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Dissipative dynamics of a vortex state in a trapped Bose-condensed gas
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We discuss dissipative dynamics of a vortex state in a trapped Bose-condensed gas at finite temperature and
draw a scenario of decay of this state in a static trap. The interaction of the vortex with the thermal cloud
transfers energy from the vortex to the cloud and induces the motion of the vortex core to the border of the
condensate. Once the vortex reaches the border, it immediately decays through the creation of excitations. We
calculate the characteristic lifetime of a vortex state and address the question of how the dissipative dynamics
of vortices can be studied experimentall$1050-294®9)50609-4

PACS numbd(s): 03.75.Fi

The recent successful experiments on Bose-Einstein corstable(small perturbations do not develop exponentially with
densation(BEC) in trapped clouds of alkali-metal atoms time; sed17,11] and references thergiriTherefore, the vor-
[1-3] have stimulated a great interest in the field of ultracoldtex state can only decay in the presence of dissipative pro-
gaseqd4]. One of the goals of ongoing studies is to investi- C€sses.
gate the nature of a superfluid phase transition in ultracold In this Rapid Communication we discuss dissipative dy-
gases and to make a link to more complicated quantum sy$@amics of a vortex state in a trapped Bose-condensed gas at
tems, such as superfluid helium. Of particular interest is théinite temperatures and show how the interaction of the vor-
relation between Bose-Einstein condensation and superfluidex with the thermal cloud leads to decay of the vortex state
ity. However, being the most spectacular manifestation ofn a static trap. According to our scenario, the scattering of
the phase transition ifHe, superfluidity has not yet been thermal excitations by a vortex provides the energy transfer
observed in trapped gases. A promising way of studying sufrom the vortex to the thermal cloud and induces the motion
perfluidity in trapped gases is the creation of quantum vorti-Of the vortex core to the border of the condensate, where the
ces, as quantization of circulation and the related phenomiortex decays by creating elementary excitations. We calcu-
enon of persistent currents are the most striking properties d@te the characteristic lifetime of the vortex state and discuss
superfluids. how the dissipative dynamics of vortices can be studied ex-

A widely discussed option of creating vortices in trappedperimentally.
gases assumes the rotation of a slight asymmetry of a cylin- We first briefly outline the main features of the vortex
drical trap after achieving BEC, or cooling down the gasbehavior in a superfluid, known from the studies of liquid
sample below the Bose-condensation temperature in an dhelium. The motion of a vortex in a superfluid of density
ready rotating trap[5,6]. Another possibility is a rapid satisfies the Magnus lawsee [18-20 and references
quench of a gas sample near the critical temperature, whictherein
should lead to creation of vortices, even in a nonrotating trap
[7]. It is worth mentioning the ideas of creating the vortex ps(VL—Vs) X k=F. 1)
state in a Bose-condensed gas by optical mggy@$ and the
idea of forming vortex rings in the regime of developed tur-Herev, is the velocity of the vortex line ands the velocity
bulence[10]. The spatial size of the vortex core in the of superfluid at the vortex line. The vecteris parallel to the
Thomas-Fermi regime is too small to be observed, and fovortex line and is equal to the circulation carried by the vor-
visualizing the vortex state it is suggested to switch off thetex. The forceF acting on the vortex originates from the
trap and let the cloud ballistically expand. Then the size ofnutual friction between the normal component and the mov-
the vortex core will be magnified approximately by the sameng vortex line, and is usually small. Assuming the absence
factor as the size of the expanding condenghig. of friction (F=0), the vortex moves together with the super-

Similar to the recently studied kinkwise condensatedluid component ¥ =Vs). The superfluid velocitys(r) in
[8,12,13, vortices are examples of macroscopically excitedthe presence of a vortex at the poigtsatisfies the equations
Bose-condensed states. In a nonrotating trap the vortex state
has a higher energy than the ground-state Bose condensate; rotvg=2mkd(r—rgy), divwg=0 2
i.e., the vortex is thermodynamically unstalplet—16. On
the other hand, a quantum vortex with the lowest possiblend is related to the phageof the condensate wave function
circulation (the vortex “charge” equal to JLis dynamically asvs=V ¢. This leads to quantization of the circulatiom,

=Zhl/m[21], whereZ is an integefthe charge of the vortgx
andm is the mass of the condensate particle. Below we will
*LKB is a unitede recherche de I'Ecole Normale Suigee et de  consider vortex states witd=1, which are dynamically
I'Universite Pierre et Marie Curie, assoeieu CNRS. stable( [17,1] and references thergin
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Equations(2) are similar to the equations of the magne- trapped gas the condensate density strongly decreases near
tostatic problem, with the magnetic field replaced by the vethe border, and the vortex can decay by emitting both col-
locity v and the electric current replaced kyThe velocity  lective and single-particle excitations. The motion of the vor-
field around an infinitely long straight vortex line is analo- tex towards the wall requires the presence of dissipation; as

gous to the magnetic field of a straight current: in the frictionless approach the velocity of the vortex core
coincides with the velocity(4), which does not contain a
vs(r)=[rXr]/r?. (38)  radial component. Thus, just the presence of dissipative pro-

_ _ o ~ cesses provides a decay of the vortex siate[15] and
The vortex itself can experience small oscillations of its fila-re|ated discussiofiL3] of the stability of a kink state
ment, characterized by the dispersion laww(K)| The dissipation originates from the scattering of elemen-
= xk In(L/ak)/2 [22], wherek is the wave vector of the tary excitations by the vortex and is related to the friction
oscillations, anda the radius of the vortex core. In a weakly force F in Eq. (1), which is nothing other than the momen-
interacting Bose-condensed gas the core radius is of the ofam transferred from the excitations to the vortex per unit
der of the healing lengtla=(%“/mu)~<, where u is the  time. This force can be decomposed into longitudinal and

chemica! potential. o . transverse components:
We will see that the dissipative dynamics of a vortex state
is insensitive to the details of the density distribution in a F=—Du—D'uXwlk, %)

gas. The spatial size of the Thomas-Fermi condensate , ,

trapped in a harmonic potential of frequenay is R whereu=v, —v,, v, is the velocity of the normal compo-

— (2u/mw?) 2. Therefore, for finding the superfluid veloc- nent, andD,D’ are longitudinal and transverse friction co-
ity vs in this case, we may consider a vortex in a Spatia"yefficients, re_spectively. In a static tra_lpf Vv, , as the normal
homogeneous condensate in a cylindrical vessel of raglius component is at restv(=0). The friction force has been
with the vortex line parallel to the axis of the cylinder. For investigated in relation to the attenuation of the second sound

the vortex line at distance, from the axis, the velocity field N superfluid *He, where the most important feature is the
can be found by using the “reflection” methddsg]. In a  transverse componefi23-29 (see alsq19] for a review.
nonrotating trap, in order to compensate the normal compoE©r @ straight infinite vortex linéparallel to thez axis), a
nent of the velocity field3) everywhere on the surface of the 9eneral expression for the friction force in a homogeneous
cylinder, we introduce a fictitious vortex with opposite cir- superfluid is obtained in terms of the scattering amplitude
culation on the other side of the vessel wall, i.e., at distancd(k.k") [25]:

R?/xo from the cylinder axis. At the position of the vortex

the “reflection” induces the velocity Fo Jﬂ—nh(ku)f (k—K') o(Ex—Eyr)
IEx 5(kz_k£)
Vs= R2 X2 (4) d3k d3k/
—Xg x| f(k,k")|? —[ux«lp,. 6
(k,k") (2m) (2m)° [ 1pn (6)

As vg~v,, the vortex line will slowly drift around the axis

of the trap. A characteristic time responsible for the forma-Here p,, is the local mass density of the normal component,
tion of the velocity field(4) is 7g~R/cs, wherecg=\u/m k,k’ are the wave vectors of the incident and scattered exci-
is the velocity of sound. Sufficiently far from the border of tations, n(E,) =[expE,/T)—1] ! are the Bose occupation
the Thomas-Fermi condensate, i.e., outside the spatial regiatumbers for the excitationg, is the excitation energy, and
whereR—xo<R, the drift period istg,~Xo/vs~R?/ x and T the gas temperature. Comparing the second terms of Egs.

greatly exceeds the times: (5) and(6), one immediately arrives at the universal expres-
sion for the transverse friction coefficiem, = xp,, assum-
TR i~3<1 ing that the first term of Eq(6) does not contribute t®’
Tgr  CsTar R . [19,25.

We now turn to our analysis of the dissipative dynamics
This means that we can neglect the retardation effects and, of the vortex state in a nonrotating trap, which is related to
particular, the emission of phonons by the moving vortex. Inthe motion of the vortex coréline) to the border of the
other words, the “cyclotron” radiation is prohibited, since condensate. This motion occurs on top of small oscillations
the wavelengtle 74, of sound that would be emitted exceeds of the vortex filament and a slow drifé) of the vortex core.
the sizeR of the condensate. The radial component of the velocity of the vortex core is

According to the above-mentioned magnetostatic analogyjetermined by the longitudinal friction coefficiel. For

in a nonrotating trap the potential energy of the systear-  finding these quantities in dilute Bose-condensed gases, the
tex plus its reflectioncan be thought of as the energy of two analysis 0f23-25,19 can only be used at very low tempera-
counterflowing currents. Since the currents attract each othetyres (T<u), where the number of thermal excitations is
the energy is negative and decreases with displacement @éry small and, hence, the longitudinal friction force is ex-
the vortex core towards the wall. In other words, it is ener-tremely weak.
getically favorable for the vortex to move to the border of the The situation is drastically different in the temperature
vessel. Near the border the velocity of the vortex exceeds theingeT= w, which is the most interesting for trapped Bose-
Landau critical velocity, and in a homogeneous superfluiccondensed gases. We will consider the lif# x and first
the vortex decays through the creation of phond@. Ina  analyze how the vortex scatters excitations with energies
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E=u. These excitations are single particles, and their dés a small parameter of the finite-temperature perturbation
Broglie wave length is much smaller than the spatial §ize theory atT> . The inequalityé<<1 remains valid even near
of the condensate. Most important is the interaction of thehe BEC transition temperature, except in the region of criti-
excitations with the vortex at distances from the vortex linecal fluctuationd27].
r~a<R. Therefore, the corresponding friction force in a  Relying on Eq.(8) for the longitudinal friction force, we
trapped condensate can be found in the local-density aponsider the motion of the vortex line to the border of the
proximation: We may use Ed6), derived for a homoge- condensate in a static trap, where the normal component is at
neous superfluid, and then replace the condensate degsity rest. Assuming a small friction in Eqsl) and(5), for find-
by the Thomas-Fermi density profile of the trapped condening a friction-induced small quantity, —vg, we only retain
sate. the terms linear in the dissipation coefficieridsand D’.
The Hamiltonian of the single-particle excitations is Then we obtain the equation

#.2k?/2m+2ny(r)g— w, where the second term originates
from the mean-field interparticle interaction, whevgr) is
the density of the vortex statg=4m%%as./m, ag is the

scattering length, angdc=ng()g[ng()=ngy]. For r—o
9 =hd _ quz o(*)gLMo(*<) =No . . For the radial ¢(") and tangential\((?)) components of the
we have H(k,r)=#4°k“/2m+ . Hence, the interaction . . .
velocity of the vortex line we find

Hamiltonian responsible for the scattering of excitations
from the vortex can be written as vD=Dvs/pek, v{P=vg(1—D'/pek. (10)

pd (V. —Vg) X k]=—Dvg—D'[vgX K]/ k,

which has a solution of the form,=v{"r +v{?[ xkxr]/xr.

Hint=2[No(r)g—nu]. From Eqgs.(10) it is clear that the radial motion of the vortex

B . . . is governed by the value of the longitudinal friction coeffi-
For the vortex chargg=1, at distances=a, the interaction cient, whereas the transverse frictilordanskii forcg sim-

Hamiltonian Hiy~—2u. For r>a we haveno(r)~(s  ply slows down the drift velocity4) of the vortex. The radial
—#h22mr?)/g and Hi,~—%2/mr®. The scattering ampli- velocity v{”<vg, which is guaranteed by the inequalig).

tude in Eq. (6) can be written asf(k,k')=2md(k, The time dependence of the distanggof the vortex line
—k;)f(k,k"), where the two-dimensional scattering ampli- from the axis of a cylindrical trap follows from the equation
tude in the Born approximation is given by of radial motion for the vortexdx,/dt=v{" . With Eq. (10)
for v{" and Eq.(4) for vg, for the characteristic time of
F(k,k')= f d2rH (r)eor. @ motion o_f the vortex from the center of the trap to the border,
we obtain
Hereq=k—k’ is the momentum transferred from the exci- R dxom(R?—x3)ps [ Ngg | 12
tation to the vortex. As the amplitudeonly depends ofq|, T~ JX _ W(T) , (11)

the first term in Eq(6) is purely longitudinal.
For ga<1, which corresponds to small-angle scattering,yherex,,;, is the initial displacement of the vortex line from

from Eq. (7) we obtainf~ (A% m)In(1/qa). Forga>1 we the axis of the trap. The vortex velocity is the smallest near
find [f(q)|?~ (A2/m)? sir?(qa—/4)/(aq)®. Using these re- the axis, and the main contribution to the integral in Bd)
sults in Eq.(6), we see that the main contribution to the comes from distanceg<R. Therefore, we can neglexg in
integral over momenta comes from enerdigssatisfying the ~ the numerator of the integrand and ppt=ps(0), ng
inequality u<E,<T. A direct calculation of the longitudinal =ng(0). Then, Eq.(11) yields

friction coefficient gives

mRps(M00) o 12
D*Kpn(T)(nog/T)l’Z, (8) [ fipn T N(R/Xmin) - (12
where the density of the normal component This result is only logarithmically sensitive to the exact value
of Xmin, @and we can pux,,,~a.
3 5/213/2 min: min
pp=— E 5_np2 d°p ~0 1m il Once the vortex reaches the border of the condensate, it
n 3) 9B, (2mh)® T K% immediately decays. Hence, the timean be regarded as a

characteristic lifetime of the vortex state in a static trap. In-
A collective character of excitations with energiEg~ u terestingly, the decay rate can be written as
can influence the numerical coefficient in E), and for
this reason we did not present the exact value of this coeffi- _q 3112
cient in the single-particle approximation. In cylindrical traps T f(nOmasc) ; '
the behavior of excitations with energi&s- u (and some-
what largey is stochasti¢26], and hence the discrete struc- where ng,, is the maximum condensate density, aBg

(13

ture of the spectrum is not importaf&7]. ~#h?/mR? is the energy of excitation corresponding to the
The coefficientD=T, and Eq.(8) can be rewritten a®  motion of the vortex core with respect to the rest of the
«fingé, where the quantity condensatgexcitation with negative energy, found in the

31 recent calculation§28,29,17,14,18. Equation(13) is simi-
§=(noasy) " (T/u)<1 (9 lar to the damping rate of low-energy excitations of a trapped
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condensate, found beyond the mean-field apprq@d¥|.  Therefore, after a short timB/v the thermal component
Both rates are proportional to the small parametdiEq. flies away, and the dissipation-induced motion of the vortex
9)]. core ceases. Accordingly, the expansion of the Bose-
For Rb and Na condensates at densitigs- 10 cm 3 condensed state will be essentially the same as that at zero
and temperatures 180T=<500 nK, in the static traps with temperature. This means that the relative displacement of the
frequencies 18 w=100 Hz, the lifetimer of the vortex vortex core from the trap center practically remains the same
state ranges from 0.1 to 10 s. This range of times is relevaras before switching off the trap. Therefore, the dissipative
for experimental studies of the dissipative vortex dynamics.motion of the vortex towards the border in the initial static
A proposed way of identifying the presence of a vortextrap can be studied by switching off the trap at different
state in a trapped Bose-condensed gas assumes switching tiffies and visualizing the position of the vortex core in a
the trap and observing a ballistically expanding gas sampléallistically expanding condensate.
[11]. As follows from the numerical simulatiorid 1], at zero In conclusion, we have developed a theory of dissipative
temperature the expansion of a condensate with a vortex oclynamics of a vortex state in a trapped Bose-condensed gas
curs along the lines of the scaling thedB80,31). The shape at finite temperatures and calculated the decay time of the
of the Bose-condensed state is nearly preserved and its spesrtex with charge equal to 1 in a static trap. Our theory can
tial size is increasing. Due to expansion, the density of thée further developed to analyze the motion of vortices in
condensate decreases, and the size of the vortex core irgtating traps and, in particular, to calculate a characteristic
creases to match the instantaneous value of the healirtgne of the formation of the vortex state in a trap rotating
length. This should allow one to detect the vortex throughwith supercritical frequency.
the observation of a hole in the density profile of the con-
densate. This work was supported by the Dutch Foundation FOM,
It is important to emphasize that at temperaturesu the by INTAS, and by the Russian Foundation for Basic Studies.
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