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Intermediate-energy electron-impact ionization of molecules
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The distorted-wave approximation is used to calculate doubly and triply differential cross sections for the
electron-impact ionization of hydrogen molecules for incident energies of 100 and 250 eV. In the present
model, the wave function of the incoming electron is calculated in the static-exchange~SE! potential field
generated by a neutral H2 molecule, whereas those of the two outgoing electrons are calculated in the SE field
of the H2

1 ion. The Schwinger variational iterative method was used in the calculation of these distorted
waves. Comparison of the present calculated results with experimental data available in the literature is
encouraging.@S1050-2947~99!50807-X#

PACS number~s!: 34.80.Gs
nd
ut
or
tu
ns

la

e

o

an
a

ly
b
on
on
-
-
e
v

id

ns

nt
A
of

y
ular
t
e

s,
id-

mer
nal
ying
nal

g

ro-
e-

the
ec-
I. INTRODUCTION

Despite the extensive investigation on low- a
intermediate-energy (e,2e) processes in atoms carried o
over the last decades@1–3#, the corresponding processes f
molecular targets have been comparatively much less s
ied. Experimentally, doubly differential cross sectio
~DDCS! were measured for H2 and N2 @4–8#. Pioneering
measurements of triple differential cross sections~TDCS! for
electron-impact ionization were performed, for molecu
hydrogen and nitrogen, by Junget al. @9# ~at 100 and 250
eV! and for the CO molecule by Deyet al. @10# ~at 400 and
1200 eV!. Absolute TDCS for asymmetric (e,2e) experi-
ments were also reported by Avaldiet al. @11# for the ion-
ization of the 3sg orbital of nitrogen. More recently, relativ
TDCS were reported for 100-eV ionization of the 3sg and
1pu orbitals of nitrogen by Doering and Yang@12#. Also,
Rioual, Nguyen, and Pochat@13# reported relative TDCS for
coplanar symmetric ionization of several valence orbitals
N2 and CO in the 90–400-eV incident-energy range.

On the theoretical side, the disparity between atomic
molecular investigations is even more pronounced. For
oms, some earlier studies based on the Born@14,15# and
distorted-wave@16–18# approximations have been wide
used for ionization of rare-gas targets. Several more ela
rated theoretical models were recently applied for electr
impact ionization of atoms. These methods include, am
others, theR-matrix method@19#, the semiclassical descrip
tion of the postcollision effects@20#, and the converged
close-coupling method@21#. For molecules, however, th
only theoretical model currently in use is the plane-wa
impulse approximation~PWIA! extensively exploited by
McCarthy and Weigold@22#. Although the PWIA has been
applied with relative success to ionization studies on H2 @23#,
N2 @13,24#, and CO@10,13# for incident energies of 400 eV
and above, it is expected that this method would not prov
reliable TDCS for lower energies.

In this Rapid Communication, we report calculatio
PRA 601050-2947/99/60~1!/21~4!/$15.00
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based on the distorted-wave approximation~DWA! for
electron-impact ionization of hydrogen molecule at incide
energies of 100 and 250 eV. Despite its simplicity, the DW
has been widely applied with relative success to studies
electron-impact atomic excitation@25–27# and ionization
processes@16–18,28# in the low- and intermediate-energ
range. It has also been applied to a lesser extent to molec
excitation processes@29,30#. We expect that the presen
study would provide insights into dynamics involved in th
electron-impact ionization of molecules.

II. THEORY AND CALCULATION

Since the (e,2e) process of H2 results in three spin-1/2
systems, two partial-spin-specific collisional dynamic
namely the singlet and the triplet couplings, must be cons
ered. In the present work, we use the Born-Oppenhei
approximation and assume that the vibrational and rotatio
levels of the target are essentially degenerate. Thus, appl
the closure relation over final-state rotational and vibratio
levels, the laboratory-frame~LF! TDCS expanded in aj t
basis@31# can be written as

d3s

dV1dV2dE
5~2p!4

2k1k2
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(
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uB

mtmt8

j t
T

u2G , ~1!

whereV1 and V2 are LF solid angles of the two outgoin
electrons with linear momentakW1 andkW2 , respectively,kW0 is
the linear momentum of the incident electron,E is the energy
of one of the outgoing electrons, andjW t5 lW02 lW12 lW2 is the
angular momentum transferred during the collision with p
jectionsmt8 ,mt along the laboratory and molecular axes, r
spectively. Also, DDCS can be obtained by integrating
TDCS over the angular variables of one of the outgoing el
trons.
R21 ©1999 The American Physical Society
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In Eq. ~1! the B
mtmt8

j t
(S,T)

are the singlet-coupling (S) and

triplet-coupling (T) j t-basis expansion coefficients that c
be expressed as

B
mtmt8

j t
~S,T!

5~21!mt81mtS 2

p D 3/2

3 (
l 0m0l 1m1m18

l 2m2m28 lmm8

~21!m21m28i l 02 l 12 l 2ei ~s l 1
1s l 2

!

3
2l 11

2l 211
A2l 011

4p
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3~ lml02m0u j tmt!~ l 2m8l 1m18u l 22m28!

3~ l 2ml1m1u l 22m2!Tl 0m0l 1m1l 2m2

~S,T!

3Yl 1m
18
~ k̂18!Yl 2m

28
~ k̂28!, ~2!

wheres l 1
ands l 2

are the Coulomb phase shifts of the tw

outgoing electrons andTl 0m0l 1m1l 2m2

(S,T) are the corresponding

partial-wave components of the electronic portion of theT
matrix that can be expressed as

T~S!5
1

&
@2 f 2g# ~3!

and

T~T!52A3

2
g ~4!

for the singlet and the triplet couplings, respectively. In E
~3! and ~4!, f andg are the direct- and exchange-scatteri
contributions to theT matrix, given by

f 5K x
kW1

2
x

kW2

2U 1

r 12
Uw0x

kW0

1 L ~5!

and

g5 K x
kW2

2
x

kW1

2U 1

r 12
Uw0x

kW0

1 L , ~6!

wherew0 is the active bound orbital of the ground-state t
get,x

kW0

1
is the continuum wave function of the incident ele

tron, andx
kW1

2
and x

kW2

2
are the wave functions of the tw

outgoing electrons, calculated using the appropriate s
couplings.

In our study, both the incoming- and outgoing-electr
wave functions are approximated by the DWA. These d
torted wave functions are calculated using the Schwin
variational iterative method~SVIM! @32#. Particularly,x

kW0

1
is

obtained in the static-exchange potential field generated
neutral H2 molecule, whereasx

kW1

2
andx

kW2

2
are obtained in the

SE potential field of the H2
1 ion constructed assuming th

frozen-core approximation. In the SVIM calculations, t
continuum wave functions are single-center expanded as
.
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p D 1/2

(
lm

i le6 is lxklm
6 ~rW !Ylm~ k̂!, ~7!

wheres l equals to zero for the initial-neutral distorted wa
functions.

The calculation ofxkW(rW) starts with the expansion of tria
functionsx̃k,lm(rW) in a setR0 of L2 basis functionsa i(rW) as
follows:

x̃k,lm~rW !5(
i 51

N

ai ,lm~k!a i~rW !. ~8!

Using this basis set, the reactanceK-matrix elements can be
derived as

K
k,l l 8m

~R0!
5 (

i , j 51

N

^Fk,l 8muUua i&@D21# i j ^a j uUuFk,lm&, ~9!

where Fk,lm are the partial-wave free-particle~Coulomb!
wave functions for the neutral~ionic! case and

Di j 5^a i uU2UG~P!Uua j&. ~10!

Here G(P) is the principal value of the free-particle~Cou-
lomb! Green’s operator, and the zeroth-iteration wave fu
tion xk,lm

R0 is calculated using Eq.~8! with appropriately cal-
culated coefficientsai ,lm . As demonstrated by Lucches
et al. @32#, the converged scattering solutions can be o
tained via an iterative procedure. This procedure consist
augmenting the basis setR0 by the set

S05$xk,l 1m1

~P!~R0!
~rW !,xk,l 2m2

~P!~R0!
~rW !, . . .xk,l cmc

~P!~R0!
~rW !%, ~11!

wherel c is the maximum value ofl for which the expansion
of the scattering solution~7! is truncated, andmc< l c . A new
set of partial-wave scattering solutions can now be obtai
from

xk,lm
~P!~R1!

~rW !5Fk,lm~rW !1 (
i , j 51

M

^rWuG~P!U1uh i
~R1!

&

3@D21# i j ^h j
~R1!uU1uFk,lm&, ~12!

whereh i
(R1)(rW) is any function in the setR15R0øS0 andM

is the number of functions inR1 . This iterative procedure

continues until a convergedxk,lm
(P)(Rn)

(rW) is achieved.
The self-consistent-field~SCF! wave function for ground-

state H2 is constructed with a 5s/3p uncontracted Cartesia
Gaussian basis set of Huzinaga@33# augmented by threes
(a50.04, 0.015, and 0.003! and threep (a50.06, 0.03, and
0.01! uncontracted functions. With this basis set, the cal
lated SCF energy in the equilibrium internuclear distan
(1.4006a0) is 21.133 026 a.u., to be compared with th
Hartree-Fock limit@34# of 21.1336 a.u. The quadrupole mo
ment given by this function is 0.486 a.u. The electronic wa
function of the ground-state H2

1 is assumed to be identical t
the 1sg orbital of H2.

In the scattering calculations, the partial-wave expans
of the bound orbital is truncated atl max510, whereas the
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truncation parameters used for the expansion of the c
tinuum orbitals, as well as all the matrix elements, arel max
516 andmmax54. Some test runs were also performed u
ing l max516 andmmax56, in order to verify the conver-
gence. No significant differences have been noticed in
TDCS calculated with these two cutoff parameters, show
that the calculated results have already been converged.
SVIM calculations were converged within two iterations.

III. RESULTS AND DISCUSSION

In Figs. 1~a!–1~d! we show our calculated DDCS fo
electron-impact ionization of H2 for some selected energie
of incident and outgoing electrons. Our results are compa
to the available absolute experimental results of DuBois
Rudd @5#, Shyn, Sharp, and Kim@6# and Al-Nasiret al. @8#.
In general, there is a good qualitative agreement between
calculated and experimental data. Particularly, the positi
of the main structures in the experimental DDCS are app
priately predicted by our theory. Quantitatively the agre
ment between the theory and experiments is also satisfac
Specifically, at an incident energy of 100 eV@Figs. 1~a! and
1~b!#, our calculated DDCS generally agree well with t
measured data, particularly with those of Al-Nasiret al. @8#.
Nevertheless, at 250 eV@Figs. 1~c! and 1~d!# our calculation
underestimates the only absolute DDCS reported by Sh
Sharp, and Kim@6# at small and large scattering angle
These discrepancies are probably due to the neglect of
tichannel effects@21# and also of postcollisional correlatio
between the two outgoing electrons in our distorted-wa
treatment.

In Fig. 2 we present our calculated TDCS for electro

FIG. 1. DDCS for electron-impact ionization of H2. ~a! E0

5100 eV andEb530 eV; ~b! E05100 eV andEb560 eV; ~c! E0

5250 eV andEb5100 eV; ~d! E05250 eV andEb5117.3 eV,
where E0 is the energy of the incoming electron andEb is the
energy of one of the outgoing electrons. Solid line, present DW
results; full squares, experimental results of DuBois and Rudd@5#;
full circles, experimental results of Shyn, Sharp, and Kim@6#; open
squares, experimental results of Al-Nasiret al. @8#.
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impact ionization of H2 at 250-eV incident energy. The ex
perimental results of Junget al. @9# in arbitrary units, nor-
malized to our calculated TDCS at the maximum, are a
shown for comparison. In this figure, the angular varia
defines the direction of the slow outgoing electron, relat
to the direction of the incident electron, whereas the dir
tion of the fast outgoing electron is fixed at28°, and the
radial variable indicates the magnitude of the TDCS. In a
dition, the energy of the slow outgoing electron was fixed
9 eV. A good qualitative agreement between the calcula
and measured TDCS is seen. Particularly, our calcula
predicts the position of the maximum of the TDCS, in qu
good agreement with the experimental data.

In summary, the present work reports a distorted-wa
treatment for the electron-impact ionization of H2 at 100- and
250-eV incident energies. Despite its simplicity, the applic
tion of the DWA to studies of such processes is very enco
aging. Our theory was able to provide DDCS and TDCS t
are in good qualitative and in some cases also quantita
agreement with available experimental data. Major discr
ancies, in particular, those seen in the DDCS at small
large scattering angles, are probably due to the neglec
multichannel effects@21# as well as postcollisional interac
tion between the two outgoing electrons in our distorte
wave treatment. Inclusion of such effects in theoretical st
ies of electron-impact ionization of molecules is presentl
difficult task @13#. Nevertheless, some improvements on o
DWA, e.g., incorporation of core relaxation and/or effecti
charges, can be made. Investigations in this direction, inc
ing other molecular targets, are underway.
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FIG. 2. TDCS for electron-impact ionization of H2 at E0

5250 eV andEb59 eV, whereE0 is the energy of the incoming
electron andEb is the energy of the slow outgoing electron. Th
detection angle of the fast outgoing electron is fixed at28°. Solid
line, present DWA results; full circles, experimental results of Ju
et al. @9#.
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