained a value of211.9
310216 cm2 from a calculation which included the hype
fine interaction. Haydenet al. also measured the combine
cross section1

2 s11s2, which is dominated bys2 at 0.5 K,
as 38.563310218 cm2 compared with our values of 15.
310218 cm2 with the nuclear reduced mass and 22
310218 cm2 with the atomic reduced mass. Kokkelma
and Verhaar obtained 26.3310218 cm2. Their values~cal-
culated with the atomic reduced mass@23#! and our elastic

TABLE IV. Shift and broadening cross sections (10217 cm2).

l0 s1 s2

Temp.
~K!

Nucl.
mass

Atom.
mass

Nucl.
mass

Atom.
mass

Nucl.
mass

Atom.
mass

0.5 286.2 2103.0 3.15 4.44 0.004 0.018

1.0 250.5 261.2 2.35 3.30 0.009 0.040

2.0 223.0 229.9 1.65 2.24 0.029 0.072

4.0 0.620 24.36 0.932 1.18 0.515 0.578

6.0 14.2 9.8 22.24 22.23 4.01 4.21

8.0 24.1 19.9 28.77 29.07 11.6 11.4

TABLE V. Cross sections (10216 cm2).

Diffusion Viscosity
Temp.~K! Present Reference@2# Present Reference@2#

1.0 79.1 89.8 195.0 187.0
2.0 99.8 97.0 231.0 221.0
4.0 111.0 90.6 222.0 213.0
6.0 113.0 84.2 206.0 197.0
8.0 127.0 80.5 201.0 192.0
1-3
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BRIEF REPORTS PHYSICAL REVIEW A 61 014701
approximation values appear to underestimate the mag
tudes of these cross sections. The reduced mass influe
the calculated cross sections considerably but neither its
fect nor the hyperfine interaction is sufficient to account f
the discrepancies between the calculated and experime
values.

In this derivation of the total cross section we assum
that the nuclear and electronic spins of each atom are
correlated and we took the spin wave function to be a pro
uct of the separate nuclear and electronic spin wave fu
tions. Exploration of the properties of ultra-cold trappe
spin-polarizedhydrogen atoms currently attracts much inte
est ~e.g.,@25#!; the topic is reviewed by Julienneet al. @26#,
Walker and Feng@27#, and Weiner et al. @28,29#. The
nuclear and electronic spins of spin-polarized atomsare cor-
related. The atoms are bosons and the formulas for the c
sections must be modified because the spin wave funct
cannot be taken as a product. The analysis is simpler;
total wave function is symmetric with respect to interchan
of the atoms~bosons! and the spin wave function is symmet
ric ~because of the polarization!, which implies that the spa-
tial wave function is also symmetric. Hence only parti
waves with even angular momentum quantum numberl
contribute to the total cross section and, furthermore, t

TABLE VI. Total cross sections for spin-polarized atom
(10216 cm2).

Temp.~K! Nucl. mass Atom. mass

1.0 51.0 51.0
2.0 67.6 67.5
4.0 77.1 77.1
6.0 75.2 75.1
8.0 70.5 70.5
n

01470
i-
ces
f-

r
tal

d
ot
-

c-

-

ss
n

he
e

l

e

atoms interact only through the3Su
1 molecular state. The

total cross section for spin-polarized hydrogen atoms is

sTotal5~8p/k2! (
l even

~2l 11!sin2~h l
T!. ~9!

We present some calculated total cross sections in Table
At low temperatures they are larger than those for unpo
ized hydrogen because the triplet scattering length is m
larger than the singlet. They have only a weak depende
on reduced mass in accordance with the mass dependen
the triplet scattering length.

To conclude, we have shown that the strong influence
diabatic corrections on the H(1s)-H(1s) singlet scattering
length carries over to the spin-change, shift, and broaden
properties but not to the transport cross sections for visco
and self-diffusion. Theoretical values of the shift and broa
ening cross sections at 0.5 K do not agree with experim
The low-temperature total cross sections are increased w
the atoms are spin-polarized.
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