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Collisions of ground-state hydrogen atoms
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We derive an expression for the diffusion cross section of identical atoms and use it in a report of diffusion,
viscosity, total, spin-change, frequency-shift, and broadening cross sections in hydrogen, calculated with im-
proved interaction potentials. We also report some total cross sections for spin-polarized hydrogen.

PACS numbd(s): 34.10+x

In a previous study, various cross sections for the elastic The pair of atoms that separate asymptotically to $j(1
scattering of ground-state hydrogen atoms at low tempera+H(1s) interact via theX 'S andb 3% electronic states
tures were calculated with the best interaction potential®f molecular hydrogen. These states are already antisymme-
available at the tim¢1]. To evaluate the effects of the im- trized with respect to interchange of the electrons and have
provements that were contained in the potentials, cross sesetatistical weights of and2, respectively. The nucleapin
tions were compared with values that had been calculategtates comprise a singlet which is antisymmetric and a triplet
earlier, with necessarily older potentials, by Allison andwhich is symmetric with respect to interchange of the nuclei;
Smith [2]. More precise potentials have become availableheir statistical weights argé and 2, respectively. Thus we

since our earlier calculatiorid] and we present updated val- must consider four states, namely the two electronic states,
ues for various elastic cross sections at several temperaturgs.lgg and b 323, combined with each nuclear state. To

The calculated scattering length describing very low enensure that the overall wave function is antisymmetric with
ergy collisions of H(¥) and H(1s) atoms interacting via the respect to interchange of the nuclei, the singlet and triplet
X '35 molecular potential varies by about 33% when thenuclear spin states must be associated with spatial wave
nuclear reduced mass is replaced by the atomic fi@dswe  functions that are symmetric and antisymmetric, respec-
examine the influence of the mass on the calculated crosgely, with respect to interchange of the nuclei. We can in-
sections. terchange the nuclei by rotating the atom pair through an

Allison and Smith[2] calculated transport cross sections angle 7. However, by doing so we rotate the electrons. We
effective in diffusion, viscosity, and thermal conductivity. can restore them to their original positions by a reflection
Because the interchange of two identical atoms does not altéfirough the midpoint of the internuclear distance and a fur-
the atom densities, different definitions have been used fother reflection in a plane perpendicular to the original rota-
self-diffusion cross sectior{,5]. We adopt the definition in  tion. The midpoint reflection changes the sign of the unger-
which the treatment of the collisions is fully symmetfll.  ade state but leaves the gerade state unchanged. The plane
The resulting formulas are the same as those of Allison angeflection leaves both electronic states unchanged because of
Smith [2], Jamiesoret al. [1], and Celibertoet al. [4] for  theirS * symmetry(there is a sign change f&~ symmetry
viscosity and of Krsticand Schult4 5] for diffusion. [7].

The wave function for a pair of identical atoms in relative  The partial wave expansion of the asymptotic wave func-
motion with asymptotic wave vectérseparated by displace- tion ¥ (R) in Eq. (1) is, for a central potential,
ment vectorR is, for largeR [6],

W (R)~expik-R)xexp(—ik-R)+[f(6, ) W(R)~2 (21+1) i'j|(kR)+%exp(i77|)sin(m)
+f(7m—0,¢)][expikR)/R], (1) exp(ikR)
where[f(6,$) =+ f(7— 6,¢)] is the amplitude for scattering XT) [Pi(cos) =P (cosm—6)], 2

into the solid angld)= (0, #) and the= signs are such that

the total wave function, including electronic and nuclear spinwherej, and P, denote the regular spherical Bessel function

parts, is antisymmetric with respect to interchange of eithepf orderl and the Legendre polynomial of degreeespec-

the electrons or the nuclei. The nuclei are protons which, likeively. By substitutingP,(cosm— 6)=(—1)'P,(cosé) into Eq.

the electrons, are fermions, hence the antisymmetry. We di€2), we see that only terms with evénwhich do not change

cuss the scattering amplitude and the sign in more detaign under rotation, contribute if the positive sign is chosen

below. in Eq. (1) and only terms with odd, which do change sign
under the rotation, contribute if the negative sign is chosen.
Taking cognizance of the reflections, we achieve the required
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TABLE I. Signs and molecular species. contribution from the nuclear singlet state and the second
term is the contribution from the nuclear triplet state. The
Electronic state Nuclear state | odd |even |odd | even total cross section is

s Singlet - + Para _ do -~ 2 3o s
! T e Oroa | Gd0=(anlk®) S 21+ 1)
SN Singlet + - Para
SN Triplet - + Ortho + (47/K?) |E (21+1) & sir?(5D)
even
sign otherwise. The signs are closely related to the division 2 9q;j T
of hydrogen molecules into orthohydrogen and parahydro- + (4mlk) |§en(2|+l) Esirt (/)
gen; orthohydrogen is the species with the greater statistical
weight [8]. Each species contains states whose rotational + (47/k?) 2 (2I+1)§sin2(7;|T : (5
guantum numbers are either even or odd. The signs and spe- I'odd
cies are summarized in Table I. the formulation that takes account of symmetry makes this
The incident wave, exfK-R)*+exp(—ik-R), may be cross section twice that used by Jamiesoml. [1].
written as 2 co&- R or 2i sink-R, both of which yield an The diffusion cross section [9]
average probability of 2, corresponding to either particle be-
ing the incident particle, with wave function exp(R), say, O'D:f (da/dQ)(1—cos6)d. (6)

or the target particle with wave function expik-R) [9].

The flux of incident particlesk/w, whereu is the reduced

mass for the collision, must therefore be multiplied by 2 to

yield the rate of collisions. The probability current calculated

from the spherical wave part of the wave function in ED. Op= OTotals (7)

measures the probability that either atom is scattered into thgich agrees with the formula given by Krsémd Schultz

solid angle @, ¢). We define the differential cross section as [5].

the ratio of this current to the rate of collisions so that it is™ “\y/e adopted Born-Oppenheimer potentials corrected

given by one-half of the square of the modulus of the coefyhere possible for adiabatic, relativistic, and radiative ef-

ficient of expkR)/R. , o fects. The Born-Oppenheimer potentials were constructed
On substituting the partial wave expansion[if(6,¢)  from theab initio values of Fryeet al. [10], Kolos and Ry-

+f(7—0,4)], we obtain twice the sums over even valuescplewski[11], and Wolniewicz[12,13; at long range we

of | for the positive sign and twice the sums over odd valueg;geq multipole expansions with the coefficients of Yaral.

of | for the negative sign. The differential cross section is [14] and the exchange expression of Herring and Flicker

N 3 [15]. Adiabatic corrections were taken from the results of
40 = iAs(0, @)+ 3A1(6,¢), (3 Wolniewicz [12] matched to the long-range expression,
V.{R), of Dalgarno and McCarroll16],

whereAg( 6, $) andA1(6,¢) are the differential cross sec- 1

tions for scatteringvia the electronicX'S; and b33 Vad R)=——{Vgo(R)+R[dVgo(R)/dR]},  (8)

states, respectively. Singlet and triplet nuclear spin states ) 2u ) )

contribute to each of these differential cross sections. Wé'hereu is the reduced mass measured in electron mass units

find, from Eq.(1) with the signs now determined, andVgo(R) is the Born-Oppenheimer potential. We used the
relativistic and radiative corrections of Wolniewid42],

The breakdown into sums over otléand evenl only, indi-
cated in Eq.(4), implies that the part of the integrand with
the factor co9 is odd in co9; hence, with our definition,

_12 . s s2  available only for theX '3 potential, at short to medium
As6.¢) 4 k2| |§en(2| L)Py(cose)expli m)sin()| range and ignored them %t long range where the adiabatic
correction(8) is more important. The adopted potentials are
+ § E E (21+1) improved over those used previously] by having superior
4 k2" odd ab initio values, more complete adiabatic, relativistic, and

radiative corrections, and more accurate asymptotic continu-
ations to large nuclear separations.
12 We calculated the phase shifts by solving the differential
AT(6,¢)=Z —2| 2 (21+1)P,(cosh)exy(i an)sin( 77|T)|2 equations for the scattering numerically by Numerov’'s
k' Todd method and fitting the solutions asymptotically to the usual
linear combination of spherical Bessel functions. We evalu-

X P, (cos6)expi nP)sin( 7})|?,

12 E (21+1) ated the spin-change rates and viscosity cross sections from
k" I'even the formulas of Dalgarno and Smifth7,18 and Allison and
X P,(cos@)exp(i n)sin( 7|2, (4)  Smith[2], respectively, and we used EdS) and(7) for the

total and diffusion cross sections. We evaluated the shift and
where 77 and 7 are the phase-shifts for thkth partial  broadening cross sections, which are important in the study
waves scattered via the 12g andb33 state potentials, of hydrogen masers, in the elastic7] or degenerate internal
respectively. The first term of each right-hand side is thestates(DIS) approximation[19]; the appropriate phase-shift
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TABLE Il. Cross sections (10 cn?). TABLE IV. Shift and broadening cross sections (1 cn?).

Total Diffusion Viscosity No o1 o
Temp. Nucl. Atom. Nucl. Atom. Nucl. Atom. Temp. Nucl. Atom. Nucl. Atom. Nucl. Atom.
(K) mass mass mass mass mass mass (K) mass mass mass mass mass mass
1.0 32.1 32.0 79.1 78.8 195.0 194.0 0.5 —86.2 —103.0 3.15 4.44 0.004 0.018
2.0 42.6 42.5 99.8 99.5 231.0 230.0 1.0 —-50.5 —61.2 2.35 3.30 0.009 0.040
4.0 51.0 50.9 111.0 111.0 222.0 223.0 2.0 -23.0 —-29.9 1.65 2.24 0.029 0.072
6.0 55.0 54.4 113.0 113.0 206.0 206.0 4.0 0.620 —4.36 0.932 1.18 0.515 0.578
8.0 55.3 55.1 127.0 135.0 201.0 198.0 6.0 14.2 98 —2.24 —223 4.01 4.21

8.0 24.1 19.9 —-8.77 -9.07 11.6 114

formulas are quoted in Refl]. The weights for temperature

averaging are listed in Table | of R¢fl]; we performed the

averaging by generalized Gauss-Laguerre quadrafe
The X'3 potential supports a quasibound state For nd Smith

=5 at 1.27% 10" * hartree for the nuclear reduced mass andél The infl.uence of the reduced mass on the spin-change

at 1.247<10"* hartree for the atomic reduced mass. As theyates is quite marked at lower temperatures because the cross
energy is increased, the phase shift of a partial wave desections at small energies depend on the square of the differ-
creases through an amountfor each bound state in accor- ences of the(electronid singlet and triplet phase shifts,
dance with Levinson’s theorem, and the contributions to thevhich in turn depend on the differences of the scattering
various cross sections oscillate. The oscillations have a negengths, and these are very sensitive to the reduced [8hss
lible effect on most of our calculated temperature-averaged The shift cross sections, are also sensitive to the re-
cross sections because of the exponential damping, but, faluced mass. As functions of energy, the singlet and triplet
the | =5 partial wave, interference between the shape rescs-wave phase shifts cross, leading to cancellation. The en-
nance and the onset of the oscillations broadens the influen&gy of the crossing depends strongly on the scattering
of the resonance. For temperaturéd$6K and 8 K, we cal- lengths and so is sensitive to the reduced mass. The broad-
culated the contribution from this shape resonance by Simpening cross sections, also owe their sensitivity to the can-
son’s rule. cellation of thes-wave phase shifts; close to the energy of
There is no unique choice of the value of the reducedcomplete cancellation, the- and d-wave contributions,
mass, which plausibly can range from the reduced mass dyhich are small at low energies, become more important an_d
the two protons, as in conventional Born-Oppenheimer Cau'_there is further cancellation because the terms alternate in

culations, to the reduced mass of two hydrogen atoms. ArSI9n- The broadening cross sectioas are much smaller

guments have been presented that indicate that diabatic C&Ean oy at low temperatures because they vanish rapidly as
e energy approaches zero.

rections can be partially incorporated by selecting the atomid Measurements of these cross sections have been made at a

reduced mas§24]. We explore the sensitivity of the cross

sections to the choice of reduced mass. The calcuIationéerIT:E}e(r)‘;f_.‘t_urze1 C;ig'zxKlgy 1??:&3]?;3;- [gi]rﬁ T:r?(/j f\f\);:ﬂ%;ir
made with the reduced nuclear and atomic masses, are ShO\Mﬁ PRy . 0 P

in Tables l1-IV values of—8.62< 10" ® cn? with the nuclear reduced mass

The total, diffusion, and viscosity cross sections are no nd —10.3<10 % cn? with the .atomlc reduced mass;
unduly sensitive to the reduced mass. In Table V we com- okk_ellgnans and Verhadi22] obtained a value of~11.9
pare the new results with those of Allison and Smzh The >_<10_ sz_ from a calculation which included the hy_per-
increasing difference with temperature is expected becauég]e |ntera§:t|on. Haydelet.al. ?ISO mgasured the combined
of the differing cross-section formulas, as is the similarity at®'°SS SeCt'Or%‘T_llgL oz, Which is dominated by, at 0.5 K,
low temperatures, wherswave scattering dominates; the 25 38,3310 cm” compared with our values of 15.8
formula used by Allison and Smith becomes identical to for-Xlo_18 cn’ W_'th the nuc!ear reduced mass and 22.4
mula (5) when onlys waves are taken into account. The <10 cn? with the atomic reduced mass. Kokkelmans

. 718 .
difference in the viscosity cross sections, remaining steady &"d Verhaar obtained 26:3L0 cn. Their values(cal-
culated with the atomic reduced md=3]) and our elastic

about 5% over the table, is attributable to the improved po-
tentials. In this comparison, we adopted the nuclear reduced
mass to ensure consistency with the calculations of Allison

TABLE 1ll. Rate coefficients R(1—0) for spin change TABLE V. Cross sections (10° cn?).
(10 % e s7Y),
Diffusion Viscosity

Temp.(K) Nucl. mass Atom. mass Temp.(K) Present Referende] Present Referende]
1.0 6.10 8.75 1.0 79.1 89.8 195.0 187.0
2.0 6.28 8.94 2.0 99.8 97.0 231.0 221.0
4.0 12.7 14.9 4.0 111.0 90.6 222.0 213.0
6.0 62.1 65.3 6.0 113.0 84.2 206.0 197.0
8.0 188.0 191.0 8.0 127.0 80.5 201.0 192.0
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TABLE VI. Total cross sections for spin-polarized atoms atoms interact only through th&. molecular state. The

(101 cnv). total cross section for spin-polarized hydrogen atoms is
Temp.(K) Nucl. mass Atom. mass O-Totalz(gﬂ-/kZ) 2 (21 + 1)sin2( 7];") (9)
|
1.0 51.0 51.0 even
2.0 67.6 67.5 We present some calculated total cross sections in Table VI.
4.0 771 771 At low temperatures they are larger than those for unpolar-
6.0 75.2 75.1 ized hydrogen because the triplet scattering length is much
8.0 70.5 70.5 larger than the singlet. They have only a weak dependence

on reduced mass in accordance with the mass dependence of

the triplet scattering length.

approximation values appear to underestimate the magni- To conclude, we have shown that the strong influence of

tudes of these cross sections. The reduced mass influenagiabatic corrections on the H§J-H(1s) singlet scattering

the calculated cross sections considerably but neither its efength carries over to the spin-change, shift, and broadening

fect nor the hyperfine interaction is sufficient to account forproperties but not to the transport cross sections for viscosity

the discrepancies between the calculated and experimentand self-diffusion. Theoretical values of the shift and broad-

values. ening cross sections at 0.5 K do not agree with experiment.
In this derivation of the total cross section we assumed! he low-temperature total cross sections are increased when

that the nuclear and electronic spins of each atom are ndf€ atoms are spin-polarized. _ _
correlated and we took the spin wave function to be a prod- We are indebted to Dr. R. @®for a useful discussion.
uct of the separate nuclear and electronic spin wave functn€ research of M.J.J. and B.Z. was supported by the Na-
tions. Exploration of the properties of ultra-cold trapped ional Science Foundation through grants to the Smithsonian
spin-polarzechycrogen atoms curenty atracts much ner-1"SH10n 0 Harierd Universly o e nstue o Ther
Si;iﬁé?"giﬂ)’égﬁg[oz%c IzrﬁVI\e/\/V\é?r?e?)étJ;“e[gréﬁz%I' [%i]é support in part for this research from the Engineering and

Y . N e Physical Sciences Research Council and the University of
nuclear and electronic spins of spin-polarized atamescor- Glasgow. B.Z. acknowledges support in part for this research
related. The atoms are bosons and the formulas for the crogs, 1, the National Science Foundation Grant No. NSE OSR-
sections must be modified because the spin wave functiogzs3,27 and the University of Nevada at Las Vegas. The
cannot be taken as a product. The analysis is simpler; thgssearch of A.D. was supported by the U.S. Department of
total wave function is symmetric with respect to interchangegnergy, Division of Chemical Sciences, Office of Basic En-
of the atomgboson$ and the spin wave function is symmet- ergy Sciences, Office of Energy Research. The research of
ric (because of the polarizatipnwhich implies that the spa- D.R.S. and P.S.K. was supported by the U.S. Department of
tial wave function is also symmetric. Hence only partial Energy under Contract No. DE-AC05-960R22464 to Oak
waves with even angular momentum quantum numbers Ridge National Laboratory managed by Lockheed Martin
contribute to the total cross section and, furthermore, th&nergy Research Corporation.
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