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We give a protocol and criteria for demonstrating unconditional teleportation of continuous-variable en-
tanglement(i.e., entanglement swappingrhe initial entangled states are produced with squeezed light and
linear optics. We show that any nonzero entanglent@ny nonzero squeezipgn both of two entanglement
sources is sufficient for entanglement swapping to occur. In fact, realization of continuous-variable entangle-
ment swapping is possible using orilyo single-mode squeezed states.

PACS numbegs): 03.67—a, 03.65.Bz, 42.50.Dv

Quantum teleportation enables reliable transportation ofanglement gives us also a protocol for the experimental veri-
quantum information encoded in nonorthogonal quantunfication of entanglement swapping.
states. It is only possible with entanglement. Teleportation For our entanglement swapping schefig. 1), we need
was originally proposed for discrete variabldg and later two entangled states of the electromagnetic field: a two-
also for continuous variablé®,3]. Discrete-variable telepor- mode squeezed state of mode 1 and mode 2 and a two-mode
tation has been performed experimentally for single-photorfdueezed state of mode 3 and mode 4. This can be described
polarization state§4,5]. Continuous-variable teleportation in the Heisenberg representation by
has been realized for coherent states of electromagnetic field .

modes[6]. But coherent states, although nonorthogonal, are x,=(e""xP+e r2x{M)/ 2,
very close to classical states. A real challenge for quantum
teleportation is the teleportation of truly nonclassical states pi=(e "1p{@+e*r2p?)/ 2,
like entangled states. This “entanglement swapping” was
first introduced in the context of single-photon polarization )”(2:(e+r1§((10)_e—rz§((20))/\/§,
states[7]. It means to entangle two quantum systems that
have never directly interacted with each other. With single |52=(e_rlf)(lo)—e+r2f)(20))/\/§,

photons, it has already been demonstrated experimentally
[8]. Practical uses of entanglement swapping have been sug-
gested9-12] and it has also been generalized for multipar-
ticle systemg9]. All these investigations have only referred

R R R 1
x3=(et51xQ +e %2/ /2,

. . S (a—S1n(0 ~(0
to discrete-variable systems, namely, two-level systems. We ps=(e 1p{+e*2p{V)/\2,
will demonstrate that entanglement swapping can also be R ~ R
realized in continuous-variable systems where the source of 4= (e"31xP—e~2x(?)/ 2,
entanglement is two-mode squeezed light. In contrast to the
scheme of Polkinghorne and Ralpt3] where polarization- p,= (e 31p)—e*s2p0)/ 2,

entangled states of single photons are teleported using
squeezed-state entanglement, in our scheme both entanghetiere a superscrip0) denotes initial vacuum modes. The

states are produced with squeezed light. This enablesn-  gperatorsx and p represent the electric quadrature ampli-
ditional teleportation of entanglememtithout postselection  t,des(the real and imaginary parts of the mode’s annihila-
of “successful” events by photon detections. Unconditionaltjon operatoy. These two-mode squeezed vacuum states can

teleportation of continuous-variable entanglement has beefe generated either directly as the output of a nondegenerate
independently investigated by Tdd4]. We will compare

Tan'’s results with ours at the end.

Due to the finite degree of entanglement arising from
squeezed states, the entanglement that emerges from en-
tanglement swapping is never as good as the entanglement of
the two initial entanglement sources. However, entanglement
swapping as here proposed occurs every inverse bandwidth
time and is very efficientnear unit efficiency. The fidelity
criterion for coherent-state teleportatiphs] will enable us
to recognize the entanglement produced from entanglement
swapping. The maximum average fidelity achievable using
the output of entanglement swapping for teleportation indi- FIG. 1. Entanglement swapping using four squeezed vacuum
cates the quality of the entanglement from entanglemendtates. Before the detections, mode 1 is entangled with mode 2 and
swapping. Applying this operational quality criterion for en- mode 3 is entangled with mode 4.
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optical parametric amplifie{16] or by combining two inseparable statd®0]. However, we will see that Alice and
squeezed vacuum modes at a beam splitee Fig. L. But  Bob cannot use mode 1 and 4 for subsequent quantum tele-
note that the two independently squeezed single-mode statpsrtation without information about Claire’s measurement
combined at a beam splitter to create entanglement need nasults. At least one of them, Alice or Bob, has to receive
be equally squeezed. In fact, even one single-mode squeez&dm Claire the information that the detection of mode 2 and
state superimposed with vacuum yields an entangled twd3 has been performed and its results. Finally, the entangle-
mode state[17,18, enabling quantum teleportatiofig]. ment of the single projections is “unwrapped” via appropri-
Thus, we use four different squeezing parameters ,, s, ate displacements. Let us assume Bob obtains the classical

ands;. g i 5 4 “Clai i results from Claire. Now Bob can displace mode 4xas
Let us introduce “Alice,” “Bob,” and “Claire” to illus- HXQ:X4+gswap\/§Xu, p44’pz,1:p4+gswap\/§pv- The pa-

trate the whole protocol with entanglement swapping anq ; . " )
. . . Tametert describes a normalized gain. Bob’s mode then
subsequent teleportation of a coherent state. Alice and Clairg Yswap 9

shall share the entangled state of mode 1 and 2 while Claireecomes

and Bob are sharing the other entangled state of mode 3 and . g . 9 A Jewar 1 A

4 (Fig. 1. Thus, initially Alice and Bob do not share an  x,=""""e+ () ZZPe-roy(0) _ TICB_ = a+s,3(0)
entangled state. Now Alice wants to teleport an unknown V2 2

coherent state to Bob and asks Claire for her assistance.

Claire combines mode 2 and mode 3 at a beam splitter and _ gswap"'lefsz)“(gm

detects the quadraturesx,=(X,—x3)/\2, py=(p,
+p3)/+/2. Let us write Bob’s mode 4 as
~, Yswap _, ~ Osway
Ku=So (s ) B, P e T
o A ()
P4=P2+ (PatPa) — 2Py, Lol o)
—2 P~

etrap) Jonartl g0

5
and Alice’s mode 1 as
As in “usual” teleportation, Alice now couples the unknown
input state she wants to teleport to Badescribed byxi, ,
A - A - Pin) With her mode 1 at a beam splitter and measures the
P1=Pat(P1+P2)— V2D, Pin) With her mode 1 at 1 spitter £
superposmons<u=(xm—xl)/ﬁ, p,=(Pint p1)/\/2. Based
Claire’s detection yields classical results and p,. Bob’s  on the classical results sent to him from Alice, Bob displaces
mode 4 in Egs.(2) and Alice’s mode 1 in Eqs(3) then  his “new” mode 4, X,— Xw=X4+9V2X.,, Ps— Prei=P4
become +ffg V2p!, with Lhe gaing. For gd= 1handbnonunit detector
. . efficiencies, Bob'’s outgoing mode then becomes
X4=Xp— 2672V~ \/2x,,

X1=Xg+ (X1~ X2) + V2Xy,

)

~ ~ gswap_ 1 ~ gswap+ 1 —r53
b= pat 2o 0 \2p,. et T e
4
- - ~1,2(0) B
X1=X3+ \/Ee 2X57+ \/Exu f _ Me+sl;(go)_ Me_szigo)

pr=pat V26 1B 2,

*+ OswapV 77(:_2_ 1(;(510)_’_;(530))

For s;=s,=s—x, the quadrature operators of mode 4 be-
come those of mode 2 up to(@ndon) classical phase-space + 7, 2= 1(x{0+x{),
displacement. In every single projection, mode 4 gets en-
tangled with mode 1 as mode 2 has been before.rfor = _ Jswagt 1 R Jswap— 1 R
—r,=r—, the quadrature operators of mode 1 becomePw=Pin+ —=—e "1p{¥)— et 2p{)
those of mode 3 up to @andom classical phase-space dis- V2 V2
placement. In every single projection, mode 1 gets entangled gt 1 4
with mode 4 as mode 3 has been before. Mode 2 is perfectly + %efslﬁgohr gs&eﬁzﬁgp)
teleported to mode 4s(~) or mode 3 is perfectly tele- V2 V2

orted to mode 1r(— ) apart from local classical displace- - - - -
Enents. The entarﬁgle%erﬁ)t of one of the initial twg-mode + Gswapy 76 - — 1P+ P{) + 7, 2 = 1(pl + pi).
squeezed states is completely preserved for infinite squeez- (6)
ing in the other two-mode squeezed state. But also for any
nonzero squeezing in both initial entanglement sourcesThe parameters;, and 7, describe detector efficiencies in
Claire’s detection of mode 2 and 3 projects mode 1 and 4 o€Claire’s and Alice’s detections, respectively. Note that, for
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Jsway= 1, Bob's teleported mode from Eqg$) is the same as ping took place. The reduced states of mode 1 and 4 after
if Alice teleports her input state to Claire with unit gain using detecting mode 2 and 3 are inseparable for em0 and s

the entangled state of mode 1 and 2, and Claire teleports the0 [20].

resulting output state to Bob with unit gain using the en- Letus now consider the case where each of the two initial

tangled state of mode 3 and 4. entangled states is generated with only one single-mode
The teleportation fidelity for a coherent state inpy, — squeezed state. We sgt=s,=r andr,=s,=0. With unit
defined ag:E<a'in|;7tel|ain>: 7Qu ;) [15], is efficiency, we find the optimum gaigs,s=tanhr. The op-
timum fidelity then becomes
1 o[ X . P ,
F=Zﬁex —(1-9) 20’X+20'p N Fop={[1+2e"%/(e"#+1)+(tanhr)?(p;*~1)
xOp
. . +9,2-1][1+2e % /(e ' +1
whereo, and o, are the variances of th@ function of the 7a I ( )
teleported mode for the corresponding quadratures. Using +(tanhr)?(n, 2= 1)+ 52— 1]} 2 (12)
Egs.(6), the fidelity becomes fog=1,
F=[1+ _1)2(et 214 e 251)/4 Note that this fidelity can be optimized further for nonunit
(14 (Gowap~ 1) ) efficiency, as we have only used the optimum gain for unit
+(Gswagt 1)%(e” 22+ 2%2)/4 efficiency. With unit efficiency .= 1,=1) this fidelity ex-

) s 72 1 ceeds the classical IimEopt>% for any nonzero squeezing
tOswad 7c 1)+ 75— 1] r,=s;=r>0. Thus, entanglement swapping can be realized
<1+ _1)2(et 224 @t 252)/4 even W|th_ (_)nly two single-mode squeezed states, provided

[1+(Gswap—1)7(e &) that two initial entangled states are produced. Indeed, the
+ (Oswapt 1)2(e ?'1+e 251)/4 creation of entanglement is possible using only one single-

) , L 1 mode squeezed state for any nonzero squeefidg19.

T Oswad 7c 1)+ m 1] (8)  Therefore we can generally say that any nonzero entangle-

ment in both of the two initial entanglement sources is suf-
ficient for entanglement swapping to occur. In order to
achieve perfect teleportation of arbitrary coherent states with
fidelity F=1, four infinitely squeezed states =r,=s;
=s,=r—o are necessary and Bob has to perform a dis-
lacement withgg,,=1 using Claire’s results. It is impos-
ible for Alice and Bob to achieve quantum teleportation of
unknown coherent states wit>3 for 9swap= 0, i.€e., with-

out a local operation based on the results of Claire’s detec-
tion. The optimum fidelity using mode 1 and 4 after en-
tanglement swapping is worse than the optimum fidelity
using the entanglement of the initial modes 1 and 2 or 3 and
4. This indicates that the degree of entanglement after en-
tanglement swapping deteriorates compared to the initial en-
tangled states. In Fig. 2 is shown the comparison between the
optimum fidelities of coherent-state teleportation using en-

For unknown coherent input states, @veragg fidelity
F>3 is only achievable using entanglemdas]. Thus, if
for someggy,, (for some local operation on mode 4 by Bob
based on Claire’s resujtsF>3, entanglement swapping
must have taken place. Otherwise Alice and Bob, who ini-
tially did not share entanglement, were not able to beat th
classical fidelity limit using mode 1 and 4. The assumption
g=1 is the optimal choice for Bob’s local operation based
on Alice’s results.

Let us first consider four equally squeezed statesr,
=s,=5,=r. In this case with unit efficiency#.= 7,=1),
the fidelity is optimized forgg,,;~=tanh2 (g=1) and be-
comes F o= (1+1/cosh 2)"L For any r>0, we obtain
Fopt>%. For ».#1 and 7,# 1, the optimum gain i9gyap
=sinh Z/(cosh 2+ nc_z—l). For the more general case

=r,=r ands;=s,=s, we find the optimum gain tangled states produced from entanglement swapping and
] . without swapping.
o sinh 2r +sinh 2s © The maximum fidelity achievable using entanglement
swap

produced with one single-mode squeezed staté=sl/\2
[19]. The maximum fidelity achievable using the output of
Using this gain we obtain the optimum fidelity with unit entanglement swapping with two equally squeezed single-

cosh2 +coshz+27,2-2

efficiency mode states i§ = 1/,/3. For 6-dB squeezing and detectors
with efficiency »?=0.99, the optimum fidelity using the out-
o costi2(r—s)]+1] * 10 put of entanglement swapping with two equally squeezed
opt cosh 2 +cosh & single-mode states becomiés-0.5201. Squeezing of 10 dB

and the same efficiency yield8=0.5425. Here, the gain
This fidelity is equal to; and never exceeds the classical g~ tanhr has been chosen, that is, the optimum gain with
limit if either r=0 or s=0. The reduced states of mode 1 two equally squeezed single-mode states for unit efficiency.
and 4 after the detection of mode 2 and 3 are separable if Tan proposes continuous-variable entanglement swapping
eitherr=0 or s=0 [20]. Both initial two-mode states need as the teleportation of the signal beam of a parametric am-
to be squeezed and hence entangled for entanglement swagifier using the entanglement between signal and idler beam
ping to occur. Then, for any nonzero squeezing0 and s of another parametric amplifigrl4]. The entanglement of
>0, we obtainFopt>%, indicating that entanglement swap- the teleported signal beam with the idler beam in Tan’s pro-
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rable for any nonzero entanglement in both initial sources,
they should enable quantum teleportation, as has been
shown. We have demonstrated, that in this case, the reduced

statep4 can always be transformed by some local displace-
ment to a stat@}, that providesF >3 in coherent-state tele-

0.6 . R
F portation and has quadratures violatitg« —x})2) +{(p,
0.4 +E)[1)2>>1. We have given the optimum ga@y,q, of this
displacement for any verification, either by further teleporta-
tion or by simple detectiof22].
0.2

In Tan’s schemd14], unit gain gg,,, has been chosen.
Therefore entanglement is only confirmed if the initial states
exceed a certain degree of squeezifemg., for equally
20 squeezed states 3 {By choosing the right gain, entangle-
ment can be verified for any squeezing, in principle even if
the initial entangled states are built from the minimal re-

classical

5 10 15
squeezing [dB]

FIG. 2. Optimum fidelity for the teleportation of an arbitrary fr inal d d stat
coherent stateg=1) using(a) entanglement produced with two source 0_ WO singie-mode squee;e states. ,
equally squeezed single-mode statesthe output of entanglement Detecting the output and applying Tarir Duanet als)

swapping with four equally squeezed single-mode stdwsen-  inequality for verification is easy, but it requires bringing the
tanglement produced with one single-mode squeezed §tatthe  entangled subsystems together and measuring states that are
output of entanglement swapping with two equally squeezed singlenow local. This provides only an indirect confirmation that
mode states, an¢g) the state as ind) with detector efficiencies the entanglement is preserved through teleportation. Our
75=15=0.95. verification leaves the subsystems separate and directly dem-
) ) o ) onstrates the entanglement by exploiting it in a second round
tocol is conflArmed by combining them at a b?am splitter andyy teleportation.
detecting thex quadrature at one output and fhguadrature In summary, we have given a protocol for continuous-
at the other outputx=(X,—xX4)/v2, p=(p.+ps)/y2. A  variable entanglement swapping, i.e., for the unconditional
violation of the uncertainty relation/ AX2)(Ap?)=1/16 teleport_ation of entanglement, us_ing squeezed light and lin-
proves the entanglement of mode 1 and14]. A similar, ©&r optics. Entanglement swapping occurs for any nonzero
sufficient inseparability criterion for continuous-variable sys-€ntanglementany nonzero squeezingn both of the two
tems has been given very recerft8d] that in the context of initial entanglement source$his can be realized even with

our entanglement swapping scheme would require the violac-m:]y two silndgle—m%de squeez”(_ad ztat@urt Vf[e_rificaftion
tion of ((Xa—Xa)2)+((Py+ pa)2)=1. scheme would provide a compelling demonstration of uncon-

; : N4 . . ditional teleportation of entanglement.
It is obvious that the violation of these inequalities corre-
ponds to a fidelityF >3 in our subsequent coherent-state  This work was funded by a “DAAD Doktorandenstipen-
teleportation. However, we have directly looked at the sepadium im Rahmen des gemeinsamen HSP Ill von Bund und
rability of the projected states of mode 1 and 4 after theLandern” and EPSRC Grant No. GR/L91344. P.v.L. thanks
detection of mode 2 and[20]. Since these states are insepa-Sze M.Tan for sending his manuscript.
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