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Contribution of the quasifree mechanism to the ratio of double-to-single ionization
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We evaluate the contribution of the quasifree~QF! mechanism to the ratio of double-to-single ionization by
one photon. This mechanism is expected to take place in the interaction of a high-energy photon with an atom,
and results in the mutual sharing of the photon momentum by two electrons, with small momentum transferred
to the nucleus. In this case the electrons should be ejected in nearly opposite directions, sharing the energy
nearly symmetrically. By using retardation, we show that the QF contribution displays av25/2 energy depen-
dence, in contrast to the well-knownv27/2 energy dependence of the shake-off term. Our calculation shows
that the QF mechanism does not give a leading contribution to the ratio of double-to-single ionization for keV
photon energies, and is smaller than previously predicted.@S1050-2947~99!50408-3#

PACS number~s!: 32.80.Fb, 32.80.Cy, 33.60.2q
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At high photon energies the photoelectron spectrum
double ionization by one photon shows different regions,
lated to different mechanisms of ionization. The basic a
widely accepted mechanism for the ionization of two ele
trons by one photon in the high-energy regime is the
called shake-off~SO! process. In this process, one electron
suddenly removed from the atom with the absorption of
photon, and subsequently the second electron is ejected
the rapid change in the potential ‘‘seen’’ by it. Calculatio
within this assumption lead to the prediction of a
asymptotic value for the ratio of double-to-single photoio
ization for helium targets ofR5s21/s151.67% @1,2#. The
cross section for single, as well as for double, photoioni
tion is known to fall off asv27/2. In the SO picture the
photoelectron spectrum is dominated by low- (e1.0) and
high-energy (e1.v1e0) electrons. In what follows,e1 and
e2 are the photoelectron energies,v is the photon energy
and e0 is the bound-state energy. Atomic units are us
except as stated otherwise.

There exists another possible mechanism, so-called
sifree~QF! @3,4#, that dominates the central part of the spe
trum (e1.e2) for high-photon energies. It has been pr
posed@4# that the QF contribution would cause a deviati
of the photoabsorption ratioR from the predicted asymptoti
value of 1.67%@1,2#. The QF mechanism is assumed to o
cur due to a mutual sharing of the photon momentum by b
electrons, without the participation of the atomic nucleus.
this case the electrons should be ejected with nearly oppo
momenta.

In Ref. @5# a mechanism leading to the ejection of tw
electrons with quasiequal energies was considered within
dipole approximation. In that work the authors chose
name photon-sharing~PS! to refer to that mechanism. Th
authors of Ref.@5# presented no calculation of that contrib
tion. Although in the literature the QF and PS mechanis
have been considered independently, we find in the pre
work that these mechanisms have a unified treatment inv
ing a general quasiequal energy-sharing~QEES! mechanism.
Here the QEES mechanism is used to denote the total
tribution to the spectrum where two electrons of similar e
ergies are ejected and almost no net momentum is transfe
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to the atomic nucleus. Within the dipole approximation t
only surviving QEES contribution comes from the P
mechanism. Since two free electrons cannot absorb one
ton within the dipole approximation, the PS contribution
largely inhibited at high photon energies. If we do not restr
ourselves to the dipole approximation and retardation is
cluded, then the QF mechanism takes over as the main Q
contribution.

Our concern in this Rapid Communication is to inves
gate the contribution arising from the QF mechanism at k
photon energies (v,100 keV!. Our goal is to see whethe
this mechanism could make a substantial contribution to
total cross section at the photon energies of the experim
considered here@6,7#.

To evaluate the contribution coming from quasiequal e
ergy electrons, we will assume that the final state is
scribed by a plane-wave representation

c f
2~r1 ,r2!5

@11P12#

~2p!3A2
exp~ ik1•r11 ik2•r2!. ~1!

Herek1 andk2 are used to denote the electron momenta,r1
andr2 are the coordinates of the electrons with respect to
heavy nucleus of chargeZ, andP12 is the exchange operato
The plane-wave representation should be valid fork1;k2

;Av@Z, i.e., where the Coulomb interactions are expec
to make a small contribution.

The transition matrix of the process, using the plane-wa
representation, can be expressed as

T5 iA2@ ê•k1c̃ i~k12k,k2!1ê•k2c̃ i~k1 ,k22k!#, ~2!

wherec̃ i is the Fourier transform of the initial state,ê is the
polarization unit vector,k is the photon momentum (ê•k
50), k5v/c, andc is the speed of light. Two comments a
worth making here. First, the use of the plane-wave fi
state has smoothed out the Coulomb interactions, and
the relevant contribution into the ground state through
Fourier transform. Second, whenk1 is in the direction ofê or
k, the amplitude of Eq.~2! vanishes fork1[2k2. The am-
R1743 ©1999 The American Physical Society
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plitude cuts abruptly in this case, but nevertheless pe
strongly very near theexactsymmetric momentum configu
ration.

To proceed further, it will be convenient to express t
bound-state wave function in terms of the coordinatesR
5(r11r2)/2 andr5r12r2, representing the center of ma
of the system and the relative separation of the electro
respectively. The initial state can also be writtenC i(R,r )
5c i(R1r /2,R2r /2). TheT-matrix element can now be ex
pressed in the following form:

T5 iA2F ê•q@C̃ i~Q2 ,q2!2C̃ i~Q2 ,q1!#

1
1

2
ê•Q@C̃ i~Q2 ,q2!1C̃ i~Q2 ,q1!#G , ~3!

Q65Q6k, q65q6
k

2
, ~4!

whereQ5k11k2 represents the center-of-mass moment
of the two-electron subsystem, andq5(k12k2)/2 represents
the relative momentum of the electrons. DefiningeQ5Q2/2
and eq5q2/2, the energy conservation readseQ/212eq5v
1e0. Note that, since we are in a high-energy casev
@2e0, the total-available energyv1e0.v.

We now consider the structure of the Fourier transform
the initial state. Forq@Z and Q&Z, we assume the initia
state to be cast into the form

C̃ i~Q,q!5N2f ~q!F~Q!, ~5!

whereN2 is a normalization constant, andf and F are ana-
lytic functions, which will be determined below for on
choice of initial state. The functionf has the asymptotic be
havior f (q)}q24 for q@Z.

By using Eq.~5!, theT matrix is now given by

T5 iA2@ ê•qG21ê•QG1#, ~6!

with

G25N2~ f 22 f 1!F2 , G15N2~ f 21 f 1!
F2

2
, ~7!

f 65 f ~q6!, F65F~Q6!. ~8!

The multidifferential observable of the process in the c
ordinates (Q,q) is given by

d5s21

deQdVQdVq
5

4p2

vc

Qq

2
uTu2. ~9!

We consider a geometry withk5kẑ andê5 x̂. Upon integra-
tion over the azimuthal coordinateswQ andwq , we write the
following formula for the cross section in the central regio
when the quasifree mechanism is relevant (q@Z, Q&Z):

d3s21

deQd~uQ ,uq!
5

d3sQF
21

deQd~uQ ,uq!
1

d3sPS
21

deQd~uQ ,uq!
, ~10!

with
ks

s,

f

-

,

d3sQF
21

deQd~uQ ,uq!
5S 4p2

vc D S Qq

2 D4p2q2 sin2 uqG2
2 , ~11!

d3sPS
21

deQd~uQ ,uq!
5S 4p2

vc D S Qq

2 D4p2Q2 sin2 uQG1
2 , ~12!

and d(uQ ,uq)5sinuQduQ sinuqduq . The notation used for
the two terms of Eq.~10! will be clarified below, where we
explicitly demonstrate thatsQF

21 andsPS
21 refer indeed to the

QF and PS contributions.
Up to now, we have not considered any choice of a p

ticular initial state. We consider now a Hylleraas-type init
state. We will show that this wave function could be writte
as in Eq.~5!, for the caseq@Z and Q&Z. We specify the
initial state as

c i~r1 ,r2!5N1c0~r1 ,r2!2N1dc0~r1 ,r2!e2gr , ~13!

with c0(r1 ,r2)5e2ar 12br 21e2br 12ar 2 and r5r12r2. We
have optimized the parameters of this wave function
minimizing the bound-state energy (e0) and requiring that
dg/(12d)51/2 @8#. This condition is required to satisfy th
Kato cusp condition@9# at the coalescence pointr 50. We
write Eq. ~13! in Fourier space,

c̃ i~p1 ,p2!5N1c̃0~p1 ,p2!2N1dE dK

p2

g

~g21K2!2

3c̃0~p12K ,p21K !, ~14!

where

c̃0~p1 ,p2!5~11P12!
8

p

a

~a21p1
2!2

b

~b21p2
2!2 . ~15!

To show that Eq.~14! is cast into Eq.~5! for q@Z and
Q&Z, we consider the following two approximations:~i! the
first term of Eq.~14! is neglected; and~ii ! the integral in Eq.
~14! is evaluated with the well-known peaking approxim
tion. The peaking approximation consists in considering t
the relevant contribution to the integral comes from the
gion K;p1;2p2. This assumption is fully consistent wit
the physics of the quasifree mechanism wherep1.2p2; i.e.,
the electrons are ejected in nearly opposite directions w
nearly equal energies. Under the constraintp1@a1b, which
is well verified in our high-energy case, we obtain Eq.~14! in
the form of Eq.~5! with N252N1d24/p,

f ~q!5
g

@g21q2#2 , ~16!

and

F~Q!5
~a1b!

@~a1b!21Q2#2 . ~17!

The termf, which gives the asymptotic behavior of the initi
state forq@g, has the dependenceq24. We are now in a
position to justify approximation~i!, neglecting the first term
of Eq. ~14!. This term has the asymptotic dependencec̃0
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}q28 for q@g; and since the dependence of the second t
is q24, neglecting the first term introduces a small error.

Nondipole contribution tos21: QF mechanism. We now
evaluate the contribution arising from the first term of E
~10!. This is a pure nondipole contribution, and gives the
contribution to the spectrum. For the physical process we
considering, the momentumq is large with an approximate
valueq;Av. Using Eqs.~8! and ~16!, we can approximate

~ f 22 f 1!2;
16g2~k•q!2

S q21
k2

4 D 6 ;
16g2~k•q!2

q12 , ~18!

where only the quadrupole term has been retained. We
pect that taking only the quadrupole term is enough to e
mate the QF contribution for photon energiesv!4c2, or
equivalently,q2@k2/4. Note that within the dipole approxi
mation (k50) G250, and the QF contribution vanishe
This shows that the QF contribution could not be hand
within the dipole formalism.

Resubstituting Eq.~18! into Eq. ~11!, integrating over
duq , and after a suitable change of variables, we can exp
the QF contribution as a differential overQ:

dsQF
21

dQ
5

215p~N1gd!2

15c3v5/2

~a1b!2

@~a1b!21~Q2k!2#4 . ~19!

Equation~19! can be integrated in closed form to give th
total contribution coming from the QF mechanism:

sQF
215

212p3

15c3

~N1gd!2

~a1b!3

1

v5/2}vsSO
21 . ~20!

We comment on some features of these results. F
dsQF

21/dQ is the momentum distribution of the recoilin
nucleus. The nucleus recoil is shaped byF2

2 , and it is of the
order uQ2ku&a1b. Second, the contribution to the tot
cross section coming from the QF mechanism falls off
v25/2. This is a clear difference from the well-known ener
dependence of the SO term, which falls off asv27/2. This
last fact was the point of departure of the argument of R
@4#, where a breakdown of the asymptotic shake-off ratio w
reported.

Dipole contribution tos21: PS mechanism.We now cal-
culate the contribution to the total cross section coming fr
the second term of Eq.~10!. This term gives a contribution
even in the dipole approximation (k50). Note that this is
not the case for the QF mechanism, which is a dipo
forbidden contribution. We use the fact thatf 1; f 2;g/q4

for q@g; this approximation is well verified for photon en
ergiesv!4c2. InsertingG1;N2gF2 /q4 into Eq. ~12!, in-
tegrating overduq , and after a change of variables, we o
tain the PS contribution:

dsPS
21

dQ
5

210p~N1gd!2

cv9/2

Q2 sin2uQ~a1b!2

@~a1b!21~Q2k!2#4 . ~21!

From the last equation, we observe thatdsPS
21/dQ shows that

the recoiling nucleus is also left with small momentum. It
possible to integrate Eq.~21!, and the resultis equalto that
m

.
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obtained within the dipole approximation@or neglectingk in
the denominator of Eq.~21!#, due to the equality

E dQQ2 sin2 uQ

@a21~Q2k!2#4 5E dQQ2 sin2 uQ

@a21Q2#4 5
p2

12a3 , ~22!

with a5a1b. Retardation just shifts the position of th
maximum of the distribution, but its integrated value rema
the same as in the dipole approximation. Using Eq.~22!, we
obtain the total contribution coming from the PS mechanis

sPS
215

28p3

3c

~N1gd!2

~a1b!

1

v9/2}
1

v
sSO

21 . ~23!

The PS mechanism is basically a dipolar process within
range of photon energies considered here (v!4c2), since
retardation only shifts the maximum of the energy distrib
tion. We should note that the PS contribution falls off ev
faster than the SO contribution, and could not give a corr
tion to the asymptotic ratio at high photon energies.

We now make a comparison of the contribution of t
QEES mechanisms with the SO contribution. In Fig. 1
show the contributions to the total cross-section (s21) for
helium targets, for different mechanisms in the photo
energy range of 10 to 100 keV. The SO contribution h
been estimated on previous calculations within the dip
approximation@10,11#, displaying the well-knownv27/2 en-
ergy dependence@12#. The curve denoted SOr is the S
contribution, including corrections arising from retardatio
@13#. Note that, even at 100 keV, the retardation does
introduce a major change on the dipole SO term. In Fig. 1
also show the contributions to the total cross section com
from our estimate of QF and PS mechanisms@Eqs.~20! and
~23!, respectively#. The contribution labeled QEES is the e
timate of the total contribution coming from quasiequal e

FIG. 1. Contributions to the total cross section (s21) of the
double photoionization of helium from different mechanisms in t
photon-energy range 10–100 keV. SO, shake-off contribution
estimated in previous works@10,11#. SOr, shake-off contribution
including a correction arising from retardation@13#. QF, quasifree
contribution@Eq. ~20!#. PS, photon-sharing contribution@Eq. ~23!#.
The contribution labeled QEES is the estimate of the total con
bution coming from quasiequal energy electrons@Eq. ~10!#.
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ergy electrons, being the sum of both QF and PS@Eq. ~10!#.
The PS mechanism contributes at lower photon energies~be-
low 20 keV!, while the QF mechanism is the dominant o
at high photon energies.

The important point to note is that the total contributi
~QF1PS! from quasiequal energy electrons is smaller
magnitude than the SOr term. In the photon-energy rang
Fig. 1, the QEES contributions represent about 3% of
SOr term at 10 keV and about 17% at 100 keV. Furth
since the QEES contributions appear ins21, but not ins1,
we haveR5(sSO

211sQF
211sPS

21)/s1. From our estimate of
Eqs. ~20! and ~23!, together with that ofsSO

21 and s1 @10#,
we obtain

R50.01671r
QF

v1r
PS

v21, ~24!

wherer
QF

54.0231025, r
PS

52.2931023, andv in keV. In

Ref. @4# the value of rQF was estimated in betwee
1.331024 and 7.531025, while rPS50 in that formulation.

We comment here on the substantial difference betw
the SO mechanism and the QEES mechanisms. In the
mechanism, large momentum is transferred to the ato
nucleus. This transferred momentum is of the same ma
tude as in the case of the single-ionization process, since
shake-off electron is a low-energy electron, and it does
contribute substantially to the nucleus recoil. However,
QEES mechanisms both electrons share the energy an
ejected in nearly opposite directions. In this case, small m
P.
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mentum is transferred to the atomic nucleus. In the doub
ionization Compton process@7,14,15#, small momentum also
is transferred to the atomic nucleus. Therefore, by measu
the small recoil-ion momentum, the data account for both
QEES and the Compton contributions, and in principle th
should not be distinguishable from each other. However
50 keV the Compton cross section is of the order 1028 Mb
@14,15#, while sQF

21 is of the order 10212 Mb, and so the QF
contribution cannot be detected. To measure the QF co
bution would require instead the measurement of the
quasiequal energy electrons.

In summary, when considering the quasiequal ener
sharing contributions, the ratio of double-to-single photoio
ization in the keV regime is given by Eq.~24!. The correc-
tion to the dipole ratio (R50.0167) is small for keV
energies, and in recoil-ion momentum measurements Co
ton ions give the largest contribution. Therefore, other f
tures of the contribution of quasiequal energy electro
should be studied to address the question of a possible m
surement of this electron-electron correlation effect. Res
on the energy spectrum and the angular distribution
quasiequal energy photoelectrons will be presented in a
ture publication.

This work has been partially supported under Grant N
PIP-4401 ~CONICET!. We acknowledge T. Suric´, R. H.
Pratt, E. G. Drukarev, and J. H. McGuire for helpful corr
spondence.
om

-

the

.
-
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