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Photon-photon interactions in cavity electromagnetically induced transparency
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Dissipation-free photon-photon interaction at the single-photon level is studied in the context of cavity
electromagnetically induced transparen®&IT). For a single multilevel atom exhibiting EIT in the strong
cavity-coupling regime, the anharmonicity of the atom-cavity system has an upper bound determined by single
atom-photon coupling strength. A photon blockade effect is inferred to occur for both single- and multiatom
cases from the behavior of transition rates between dressed states of the system. Numerical calculations of the
second-order coherence function indicate that photon antibunching in both single- and two-atom cases are
strong and comparable.

PACS numbsd(s): 42.50.Dv, 03.65.Bz, 42.50.Lc

Enhancement of dissipation-free photon-photon interacfold, we complement this analysis with a calculation of the
tions at the few-photon level is a fundamental challenge irsecond-order coherence function of the transmitted field.
guantum optics. Such interactions are necessary for single- We investigate the dependence of the photon-photon in-
photon quantum control as in quantum logic gates. Typiteraction on the atom number, dispersion, and the atom-
cally, tuning close to atomic resonances simultaneously ineavity coupling strength. We concentrate on the situation
creases both(Kerr) nonlinearity and linear absorption, where the cavity contains at most two photons, the atom-
severely limiting the available nonlinear phase shift. In Ref.cavity system exhibits EIT at the cavity mode frequency, and
[1], a new method that is based on electromagnetically ina weak external driving field is resonant with the EIT tran-
duced transparenc{EIT) [2] was proposed. In this scheme sition so that the only state excited by the first phatios, in
linear susceptibility vanishes on resonance, making it posthe n=1 manifold is the cavity-EIT state. The crucial ad-
sible to obtain as much as an eight order-of-magnitude imyantages of this EIT scheme are the absence of one photon
provement in Kerr nonlinearity as compared to conventionalyss que to spontaneous emission, an arbitrarily reduced cav-
schemes based on three-level atoms. Recently, experimenigl jo.ay rate for thev=1 manifold cavity-EIT state, and a
realization of this scheme with an enhancement approachin ultiatom-induced photon-photon interaction, which, under

7 . - _ . - _
égenu?én%r{ae ﬁsé?dllrl:rl? h?%?%ig‘;fg;g”?ﬁ;iﬁ% ng?ljral conditions of nonresonant EIT, can be comparable to a single
b : g P ' atom. In the context of quantum logic gates, atom-atom in-

to explore the limits on achievable photon-photon interaCtionteractions between two multilevel atoms induced via a single

while maintaining EIT. cavity mode have been discussed previouSlywhere the

A single photon in a cavity can block the injection of a .
second photon due to a photon blockade effdck]. The role of photons and atoms is reversed compared to our

original proposal for using a cavity-EIT medium to achieve Scheme. _
photon blockade was based on an adiabatic elimination of 'N€ definition of photon blockade suggests that its
the atomic degrees of freeddii]. Using a linearized analy- Stréngth can be quantified by the transition fafg ., from

sis, Grangieret al. [6] have shown that the adiabatic elimi- then=1 manifold to then=2 manifold, normalized to the
nation carried out in Ref[4] is not justified due to large N=0—n=1 transition rate. Assuming a single relatively
dispersion of the EIT medium. The correct description ofStable state in thex=1 manifold, we can measure the
photon-photon interactions in the single-photon limit re-Stréngth —of ~the photon blockade effect by
quires a nonlinear analysis that treats the atom-photon inter= ZiW1-.2i/Wo_.1, Which in turn suggests that one way to
actions exactly: this is the principal goal of this Rapid Com-analyze the problem is to calcglate transition rates between
munication, where the analysis is based on the exact energyxact dressed states. An experimentally more relevant quan-
eigenstates of the coupled atom-cavity system. Under condfity is the degree of photon antibunching determined by
tions of strong coupling, the anharmonicity in the spectrumg?(0)=(a'%a?)/(a'a)?. Even though these quantities are
of the atom-cavity molecule can lead to nonclassical photophysically different, as described earlier, when the coupled
statistics such as photon antibunching or a photon blockadgystem behaves like a single two-level systgf{0)<1 im-
effect. The latter is determined by the probability of two plies photon blockadeR<1).

photons absorbed sequentially into the system, while the Consider then=1 manifold of the coupled atom-cavity
former is related to the conditional probability of photon system where the cavity mode contains at most one photon.
emission given that a single photon was already emittedSince we assume throughout this paper that the EIT condi-
Both effects strongly depend on the anharmonicity of thetion is satisfied, the frequencies of the classical coupling field
atom-cavity energy eigenstates in the doubly excited ( (w.) and the cavity moded.,,) are chosen to satisfy two-
=2) manifold, or equivalently, how well can the coupled photon resonancew.,, — w.— w1= w31~ 60— W= wW»1=0
system, under EIT conditions, be described as an effectivesee Fig. 1 The EIT condition implies that there is no popu-
two-level systen[7]. Even though our analysis focuses on lation in the upper statg8), which is the only atomic state
determining the level shifts and linewidths in thee2 mani-  with a significant decay rate relevant to the=1 manifold.
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FIG. 1. (a) Internal atomic degrees of freedom of a four-level € A 29%3+ 02 X1+2a’
atom coupled to a single cavity mode with frequengy, and an
external laser field characterized by the Rabi frequerfey @) The  allowing photon-blockade and photon antibunching to occur,
energy levels of the coupled atom-cavity system. provided y> «. The level shift is largest in the limit>1,

o ) _ o which can be achieved by reducifiy One should note that
The effective interaction-picture Hamiltonian that couples  5qgitional constraints o) exist to maintain EIT but are
four-level atoms with the single-cavity mode and the cou-yeak for cold alkali-metal atoms].

pling field with Rabi frequency Q is The results outlined above only consider the regime

(N=1) (5

N where level|4) can be adiabatically eliminated. In this per-
ﬂ/ﬁ:_iKé‘rgH_z [—if4&24—i'f38—i33+9(&‘32+ (}izs) turbative limit, we found that the maximum value of the
i=1 photon-photon interactiofes measured by the anharmonic-

R U ity or level shift in analogy with an ideal nonlinear caviig
+g13aocy a0y + galaciytal oy, (D independent ofr and is given by xmaxperd ~|x|- This re-
sult suggests that the upper bound for the nonperturbative
~ - photon-photon interaction will be given g, in the single-
rates,I's= (a1t v32)/2+16, I'y=y4/2+1A, k is the cavity — atom case. Consider energiég2wcq +€) of the n=2
decay rate, and\ = wg;— w1~ wca - The externally mea-  manifold eigenstates. In a nonperturbative single-atom re-
sured photon StatiStiCS. of the (Eiriven CaVityAareAdeternJined bgime, there is no evidence that detunings increase the anhar-
the master equationp= —i[H/ﬁ,p]+8p[aT—a,p]+jp, monicity. The limiting case of vanishing detunings and
where 7 is the jump superoperator for the Lindblad form andl0sses gives
&, is the strength of the weak external drive field resonant

with the cavity mode. The last term of E¢l) can be re- G? G* )
placed byHperum= —ixa'aZ;oh, in the limit |A]>ga,, e=* N 5=V 2919 ©
I',, wherey=g3,/A.

In the case of a single atom in the cavitM€ 1), then where G2=g§4+ 02+ 2g§3_ For the resonant case\ E S

=1 andn=2 manifolds(in the perturbative limjthave three  =0) with g=g,3=0,4, the eigenvectors can be found ex-
eigenstates. In the limif;=0, eigenvalues (w 4, +€) for  actly, and eigenstates whose energy level is closest to

where y31,v32,v4 are atomic-level spontaneous-emission

then=1 manifold are approximately given by 2hwe, have level shifts that asymptotically approagh
_ from below asg increases. We believe that this result
n=1_ _IK n=1_ £+9m strongly suggests that the maximum possible anharmonicity
© T1va ¢ T7'27 = (xl20)7, achievable in a cavity-EIT system is always bounded above

(2) by the single atom-cavity coupling coefficiegb,. When
024~ \2015 the nonperturbative nature shows itself through

_ 2 2 =1 H H
where a=g7N/Q° and Regp ) is independent of gy anticrossings. There is then a second upper bound

(913,(2_) andni:slon cavity resonance. The eigenstate COegiven by \2g;s.
sponding toey In order to relate these ideas to well-known photon corre-

lation measurements we calculajé(r) for experimentally
|¢n:1>= 1 af— 9_13(} 10) &) achievable single-atom parametéfsg. 2) [9]. For weak cw

0 Vit e Q- 2En driving such that the average cavity photon number is much

less than unity, we expe@?(0)<1 for sufficiently large

contains no component from the upper atomic sfajeand  energy shifts in thenx=2 manifold. If the coupled system
in the limit a>1 is predominantly atomic in character: this under weak excitation behaves ideally like a single two-level
is the cavity-EIT trapping state. The transition rate inducedsystem, then no amplitude for photon modes with1 will
by a weak probe from the ground state iefp ! is indepen-  contribute tog?(0). One canunderstand this simply as re-
dent ofw. In then=2 manifold, in the limitg,,=0, one of  stating the fact that photon blockade implies that, ideally,
the eigenstates is photons transmitted out of the cavity should only correspond
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to a cavity decay ofqu:l). Components from other transi-
tions can be strongly suppressed by large splittings of the
dressed states. The main contribution for nonzgf¢0)
would then come from¢y~2). However, the values we find
for g2(0) are as small as}210 2 for parameters from recent
experiments[10] on cavity-QED @=7.5«, y3;=0.32%).
Such experiments might be enhanced using EIT. Bor
=2.5y,,, S0 thata~10?, one would expect a reduction of
the cavity-EIT decay rate from their measured cavity decay
rate of 16 MHz to 0.19 MHz. Furthermore, future improve-
ments in cavity and atom trap design will lead to cavity-QED
experiments limited by the atomic spontaneous-emission
rate; cavity-EIT schemes will be especially favorable in such
a case. Clearly the ultralow values gf(0) cannot be ex-
plained by the level shifts alone. Since the weak probe is
tuned exactly between the two dressed states innth@
manifold, quantum interference might be responsible.
We next discuss how in a high-dispersion regime the®

usual linear scaling of the nonlinearity with the number of 74~ 31~

atoms does not apply. The=1 manifold, where a single
photon excitation is shared among theatoms, contains
three energy leveldi(w., + €)) Whose energy shifts and
widths, neglecting spontaneous emission, are approximatefJ
given by Eq.(2), provided we assume that all atoms couple
identically to the cavity mode. Note that the eigenva&@é1

has a width that decreases with the number of atbinh1],

with N. The eigenstate correspondingel@):1 is

N
O13

— 2 oy

Q iz

af

¢y~ )= |0). 7

1+«

WhenN>1, then=2 manifold contains six energy eigen-
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FIG. 2. Second-order photon correlatigi(7) demonstrating

photon antibunching. The coupling constant and decay rates corre-
pond to current single-atom experimeft§] of g,3=g,,=7.5x,

y3,=0.325, and6=A=0, 0 =2.5y;,, &=0.1x.

highly dispersive limit given bya>1, the splitting of the
eigenenergy"=? and its width decreases with increasiNg
nder the assumption that all atoms have the maximum
ossible interaction.

As we have already argued, the photon-photon interaction
strength is determined by the energy-level splittings and line-

: o ; widths in then=2 manifold, as well as the transition matrix
while the splitting of the other two dressed states increasegi. ments

In the special case of doubly resonant BT (

=0) with N>1, one of the eigenstates

B 1. 1 o A 1 o A
|l/fn72>:% aT2+N ;J UI210121+N ; 0310%1|10)

(10

states(in the perturbative limjt For g,,=0, one of these has energyi2w,, and a linewidth that is independent @f
eigenstates, This state remains unshifted lgy, and has a nonzero tran-

sition rate from|¢"~1) that decreases witkr. Degenerate

_ 1

472 =
V2(1+a) Q

has energyi2w.,, , implying that the energy-level diagram
as probed by the weak external field, is harmonic. The stat
|#"=2) corresponds to two cavity-EIT trapping state excita-
tions and has a linewidth that decreases withal For g,y
#0, this energy eigenstate experiences an ac-Stark shif
When there are no degenerate eigenstates the level shift
|#"=2) caused by the perturbatidtye yrp IS

~. O3 NoOT? perturbation theory shows that the actual shifted eigenstate is
a'—==> ob| |0), (8)  then a linear combination d#/"=2) and|¢"=2) with level
-t shift 3¢"=2/2. The transition rate from tha=1 manifold

EIT state to this shifted eigenstate increases with the number
' of atomsN, for a>1, x>ak. Increasing the number of
Sitoms therefore leads to a reduction in the magnitude of the
photon-photon interaction. The presence of these two states
implies that the photon blockade is small for this special case
b 6=0, where one would naively expect the nonlinearities
& be the strongest. It is also interesting to note that the
detrimental effect of the degenerate stat&~2) that inhibits

nonlinearity implies that the adiabatic elimination of atomic
n=2__ a ) degrees of freedom is not justified, even in the low disper-

€' =-2 .
X1+a)

sion limit where it is normally assumed to be valid.
When|e"=?|,k<| 8| < NgZ,+ Q2 the degeneracy in the
The atom-cavity molecule therefore has an anharmonic ren=

2 manifold is removed and the dominant contribution for

sponse to the drive field, provided thaf'=2|>2«/(1+ a). the transition froorm=1 ton=2 manifolds is determined by
We note that thénonlineaj splitting of the eigenstate cor- |#"=2). In this case,P becomes independent of for a
responding toe"=2 initially increases with the number of >1 and approaches the single-atom result. Photon blockade
atomsN in the cavity, as would be expected from a tradi- experiments using the cavity-EIT system wilfe>1 can
tional nonlinear optical system. However, as dispersion betherefore achieve a reduction in two-photon absorption by
comes important ¢=1), this increase saturates. In the the atomtcavity molecule comparable to that of a single
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atom+cavity. However, the multiatom case is considerably 0.4
more sensitive to other effects not included in the dressed-

) ) . 0.35}
state calculations; for example, effective Rabi frequency as-
sociated with the external drive has to be much smaller than 0.3}
€"=2, which places a constraint ) . Also, the spatial de-

0.25}

pendence of the atoms, their finite velocities, or atom-atom
interactions may become more important. A recent analysis N§ ook
of the spatial dependence of atomic beafig] for the >

Jaynes-Cummings mod€JCM), where energy levels are 0.15¢

proport_i(_)nal_to_GJC_M=\/Eilzl(gi_/gmax)z, shows that the o1k

probability distributionP(G;c)) is well approximated by a

Gaussian with meagNg¢s, given by the atomic density and 0.05¢

cavity parameters, wheNg¢=1. In the limit Nos>1 and 0

a>1,_the variation _ins’.‘:2 !evel splitting and linewidth over -10 -5 detuning (0)21_(0 Vi 10

the width of the distributionP(G;cy) both decrease like °’_“’"V o "
1/a?. The caseNq¢~1 anda~1 are more involved and FIG. 3. Two-atom caseN=2) showing the variation 0§(0)
will be reported elsewhere. with the detuningd= w3;— w4, for the cavity-EIT giant Kerr non-

The structure of the eigenstates and energy eigenvalues|i§earity- Th_e coupling constant and o_Iecay rates are the same as in
the same for an}>1, and so we have calculatgd(0) for lilg. 2, while the detunings and drive strengths &e0, &,
N=2 versus detuning of the cavity mode fromwz; while =0.0%x.

maintaining EIT using the coupling constants and decay . i
rates as in the single-atom casee Fig. 3. The energy-level distinct advantages over two-level atoms. We used the eigen-

splittings in then= 1 manifold constrain the detuning so that States of the perturbed many three-level atom system to give

S5< F2—913N+Qz; we find that large? also results in suppres- the N-atom dependence of the energy-level shift. Using an
sion of energy-level splittings in the=2 manifold. As can heuristic argument based on transition rates between dressed

be seen in Fig. 3, values fg?(0) using two atoms vary by States we inferred that multiatom photon blockade occurs,
three orders of magnitude over a detuni@gg): we find provided nonresonant EIT is used. We have shown explicitly
that, for such detuningg?(0)<1, and its value is of the that photon antibunching for a multiatom caseo atoms
same order of magnitude as that for a single atom for th€an be comparable to that of a single atom. We also showed
same driving strength. In contrast, whés 0, there is prac- that in the single-atom case, anharmonicity is bounded above
tically no photon antibunching for the two-atom case—a re-by the single atom-photon coupling strengt. This bound

sult we anticipated based on the appearance of the unshiftési not reached if/2913<g5,.

eigenstaté"~?). Furthermore, fofd|=g, £,=0.1x, Q in
the range 2~10«, we find g?(0)=103. As long as the
driving satisfies £,<«/(1+«a), then large antibunching
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Grant. After completion of this work, we became aware of
should be robust. These values fi#(0) are about two or- the preprint for[13], \_/vhich provide_:s further ana_llyses of the
ders of magnitude smaller than for similarly prepared two-Single-atom case using a calcula_tlor‘gﬁ?_)(r) as in[6]. A.l.
level atoms in a cavity. thanks Stojan Rebic for useful discussions. Numerical work

In summary, we have shown that photon-photon interacWas supported in part by National Science Foundation Grant
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