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Measurement of the quantum state of electronic wave packets
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A technique for determining the quantum state of electronic wave packets from probability distribution
measurements is presented. Specifically, a measurement of the fractional probability in each of a wave packet's
constituent eigenstates can be used in conjunction with a measurement of the wave packet’s time-dependent
probability distribution to recover the complex amplitude of each constituent eigenstate. The method is dem-
onstrated for radial Rydberg wave packets using previously measured time-dependent probability distributions
in coordinate and momentum space. By exploiting delay imaging techniques, it should be possible to retrieve
the quantum state of wave packets in real time.

PACS numbgs): 32.80.Rm, 42.50.Dv, 32.80.Qk

[. INTRODUCTION different principle quantum numbaer but identical angular
momentum and azimuthal quantum numbkrand m, are

The control of quantum dynamics in atomic systems, botteasily characterized using SSFI. However, SSFI is not as
in the internal and external degrees of freedom, continues téffective for dissecting the state composition of more com-
be an important theme in atomic physics research. In the cagdicated wave packets that are superpositions of states with
of internal dynamics, the development of methods to monito#lifferentn, I, andm. Even if the state compositions can be
the coherent evolution of electronic wave packets has provefieasured, there is still the difficulty of creating an appropri-
to be a real challenggl]. Nevertheless, the ability to quan- ate reference packet whose quantum state is completely char-
t|tat|ve|y assess the quantum state of a system at a Speci'mg:tenzed. For the CrOSS-Correlatlon method to be Successful
time is crucial to many applications of quantum conf@B]. ~ €Very eigenstate in the target superposition must also be rep-

A number of different probe methods for studying the resented in the reference packet. Therefore, target wave
evolution of Rydberg wave packets have been developed iackets with complicated eigenstate distributions require
cluding short-pulse photoionizatige], bound-state interfer- Similarly complex reference packets whose quantum state
ometry [5-8], time-resolved isolated core excitation May not be known with high confidence.
(TRICE) [9], impulsive momentum retriev&IMR) [10,11], In this paper we demonstrate an alternative method for
and the atomic streak camefa2]. These methods allow complex amplitude retrieval based on an analysis of time-
measurement of the wave packet’s probability distributiondependent probability distribution measurements. Like the
near the ion core, the degree to which two wave packetgrOSS'Correlaﬂon technique, the prObablllty distribution
resemble each other, the radial probability distribution, thenethod is more robust if the eigenstate composition of the
momentum-space probability distribution, @or continuum ~ Wave packet has been ascertained through SSFI or some
wave packetsthe electron flux leaving the atom, respec- other method. However, neither phase coherence between
tively. In the absence of additional information, none ofPumMp and probe pulses nor a well characterized reference
these methods allows one to determine the full time-wave packet are required.
dependent electronic wave function. Consider an arbitrary wave packet

However, it was recently shown theoreticall$3] and
experimentally [14] that a wave-packet cross-correlation . .
measurement combined with complete information regarding W(rt)=2, Aj(re G- 9), 1)
the distribution of probability among the wave packet’s con- !
stituent eigenstatd4.5] could be used to extract the complex
eigenstate amplitudes in the packet. Because the eigewhere theA; are the real, time-independent amplitudes of the
energies and wave functions for electronic Rydberg states aggnstituent eigenstategj(F) with energiesE; and constant
very accurately known, the determination of the complexphases, . The sum extends over all quantum numbers and
eigenstate amplitudes is equivalent to a measurement of th§omic units are used throughout. Note that the wave func-
time-dependent wave function or quantum state. tion could be equally well represented in momentum space

There are, however, a number of technical problem%y substitutingp for each instance of in the previous and

which make complex amplitude retrieval using the Cross'following equations. The time-dependent probability distri-
correlation method difficult for arbitrary wave packets. Crossbution i

correlation requires the creation of two wave packets: a ref-
erence packet whose quantum state is known, and a target
packet whose eigenstate distribution is knoyi8]. For

many types of wave packets, eigenstate composition is easily P(r,t)= % AR (N dr)
measured using state-selective field ionizati®sF). For '
example, radial wave packets composed of eigenstates with Xexpli[ (Ex—Ept—(d— )1}, (2
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where we have assumed real eigenfunctigpsvithout loss 1.0 4

of generality. The phase differenc®d,;=(d— ¢;) be- £ 0.8

tween any two constituept eigenstates can be recovered from } 0.6 - {
the Fourier tr@nsform?(r,E), of the measured probability 0 0.4 i
distribution P(r,t). S(r,E) consists of a series of spikes at éc_ 024 % .

the difference frequencies=AE,;=Ey—E;. The phase of 0.0 4 .
S(F,AEkj) evaluated at the center of a particular resonance —

feature is related to the phase difference between stgtes o 057
and ¢, Pyj=+Ady;j==+(d—¢;). The choice of+ or T 0.4
— as the multiplicative factor depends on the sign of the = 03
product (1) #(r), a quantity which is accurately known g 0.0
for Rydberg eigenstates. The minus sign applies to positive < o1
eigenstate products. O‘O

For a superposition ofl eigenstatesN—1 phase differ- l l l
ences are measured. However, since the quantum state of the 26 28 30
wave packet can only be determined up to a multiplicative n
phase _factpr, the phasg; of one of th? elgenstaFet;q, can FIG. 1. Measured amplitudes and phases of the constituent
be arbitrarily set to zero. This selection, combined with the

ei%enstates in aghd radial wave packet in calcium. The real am-

measured phase differences, defines the phases of the O”b‘ﬁ udes were measured using SSFI and the phases were obtained

N—1 states in the packet. Note that no physical observable igom Fourier transforming radial probability distribution measure-
affected_ b)_’ the choice of_phase for eigenstate ments from previous TRICE experiments. Since only phase differ-
In principle, the real eigenstate amplitudés, can also  ences are measured, the quantum state can only be known up to a
be determined fronS(r,E). The ratio of any two ampli- multiplicative phase factor. Therefore, we define the phase of the
tudes,  Aj/A, is directly  proportional  to 4s28d eigenstate to be zero.
S(F,AEji)/S(F,AEik). The constant of proportionality de- _ o - _
pends only on the eigenstate produgtss; and ;4 which ~ €xperiment, half-cycle pulse ionization was utilized in the
are known. However, in practice, experimental noise in thdmpulsive momentum retrievdllMR) method to determine
measured probability distributions have a much greater effedh€ momentum space probability distribution of a similar
on the peak amplitudeS(r,AE) than on the phase and en- 4sndvyavehpacke[16]. 'E both ca?es, the Iaser:.pulzes ‘aseﬁ
ergy differencesA ¢ and AE. This amplitude noise makes [© €XCite the wave packet were frequency chirped and the

an accurate determination of the eigenstate amplitudes Ve&;}nsgtlie?t e;g![instate a'mpllttudes V‘{)er? megsm:red us:jr;? SSFI.
difficult. However, if the real eigenstate amplitudéshave 3 etal Sot e eXdperlrge?1 S CanThe ound e sec\l/vfﬁg ]t_t t
been independently measuréelg., using SSH) then the &Nd ar€ not reproduced here. The measured constituen

phase retrieval described above completes the measurem&igenstate ar_nphtydes and recovered phases fpr the wave
of the quantum state of the wave packet packets studied in the TRICE and IMR experiments are

o - shown in Figs. 1 and 2, respectively. Clear phase variations
Of course, the distribution functioR(r,t) cannot be mea- g P y P

o T across the eigenstate distributions are evident in both wave
sured exactly. Instead, the probability for finding the Wavepackets

packet within some volumAV betweenr andr + or is de- In the TRICE experiment, phase retrieval was performed
termined. Fortunately, integration 8{r,E) overAV affects  using portions of the radial probability distribution corre-
the amplitudesS(F,AEkj), but does not alter the phases SPonding to the inner and outer turning points of the wave-
A¢y;. Therefore, the phase measurement is not COmprooacket motior(see Flg. 3. Since the é;ndelge_znfuncnons all
mised. It is also worth noting that the probability measure-nNave the same radial phase at smalkach eigenstate prod-
ment over any finite voluméV contains phase-difference Uct contributes at sign to the phase measurement at small
information for every pair of constituent eigenstates. As adadius. Conversely, at large the radial eigenfunctions are
result, in many cases only a small fraction of the probability180 ° out of phase and the eigenstate product is negative. As
distribution, e.g., the small radius portion near the ionic core@ consequence, the phaskg; retrieved from the two data

must be measured to accurately determine all of the phagi®ts have a relative phase shift. This phase shift has been
differences. accounted for in the plot ok ¢,; shown in Fig. 1. The error

bars in Fig. 1 indicate the differences in the phases obtained
using the small and large radius data, respectively. Errors in
the phase determination are only significant for states with
We now demonstrate the complex phase-retrieval methodmall amplitude whose frequencies do not figure prominently
using previously published data from two radial wave packein the Fourier transform dat@ee Fig. 4.
[4] experiments. In the first experiment, time-resolved iso- The IMR measurements from the second experiment pro-
lated core excitatiolfTRICE) was used to measure the time- vide momentum distributions in Cartesian rather than spheri-
dependent radial probability distribution of a coherent supereal coordinates. As a result, care must be taken to accurately
position of 4snd states in calcium[9]. In the second assess the appropriate sign of the eigenstate products that can

II. RESULTS
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FIG. 4. Discrete Fourier transform of the small radius probabil-
ity data shown in Fig. @). The vertical dashed lines separate re-

FIG. 2. Measured amplitudes and phases of the constituerdions I, Il, Ill, which indicate energy splittings betweenrd levels
eigenstates in aghd radial wave packet in calcium. The real am- with An=1, 2, and 3, respectively. The phases shown in Figs. 1
plitudes were measured using SSFI and the phases were obtainadd 2 are associated with region | peaks.
from Fourier transforming momentum-space probability distribu-
tion measurements from previous IMR experiments. Since onlydetermine the correct sign df¢,; from the measurement of
phase differences are measured, the quantum state can only thq-,
known up to a multiplicative phase factor. Therefore, we define the To make the phase evaluation as straightforward as pos-
phase of the 435d eigenstate to be zero. sible, we only consider the high momentum part of each

) ) distribution. Large momentum components along any Carte-

contribute ar phase shift to the measured phadeg;. For  sjan axis imply large radial momentum as well. Since the
example, the probability distribution evaluated near zero mophases of the relevant momentum-space eigenfunctions are
mentum along the axis, p,=0, depends on electron prob- jdentical at large radial momentum, each eigenfunction prod-
ablll_ty W|th_ very smz?lll total n;ort?le_ntur(lhe.l, near the outer uct, lﬁk(f’) z//j(ﬁ), in Eq.(2) contributes a+ sign to the mea-
thrnlng pdth as well as probability .V\r’:th. ahrge Imqmentum sured phased,;=—Ad¢y;. Figure 2 shows the average
along a different AaX'E{';e" moving with hig V? ocity ngar phase retrieved from an ensemble of phase determinations.
the nucleus along ory). Unfortunately, the eigenfunction Typically, twelve phase measurements were obtained for
products#y(p) ¢;(p) from different volumes in momentum each eigenstate. Each determination was made using a dif-
space have different signs. As a result, it can be difficult toferent high momentum component of the experimental dis-

tributions along either the andz directions. The error bars

09} in Fig. 2 represent standard error of the mean for the en-
. semble.
Once determined, the constituent eigenstate phases and
0.6 A N amplitudes can be used in conjunction with detailed knowl-
edge of the eigenfunctions and energies to reconstruct the
o 0.3 ] actual wave-packet evolution. A wave-packet movie, com-
< posed of snapshots of the wave packet's evolving Wigner
. distribution, is particularly insightful. A less attractive alter-
‘g T T T T T native which will suffice for the paper journal medium is a
— 0.9 density plot of the time-dependent coordinate and momen-
2 tum space probability distributions. The measured wave-
Tg 0.6 packet distributions obtained from the TRICE and IMR data
Q are shown in Figs. 5 and 6, respectively. Precise knowledge
& of the eigenfunctions and eigenenergies makes it possible to
0.3 reliably track the wave-packet motion from the measurement
B T of only a few complex amplitude parameters.
0.0 | | | | | |
0 5 10 15 20 25 30 l1l. DISCUSSION
Time (psec)

As noted in the Introduction, phase recovery from prob-

FIG. 3. Measured probability for finding the wave packet de-ability distributions has an advantage over the cross-

correlation techniqug14] in that complicated reference
wave packets are not required for accurate phase retrieval.

scribed in Fig. 1(a) at small radius near the ion core afi at large
radius near the classical outer turning point.
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FIG. 5. Density plots of the measured time-dependent probabil- FIG. 6. Density plots of the measured time-dependent probabil-
ity distribution for the 4£ndradial wave packet described by Fig. 1 ity distribution for the 4ndradial wave packet described by Fig. 2
in coordinate and momentum space. Dark denotes a region of higim coordinate and momentum space. Dark denotes a region of high
probability. The time interval displayed matches the delay rangerobability. The time interval displayed matches the delay range
over which the original TRICE measurements were made. over which the original IMR measurements were made.

Unfortunately, the probability method has a different techni- IV. SUMMARY
cal limitation. Specifically, the technique relies on identify-
ing energy differences to define specific phase differences

between eigenstates. If different pairs of states have equal or Inbsuzjnr?ary,' thz ?uantum state of e![ect;ot?]lc wave pacl;e’;’s
nearly equal energy splittings, this determination become§an P€ determined from measurements of the wave packets

difficult in practice. In principle, by measuring the phasenmg-_dependent probability distribution and eigensta?e com-
differences using data from different spatial volumes, ondosition. The method has been demonstrated for chirped ra-

could sort out the phase differences corresponding to eadffal Wave packets using previously measured coordinate and
eigenstate pair. However, this approach is unlikely to yie|dmomentum space distributions. It is worth noting that the

accurate results for a large number of degenerate enerdvomentum distribution data were collected using delay im-
splittings. aging technique$l7]. Delay imaging can be utilized with

The real advantage of the probability-based phase]_’RlCE, IMR, or short-pulse photoionization to provide the

recovery method lies in the characterization of wave packetiime-dependent probability distribution data required for
that are linear superpositions of several principal and lowPhase retrieval in a single laser shot. Since SSFl is also a

angular momentum quantum numbers in nonhydrogenic agingle-shot measurement, real-time evaluation of the quan-
tum state of electronic wave packets should be possible using

oms. The non-negligible qguantum defects of low angular mo-

mentum states should enable a clear distinction between dfHrent technology.

relevant energy splittings in the Fourier transform of a mea-

sured probability distribution. As a result, extraction of each

phase difference should be straightforward. We suspect that ACKNOWLEDGMENTS
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