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The nucleation of vortices and the resulting structures of vortex arrays in dilute, trapped, zero-temperature
Bose-Einstein condensates are investigated numerically. Vortices are generated by rotating a three-
dimensional, anisotropic harmonic atom trap. The condensate ground state is obtained by propagating the
Gross-Pitaevskii equation in imaginary time. Vortices first appear at a rotation frequency significantly larger
than the critical frequency for vortex stabilization, consistent with a critical velocity mechanism for vortex
nucleation. At higher frequencies, the structures of the vortex arrays are strongly influenced by trap geometry.

PACS numbe(s): 03.75.Fi, 05.30.Jp, 32.80.P]

Since the experimental achievement of Bose-Einsteirspontaneously nucleated is somewhat larger than For
condensatiofBEC) in confined alkali-metal gas¢&—4], the (>, multiple vortices appear simultaneously, in patterns
possibility of generating vortices in confined weakly interact-that depend upon the geometry of the trap.
ing dilute Bose gases has been intensively stuifeel2]. The dynamics of a dilute Bose condensate at zero tem-
While theoretical investigations of stability have generallyperature are governed by the time-dependent Gross-
been restricted to the case of a single vorfi@2—17, the  Pitaevskii (GP) equation[27]. Previous simulations of the
proposed experimental techniques may induce several vortisP equation have demonstrated that vortex-antivortex pairs
ces simultaneouslj18]. Under appropriate stabilizing con- or vortex half-rings can be generated by superflow around a
ditions, such as a continuously applied torque, these vorticegtationary obstacl¢5,6,9,28 or through a small aperture
would form an array akin to those obtained in rotating super{29]. In [5], the vortex pairs form when the magnitude of the
fluid helium[19-21]. superfluid velocity exceeds a critical value that is propor-

A standard approach used to “spin-up” superfluid heliumtional to the local sound velocity; recent experimental results
is to rotate the container at an angular frequeficyAside  support this conclusiof80]. To our knowledge, no numeri-
from significant hysteresis effecf®2,23, vortices tend to cal investigation of vortex nucleation in three-dimensional
first appear at a frequendy, , whose value is comparable to inhomogeneous rotating superfluids has hitherto been at-
the critical frequency(), at which the presence of vortices tempted.
lowers the free energy of the interacting sysf@#]. Energy The numerical calculations presented here model the ex-
minimization arguments have also yielded vortex arrays thaperimental apparatus of Kozunea al. [31], where **Na at-
are very similar to those observed experimentdftp,21. oms are confined in a completely anisotropic three-
Despite these successes, the mechanisms for vadele-  dimensional harmonic oscillator potential. In the presence of
ation by rotation remain poorly understood; important fac-a constant external torque, the condensate obeys the time-
tors are thought to include the presence of a normal fluiddependent GP equation in the rotating reference frame:
impurities, and surface roughnds3,25,24.

It ha; been _suggested that vortices may be similarly gen- 19,01, 7)=[ T+ Vyap+t Vu— QL 1%(r,7), (1)
erated in the dilute Bose gases by rotating the trap about its
center[14,18. Evidently, a harmonic potential can transfer o , A o
angular momentum to the gas only if it is anisotropic in thewhere the kinetic energy i§=—;V*, the trap potential is
plane of rotation. While vortices in such a system at zeroVuap= 2 (x> + a’y?+ °z%), and the Hartree term is/y,

. 5 m
temperature have been shown to become energetically stabed ™7l #]*. The angular-momentum  operatdr,=i(ydy
for 0>Q, [13,14,17, the particle flow could remain irrota- —Xdy) rotates the system about thaxis at the trap center at
tional at these angular frequencies since there exists an efi-constant angular frequentl. The trapping frequencies are
ergy barrier to vortex formatiofil4]. Suppression of this (@x;@y,0z)=wx(1,a,B8) with w,=2mX26.87 radls, «
barrier could be induced by application of a perturbing po-=v2, and B=1//2. Normalizing the condensate
tential near the edge of the confined gas, as has been sim{idr|#(r,7)|?=1 yields the scaling parameter=Noa/d,,
lated in the low-density limif18]. One of the primary moti- Wherea=2.75 nm is theswave scattering length for Na and
vations for the present work, however, is to determine ifNo is the number of condensate atoms. Unless explicitly
there exists any intrinsic mechanism for vortex nucleation inwritten, energy, length, and time are given throughout in
a dilute quantum fluid that is free of impurities, surface ef-scaled  harmonic-oscillator  units fw,, dy= VA/Mwy
fects, and thermal atoms. We find that vortices can indeed be4.0 um, andT= wx’1~6 ms, respectively.
generated by rotating Bose condensates confined in an aniso- The stationary ground-state solution of the GP equation,
tropic harmonic trap. The value &1, at which vortices are defined as that which minimizes the value of the chemical
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FIG. 1. (Color The condensate density integrated down the axis of rotaéinghtness and the phase through thez=0 plane(colors
in the sequence red-green-blue-red §or 0 through 27) are shown foN,=10° and an angular frequendy =0.450, applied counter-
clockwise. The irrotational velocity field in the laboratdig) and rotating(b) frames of reference are shown as arrows, whose lengths are
proportional to the magnitude of the velocity,| at the quiver tail.

potential, is found by norm-preserving imaginary time ever. Since the density profile is independent of orientation,
propagationthe method of steepest descentsing an adap- mass flow must accompany the rotation even though the su-
tive step-size Runge-Kutta integrator. The complex condenperfluid prefers to remain at re24].

sate wave function is expressed within a discrete-variable The condensate is found to remain vortex-free for angular
representatiofDVR) [32] based on Gauss-Hermite quadra- velocities significantly larger than the expected critical fre-
ture, and is assumed to be even under inversiom. gihe  quency for the stability of a single vortex{") [13,14,17. In
numerical techniques are described in greater detail els@rder to determine if irrotational configurations correspond
where[17,32. The initial state(at zero imaginary timer to the global free-energy minima of the system, vortex states

—i7=0) is taken to be the vortex-free Thomas-Fefii) are investigated by artificially imposing total circulatior

. S . n th nden wave function. By winding the ph
wave functionge= \/(MTF*Vtrap)/47T77, which is the time- o the condensate wave functio y ding the phase at

independent solution of Eq1), neglectingT andL,, with 7~ 0 Py 2mn about the trap center, imaginary-time propaga-
chemical potentiafue= X (15a87)%°. The GP equation for tion of the GP equation yields the minimum energy configu-

a given value o andN, is propagated in imaginary time ration withn vortices if such a solution is stationary or meta-
0 = =
until the fluctuations in both the chemical potential and theStable[17]' The results forNo=10° and Q.=0.450, are

norm become smaller than 18. It should be emphasized summarized in Table I. At this angular frequency, states with

that the equilibrium configuration is found not to depend Onn:1,2,3 are all energetically favored over the vortex-free
€4 gura . daep . solution. The vortices in these cases are predominantly ori-
the choice of a purely real initial state. Since the final state is

unconstrained except far parity, the lowest-lying eigen- ented along thez) axis of rotation, and are located sym-

function of the GP equation corresponds to a local minimuninetrically about the origin on thdoose x axis. The fre-
of the free-energy functional. quency chosen is too low to support the four vortex case

4 . .
In Fig. 1 are depicted the condensate density, which is< QY but is Iarge_r_ than the frequen¢wh|ch may corre-
stationary in the rotating frame, as well as the condensatéPond to metastabilityat which the chemical potentials for
phase and the velocity field in the laboratory and rotating?=3 andn=4 cross.

frames, for()=0.45», andNo=10". The density profile at TABLE I. The chemical potentiak, ground-state enerdy, and

this angular frequency contains no vortices but is S“ghtlyaverage angular momentum per partidle) are given as a function
extended from that of a nonrotating condensate due to thgf the number of vortices for Ny=10f and applied angular fre-

centrifugal forces. The velocity field in the laboratory frame quency)=0.45»,. The n=4 solution may be metastable since
is given byvi=V¢ in units of w,d,, where¢ is the con-  4<ps While E;>Es.
densate phase. In the rotating framgs=v.—Qzxr. There

are no closed velocity streamlines found in Figg1Suchan p (hwy) E (fiwy) (Ly) (R)
irrotational flowﬁxvs=0 is characteristic of a superfluid, 0 19.874 14.339 0.779
distinct from the related properties of vortex quantizationl 19.758 14.196 1.611
and stability. The only solution of the GP equation satisfying2 19.624 14.139 2.355
irrotational flow in a cylindrically symmetric trap ig;=0: 3 19.553 14.130 2.864
rotating the trap is equivalent to doing nothing. The irrota-4 19.517 14.134 3.157

tional velocity field for an anisotropic trap is nontrivial, how-
011601-2
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The numerical results fof), suggest that the criteria for
vortex stabilization and nucleation are different. Superflow
through microapertures, or the motion of an object or ion
through a superfluid, can give rise to vortex half-r[i29,33
or vortex-pair{5,6,9,28,3) production through the accumu-
lation of phase slip. One might expect similar excitations in a
rotating condensat¢23,34]: vortex half-rings would be
nucleated at the condensate surface when the local tangential
velocity exceeds a critical value. Indeed, the distinction be-
tween a half-ring and vortex becomes blurred in a trapped
gas with curved surfaces, as discussed further below.

A crude estimate of), may be obtained by invoking the
Landau criterion for the critical velocity = min(wq/q),
where wg is the frequency of the mode at wave vectpr
Such a minimum corresponds to valuesggfat which the
hydrodynamic description of the collective excitations be-
gins to fail[13]. For a spherical trapped Bose gas, the cross-
over to a single-particle behavior occurs in a boundary-layer
region at the cloud surface whose thickness is sevéral
=(2R) 4, [35,36. Minimizing wy/q using the disper-
sion relation for the planar surface mode¥] of such a
system w;~ wZ{qR—d;q*[In(qé)—0.15]}, one obtainsg,
=(R/I0.3)""d, *~6"1 and Q,=v,/R~R 2% Since R

FIG. 2. The condensate densities integrated down the axis ova(l,IS, the critical frequencﬁ,,~Ngzllsdecreases far more
rotation(perpendicular to the pagare shown in the rotating frame  slowly than does the TF estimate fﬂrc~N52/5. The num-
as a function of angular velocitf for No=10°. From the top left  per dependence df, is in reasonable agreement with the
to bottom right in raster order, are showd=0.5wy, 0.550y,  npumerical data. Real-time simulations further confirm that
0.65w,, 0.7y, 0.750,, and 0.8, The density is proportional to  high-frequency oscillations of the condensate are required
the prightness, and the dark spots correspond to unit vortices. Eagly; yortex production at the sam@, found using the
box is 18l,~73um wide. imaginary-time approach.

The above analysis does not clearly identify the instability
of the surface modes with the penetration of vortices into the
cloud, however. Further insight may be gained by consider-
ing the free energy of a single vortex in a cylindrical trap,
relative to that of the vortex-free state, as a function of the
vortex displacemenp from the trap centef14]. In the TF
limit, F vanishes forp?=R? and p?=R?—(5/20)In(R/é),
corresponding to the right and left roots of the free-energy

As shown in Fig. 2, vortices with the same circulatien
(as opposed to vortex-antivortex paitegin to penetrate the
cloud above a critical angular velocity for vortex nucleation
Q. The value of(2,, is found to not depend strongly on trap
geometry and to decrease very slowly willy; for Nj
=10 with g={5,6,7}, we obtain(),={0.65,0.50,0.3fw,
+0.0lw,, respectively. In contrast, the critical frequency for

the stap llization OT a single vortex in an anisotrqpic 'Erlz;\p iSbarrier to vortex generation, respectively. &s increases,
approxm?tely given by the TF expressio) the energy barrier at the surface narrows but remains finite.
~(5a/2R%)In(Ri§)wy, whereR=y2urr and = JalR are Yet, as discussed above, the hydrodynamic excitations begin
the dimensionless condensate radius atoregid the healing o preak down at a radius~R— 8. Vortices will therefore

length, respectively14,17. For the parameters considered spontaneously penetrate the cloud when the angular fre-
here, the values are predicted to beR!”  guency exceeds

={0.61,0.33,0.1pw, and are found numerically to b@'"

={0.54,0.29,0.1,. The number of vorticeq, present 3

just above() , is found to increase withly; n,=4 and 8 for 0 = 532 In(E) w )
No=10° and 10, respectively. The value of), may be YgR2BTN g

interpreted as the critical frequen@zﬁ"”) for the stabiliza-

t|0n7c2>}‘5 n, vortices. If n,=n for all No, then QV_NQ_Q]) since the barrier effectively disappears wizenp. Thus, the
~No “7. That ), decreases more slowly witNo implies  frequencies of nucleation and penetration have the same
thatn, must increase witiN,. The small difference between number dependence and are defined by a single critical
Q) and Q, for No=10° reflects the instability of vortex wavelength. Once the condensate contains vortices at a given
arrays in the low-density limit. Adl, decreases, the spacing (>, the functionalF will again include a barrier to vor-
between successiv@(" diminishes, and vanishes fid,  tex penetration from the surface, reflecting the hydrodynamic
=0 in cylindrically symmetric traps; for very largdy, the  stability of the vortex state. One may thus envisage a succes-
spacing approaches a constant as the vortex-vortex interasion of multiple-vortex nucleation events at well-defined an-
tions become negligible. gular frequencies.
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The stationary configurations of vortex arrays are showries, therefore, the array tends to approximate a regular te-
as a function of applied rotation in Fig. 2. The condensatdragonal lattice. As the total number of vortices increases
density is shown integrated down the axis of rotatiprin Wit 2, however, a different pattern begins to emerge. While
order to mimic anin situ image of the cloud. While the & triangular array is inconsistent with the twofold trap sym-
vortices near the origin appear to have virtually isotropic™etries, it is more efficient for close packing; this geometry

cores, those in the vicinity of the surface are generally widefS favored for vortices near the' rotation axis of rapidly rotat—
and are noticeably distorted. The anisotropy is due in part t§'d vessels of superfluid heliurfil9-21. If vortices in
the divergence of the healing length as the density decreasdi@PPed condensates could be made sufficiently numerous,

but is mostly the result of vortex curvature. Off-center vor- ey would likely form a near-regular triangular array but
with the central vortex absent.

tices are not fully aligned with the axis pf rotatian since In summary, the critical frequencies for the zero-
they terminate at normals to the ellipsoidal condensate sur- leati f : : . : .
face. Far from the origin, the vortex structure approaches th tf mperature nucleation o _vortmélsu In rotating anisotropic
' . . ! %aps are obtained numerically, and are found to be larger
of a half-ring pinned to the condensate surface. . .
. - A than the vortex stability frequenci€k.. The number depen-
The symmetries of the confining potential impose con- ence of(}, is consistent with a critical-velocity mechanism
straints on the vortex arrays that may be produced by rota?or vortex f roduction. The structures of vort):ex arrays are
ing anisotropic traps. Stationary configurations are found tQ P ' ay
. . strongly affected by trap geometry, but approach triangular
always have the inversion symmetry,¥,z)—(—X,—V,2). at large densities
As shown in Fig. 2, the number of vortices is at least four 9 '
and is even for each array; real-time simulations demonstrate The authors are grateful to A. L. Fetter, R. L. Pego, S. L.
that vortices with the same circulation are nucleated in pairRolston, J. Simsarian, and S. Stringari for numerous fruitful
at inversion-related points on the surface. No vortex is foundliscussions, and to P. Ketcham for assistance in generating
at the origin, since the odd number of remaining vorticesthe figures. This work was supported by the U.S. Office of
cannot be distributed symmetrically. At low angular veloci- Naval Research.
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