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Quantum logic with a single trapped electron
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We propose the use of a trapped electron to implement quantum logic operations. The fundamental
controlledNnoT gate is shown to be feasible. The two quantum bits are stored in the internal and external
(motiona) degrees of freedom.

PACS numbg(s): 42.50.Vk, 03.67-a, 32.80.Pj, 03.65.Bz

I. INTRODUCTION now the experimental realization of such logic operations
was shown to be possible with trapped i¢a8)], flying qu-
The modern theory of information relies on the very foun-bits [11], and cavity QED[12]. There are claims that the
dations of quantum mechanics. This is because the informajuantum logic gates are obtained in NMR systdt® but
tion is physical, as recently emphasized by Landdagrit  this was also questiongd4]. In these systems, however, the
implies that the laws of quantum mechanics can be used ténplementation of quantum logic is not at all easy and was
process and store information. The elementary quantity ofot completely performed in all of them.
classical information is the bit, which is represented by a It is our aim here to show that other natural candidates to
dichotomic system; therefore, any physical realization of dmplement quantum logic could be trapped electrons. In fact,
bit needs a system with two states. The very novel characn electron is a real two-state system and, when stored in a
teristics of quantum information is that, by using quantumPenning tra15], permits very accurate measuremeis.
states to store information, a quantum system can be in Burthermore, in such a system the decoherence effects,
superposition of states. This means, in a sense, that the akhich can destroy the quantum interference that enables the
ementary quantity of quantum information, a quantum bit,quantum logic implementatioi7], are well controlled18].
can be in both the states at the same time. Moreover, electrons being structureless open other possibili-
Already in 1981 Feynmaf2] pointed out the impossibil- ties, €.g., the use of statistics that has not as yet been consid-
ity for a classical computer to simulate the evolution of a€red in the literature.
quantum system in an efficient way. This opened the search To introduce the system, in this paper we consider a
of a more efficient way to simulate quantum systems untilSingle electron trapped in a Penning trap, and we show how
Deutsch(3] provided a satisfactory theoretical description ofto get a controlledkoT gate on a pair of qubits. The two
a universal quantum computer. The quantum computer is gubits comprise two internakpin) states and two external
device which operates with simple quantum logic gateS(quantized harmonic motigrstates. Although this minimal
These are analogous to the classical gates, which perforgystem consists of only two qubits, it illustrates the basic
one elementary operation on two bits in a given way. Quanoperations necessary for, and the problems associated with,
tum logic gates differ from their classical counterpart in thatquantum logic networks with electrons. The extension to two
they operate on quantum superpositions and perform oper@' more electrons needs more investigations. Here we are not
tions on then{4]. It has also been shown that any quantuminterested in the scalability of the system, rather we want to
computation can be built from a series of one-bit and two-bitshow the physical implementation of quantum logic in a
quantum logic gate$5]. The fundamental quantum logic readly controllable way with the existing technologies.
gate is the controlledtot (CN) gate [6,7], in which one
guantum bit(or qubib is flipped (rotated by# radians de- Il. THE MODEL

pending upon the state of a second qubit. W idering the * o tefis ist
A very promising candidate for quantum logic was re-. e are considering the “geonium” systeff ].COI’].SIS X
ing of an electron of charge and massm moving in a

cently introduced by Cirac and Zoll¢8], who showed how it ic field. al h e : d
to construct universal multibit quantum logic gates in a sysJnform magnetic fields, along the positivez axis, and a

tem of laser-cooled trapped ions. Other systems were devisetiatic uadrupole potential
as building blocks for a quantum compufét; the search for
new systems is, however, still open because none of the pre-
vious systems is yet claimed as the best candidate. One
should devise a system with very low loss, almost
decoherence-free, which can be well controlled with simplevhered characterizes the dimension of the trap &fyds the
operations. However, before obtaining a suitable system ongotential applied to the trap electrodds3].

has to be sure that the mathematical models of quantum logic In this work, in addition to the usual trapping fields, we
could be easily implemented in a real physical system. Up t@mbed the trapped electron in a radiation field of vector po-
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tential Ao, Traditional hyperbolic Penning traps form cavi-  Let us introduce the external radiation field as a standing
ties for which it has not yet been possible to even classify th&vave along the direction and rotating, i.e., circularly polar-
standing-wave fields. In marked contrast, the radiatiorized, in thex-y plane with frequency) [21]. In particular,
modes of a simple cylindrical cavity are classified in a famil-we consider a standing wave within the cylindrical cavity
iar way as either transverse magnetic or transverse electritith wave vectork and amplitudg«|. Then, we can write
modeg[19,20. So, in the following, we always refer to such

Cy|indrica| traps. Ae= (I [ei<p+i(2t_ efiq:fi()t],[eicpﬂﬂt_,’_ e*i(p*i(lt] , 0)
The Hamiltonian for the trapped electron can be written
as the quantum counterpart of the classical Hamiltonian with X|a|cogkz+ ¢), 9

the addition of the spin term
where ¢ is the phase of the wave field which gives the di-
rection of the electri¢or magneti¢ vector in thex-y plane at
the initial time. We assume this can be experimentally con-
trolled. The amplitudéa| should depend upon the transverse
whereg is the electron’g factor, and spatial variables through the Bessel functi@f] but we can
consider it as a constant because of the small radius of the
cyclotron motion[20]. The phasep defines the position of
the center of the axial motion with respect to the wave. De-
pending on its value, the electron can be positioned in any
wherer=(x,y,z) and p=(py,py.p,) are, respectively, the place between a node and an antinode.
position and the conjugate momentum operators, while For frequencie$) close tow, andw,, we can neglect the
=(oy,0y,0,) are the Pauli matrices in the spin space. slow magnetron motion; then the Hamiltonié2) becomes
The motion of the electron in the absence of the external

H_l A2+Vge}i B 2
—ﬁ[p eAl*+e >om B 2

1
A=§B><r+Aext, (3

field Aqy is the result of the motion of three harmonic oscil- 3

lators[18], the cyclotron, the axial, and the magnetron, well H Zﬁwza;raﬁﬁwca;raﬁ 5 @0z

separated in the energy scale, plus a spin precession around

the z axis. This can be easily understood by introducing the +he[a e M rale e 1M cogkz+ @)

ladder operators

mw, [ 1
a;= 2% Z+1 2hmwzp21 (4) where

+h{[o_e ¢ My g e M sin(kz+ ¢), (10)

1/2
_gle|

lal, 5—%

ek, (12)

1] mog . 2 L . _[2]el’B
ac=5| \ 57 (x71y) \/m(py i), ©® S
6) and o.=(ox*ioy)/2. The fourth and fifth terms on the
right-hand side of the Hamiltoniaf10) describe the interac-

1 Mo, . 2 .
=3 V27 Y™ Vg, Py 1P
tion between the trapped electron and the standing wave,

where the indexeg, ¢, andm stand for axial, cyclotron, and which can give rise to a coupling between the axial and
magnetron, respectively. The above operators obey the congyclotron motions, as well as between the axial and spin
mutation relatiorf a; ,aJ-T]= dij,i,j=z,c,m. ones. In writing Eq(10) we omitted terms coming fromZ2,,
WhenA,,=0, the Hamiltonian2) simply reduces to which give a negligible contributioiat most an axial fre-
quency correctionwhen the electron is positioned in a node

or antinode, as we shall do in the following.

f
H =ﬁwza;raz+ﬁwcazac—ﬁwmaﬁqaw 5 W0z, (7)

. . IIl. ENTANGLED STATES PREPARATION
where the angular frequencies are given by

The spin state is usually controlled through a small oscil-

le|Vo le|B w? latory magnetic fieldh that lies in thex-y plane[18],
0=\ ©OcT——, O~ —, 8
md m 20,

b(t) =b(coq wst+ 0),sin(wst+ 0),0), (12
and ws=g|€e|B/2m is the spin precession angular frequency.
In the previous expression fas, we neglected very small which causes Rabi oscillations at frequensy=g|e|b/2m.
corrections[18] which are not relevant for our purpose. In The phased can be experimentally controlled; it gives the
typical experimental configuratiod.8], the respective fre- direction of the field at initial times. The Hamiltonian that
guency ranges arew,/2m= MHz, w/27= GHz, and follows from Eq.(12), in the absence of the standing wave
wy/2m= KkHz. and in a frame rotating at frequenay, is
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a|o>z|l>+ﬂ|o>z”>+ 7|1>z|l>+ 5|1>2|T>v

o) . . )
Hszhf[cne‘“ﬂ- o_¢ "]=h75[ax cos6+ay sin6].
(13 |la|?+|B|7+[y1?+]8>=1, (20)

The other noninteracting terms do not affect the spin motion

and can be neglected. The evolution of the spin Stale which show entanglement between the two qubits.
—u[1)+v|1), with [u[2+ [v|2=1, under such a Hamiltonian Therefore, the manipulation between the four basis eigen-

states spanning the two-qubit register B

ill b . :
Wit be ={10)211),[0)2/T),11).]1).,[1).IT)} is achievable.
B wet| ., (@t
[x()s=| ucog —=| —ivesin —=||1) IV. LOGIC OPERATIONS
w.t _ p—_ Here we shall consider the spin as a “target” qubit
S . i0~: S . . . .
+|veog ——|—luersin —- |l). (14)  and the axial degree as a “control” qubit. The basic logic

operations on a single qubie.g., Hadamard gatecan be

Thus, depending on the interaction time, any superpositiofnplemented in the target qubit by applying the Hamiltonian

of spin states can be generated. (13), while there is no way to control directly the axial
For what concerns the spatial degrees of freedom, we aguubit. ) .

sume the cyclotron and the axial motions are deep cooled The CN gate represents, instead, a computation at the

down to their respective lower states, i|@), and|0),. This ~ MOSt fundamental level: the target qubit is flipped depending

could be achievable when the axial motion is decoupled fronyPOn the state of the control qubit. _

the external circuit usually used to extract information 1he truth table of the reduced CN gate is

[18,20.

We now consider the spin and the axial degrees of free- 10)2[1)—10)] ),
dom as qubits. Then, by choosigg=0, i.e., positioning the
electron in the node of the standing wave, EL0) can be [0),| T)—10),I1),
approximated by (22)

h |1>z|l>—>|1>z|T>,
H= ﬁwzalaﬁ hwcaZach 5 Ws07
o o 1)) = 11)] 1)
+ﬁ6[acelcp+lﬂt+azeflgoflﬂt]
To implement such a transformation, we consider
FHIKA / h [ _eletiy o e ie=i0 (g tal). =ws and ¢_=—7r/2,_ i.e._, the _electron is posit_ioned in an
2mw, zr antinode(this operation is routinely performed in actual ex-
(15) periments[20]). Then, the leading term of Eq10) (in a
frame rotating at frequenc§) will result,
We distinguish two situationén a frame rotating at fre-
qguency(}). The first one, in which) = ws— w,, gives

L L
Cdme, mezazaz '
(22)

H=—f{[o,e ¢+o_e?]X

H_=hglo,ae ¢+ O',a;rei‘o], (16)

where n=k{Vh/2mw,.

The second, for whiclf)= w + w,, gives If we choosep=0, the above Hamiltonian reduces to
il YAl

2 2

Ak
ax+h2§2mwzazazax. (23

H =fylo,ale ' ¢+o_ae*]. 17

H= —ﬁzg( 1- am
The action of Hamiltoniari16) for a timet over an initial “z

state|0 leads to . . :
100211 Of course, for logic operations on the two qubits, only the

|0Y,]1)— cog 5t)|0),| 1) —ie'¢sin(5t)|1),||). (18  interacting part of the above Hamiltonian is relevant. On the
other hand, the flipping effect of the first term of Hamil-
Instead, the action of Hamiltoniafi7) for a timet over  tonian (23) can be eliminated by a successive action of
an initial state|0),||) leads to Hamiltonian(13) with =0, for a timer such that

|0)2] 1)— cos 7)|0),| |) —ie~'¥sin(7t)|1)/1). (19)

Practically, if the electron enters in the trap with, e.g., its
spin down, by applying selectively the Hamiltonia(is3),
(16), and(17) for appropriate times we can get states of thewheren is a natural number antf is the interaction time
form with Hamiltonian(23).

k2

dmw,

Tms=4§(1— )t*"_'27Tn, (29
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Hence, the relevant Hamiltonian for the CN gate is

H=7«ala,oy, (25)

wherexk=#%{k?*/mw, .
If we appropriately choose the interaction timé
= 7/2k, we can apply the transformation

U=exp —imala,o/2). (26)

Thus, the net unitary transformation, in tBebasis, is
1,0,0,0
0,1,0,0

0,0,0-i
0,0,-i,0

(27)
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Once the information is transferred to the cyclotron de-
gree of freedom, the axial motion is coupled with the exter-
nal circuit, and it will reach the thermal equilibrium with the
readout apparatus.

Then, the measurements afa, and o, can be done in
the usual way with the aid of the magnetic bottle, which
causes a shift of the axial resonance proportional to the re-
spective quantum numbefs8],

S
Aw,~w, g

4

5, (30

+ne+

wherew, is a constant and., s are the cyclotron excita-
tion and spin quantum numbers. This frequency shift can be
measured with very high precisiga8].

In this model it might also be possible to obtain phase
information about the quantum state of the register by means

This transformation is equivalent to the reduced CN gatéf the coupling between the metéaxial degreg and the

of Eq. (21), apart from phase factors that can be eliminate

$ystem(cyclotron or spin induced again by the standing

by the appropriate phase settings of subsequent logic operd@ves(see, e.g., Ref21)).
tions[7]. Practically, the reduced CN gate consists here in a

single step similarly to Ref.22].

V. INFORMATION MEASUREMENTS

VI. CONCLUSIONS

In conclusion, we have shown the possibility of using a
trapped electron for fundamental quantum logic. That system

We recall that in the geonium system the measurementdas the advantage of a well defined and simple internal struc-

are performed on the axial degree of freedom due to théUre and, practically, the decoherence appears only in the
nonexistence of good detectors in the microwave regimé@xial degree of freedom as a consequence of measurements,
[18]. The oscillating charged particle induces alternating im-Put the information stored in this degree of freedom, prior to
age charges on the electrodes, which in turn cause an osci€ measurement, can be unitarily transferred into the cyclo-
lating current to flow through an external circuit where thetron motion. The latter can be preserved from decoherence
measurement is performed. The current will be proportionaflu® to decay mechanisms by appropriately tuning the cavity
to the axial momenturp, [18]. The very act of measurement [23]. The spin is very stable against fields fluctuati¢ps].
changes, however, the state of the measured observabfeventually, the registe, in such a configuration, could only
Then, in order to not lose any stored information because ofuffer from the time uncertainty in the switching on and off
the measurement, we shall transfer the information containe@f the interactions, possibly leading to nondissipative deco-
in the axial qubit into the cyclotron degree of freedom priorherence[25,26. The effect on the fidelity in performing the

to the measurement procedure. This will allow us to get comlogical operations could arise, indeed, from the impurity of

Here we setp=¢=— /2. With the action of the Hamil-
tonian (28) for a well chosen interaction time, it is possible

plete information about the qubits by coupling different cy- the motional ground states due to an imperfect cooling pro-
To transfer the information from the axial motion to the the results obtained in the experiment of H&f7] would be
(10) ister is also obtainable.
. fi t t . . . . .
H=ifhek Mo (aca,—aca,). (28)  ample by encoding information in other degrees, or by using
The next step would be the extension of the above for-
should consider that the realization of a four-qubit system
—[Col0)elx)stCalL)clx")sl10), (29
can say that with this simple system that we have introduced

clotron and spin observables with the axial degree of freeC€SS. Anyway, we retain that the present model can be imple-
cyclotron one, we again use the standing wave, but witthseful. With respect to the preceding reference, in the present
We also wish to remark that, within the model of a
z Schralinger cat states as wdlR8]; in fact, the latter were
to transfer any previously entangled state as follows: malism to the case of two or more trapped electrons, in order
would be a real advancement because of the possibility of
where|x) and|x’) represent two generic spin states. This ishere, one can implemef80] the Deutsch problerfB,31] as

dom. mented with the current technology, and a comparison with
another resonancé)=w.— w,, in order to get from Eq. Caseé complete information on the state of the two-qubit reg-
trapped electron, other schemes could be exploited, for ex-
shown to be achievable in such systeif$,29.
to investigate real possibilities for quantum registers. One
|0>C[CO|O>Z|X>S+ C1|1>Z|X,>S]
checking error correction strategies. As a final comment, we
obtained when the interaction timetis \ mmw,/2% ek. well.
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