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Quantum correlations are not contained in the initial state

Adán Cabello*
Departamento de Fı´sica Aplicada, Universidad de Sevilla, 41012 Sevilla, Spain

~Received 3 December 1998!

Two proofs are presented which show that quantum mechanics is incompatible with the following assump-
tion: all possible correlations between subsystems of an individual isolated composite quantum system are
contained in the initial quantum state of the whole system, although just a subset of them is revealed by the
actual experiment.@S1050-2947~99!09508-6#

PACS number~s!: 03.65.Bz
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I. INTRODUCTION

Since the seminal work of Einstein, Podolsky, and Ro
@1#, the entanglement between quantum variables pertai
to two different parts of a composite system has been c
sideredthecharacteristic trait of quantum mechanics@2#. Re-
cently discovered phenomena involving composite syste
of more than two parts, such as quantum dense coding@3,4#,
teleportation of quantum states@5–7#, and entanglemen
swapping@5,8–10#, have in common that they exploit th
fact that, in a multiparticle system, entanglement betw
two parts can itself be considered an entangled property@11#.
The implications of these phenomena to several propo
interpretations of quantum mechanics are currently the s
ject of investigation@12#. In this context, I have argued re
cently that a certain interpretation of quantum mechan
based on the assumption that correlations between
systems of an individual isolated composite quantum sys
are real, objective local properties of that system@13–15# is
inconsistent@16#. My argument was based on an examp
consider two pairs of spin-1

2 particles prepared so that bo
pairs are in the singlet state~the first pair is composed o
particles 1 and 2, and the second of particles 3 and 4!. By
performing one among two alternative measurements on
ticles 2 and 3, one can choose between two types of co
lations for particles 1 and 4~spacelike separated from th
measurement on particles 2 and 3!: they can be in a pure
factorizable state or, alternatively, in a pure maximally e
tangled state@16#. This then would allow one to choose no
locally the type of correlations between two distant parts
my opinion, this is inconsistent with the assumption th
such correlations were local objective properties. Howev
in Ref. @16# I wrote ‘‘I do not mean that the internal corre
lations between particles 1 and 4 ‘change’ after a space
separated experiment~this does not happen in the sense th
no new internal correlations are ‘created’ that were
‘present’ in the reduced density matrix for the system 1 a
4 before any interaction!, but that the type of internal corre
lations ~and therefore, . . .the reality! of an individual iso-
lated system can be chosen at distance.’’ So, implicitly
admitted that all such possible correlations between
parts were somehow present in the initial quantum state
the whole system, although just a subset of them is reve
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by the actual experiment. The aim of this paper is to sh
that even such an innocuous-looking assumption is inco
patible with quantum mechanics. For that purpose I w
present two proofs in which such an assumption leads
contradiction. The first is a Greenberger-Horne-Zeiling
like proof @17–19# involving threepairs of spin-12 particles.
This proof does not require inequalities nor probabilities,
deed it also admits a reading as a multiplicative proof of
Kochen-Specker theorem@20,21# in a Hilbert space of di-
mension 64. The second proof is even simpler. It is a Har
like proof without inequalities~but with probabilities! @22#
involving two pairs of spin-12 particles.

II. GHZ-LIKE PROOF OF THE IMPOSSIBILITY
OF PREEXISTENT CORRELATIONS

For the first proof consider three pairs of spin-1
2 particles

labeled from 1 to 6. The Hilbert space in which we descr
the spin state of this system has dimension 64. I will cal
H64. Let Ai j be the nondegenerate operator acting on
four-dimensional subspace of particlesi and j, defined as

Ai j 52 â i j
111â i j

122â i j
2122 â i j

22 , ~1!

where â i j
12 is the projection operator onto the sta

ua12& i j 5u1& i ^ u2& j , etc. Let Bi j be the nondegenerat
Bell operator@23# defined as

Bi j 52 f̂ i j
11ĉ i j

12ĉ i j
222 f̂ i j

2 , ~2!

where f̂ i j
1 is the projection operator onto the stateuf1& i j ,

etc., being

uf6& i j 5
1

A2
~ u1& i ^ u1& j6u2& i ^ u2& j ), ~3!

uc6& i j 5
1

A2
~ u1& i ^ u2& j6u2& i ^ u1& j ), ~4!

the four Bell states@23#, which form an orthogonal basis fo
the corresponding four-dimensional subspace.

Now consider the four operators acting onH64, defined
as

A12A34B565A12^ A34^ B56, ~5!
877 ©1999 The American Physical Society
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878 PRA 60ADÁN CABELLO
A12B34A565A12^ B34^ A56, ~6!

B12A34A565B12^ A34^ A56, ~7!

B12B34B565B12^ B34^ B56. ~8!

As can be easily checked, any of these four operators
eigenvalues62k, with k50, 1, 2, and 3. In addition, the fou
operators are mutually commutative, so they possess a s
common eigenvectors. Let one of these common eigen
tors be the initial state of the six-particle system; for
stance, the stateum&, defined by the following eigenvalu
equations:

A12A34B56um&5um&, ~9!

A12B34A56um&5um&, ~10!

B12A34A56um&5um&, ~11!

B12B34B56um&52um&. ~12!

Note that the four respective eigenvalues (1, 1, 1, and21,
in this case! are not independent since they must obey
same functional relations satisfied by the four operators
particular, since the product of the four operators is anega-
tive operator~i.e., all its eigenvalues are negative numbe!
with eigenvalues216m, with m50, 1, 2, and 3, then the
product of their four eigenvalues must be negative.

Now let us assume, as in Refs.@13–15#, that all the cor-
relations between subsystems of the composed system
real objective internal local properties of such subsystems
particular, consider three subsystems: the first is compo
of particles 1 and 2, the second of particles 3 and 4, and
third of particles 5 and 6. We will assume that all possib
correlations between particles 1 and 2~for instance! are en-
coded in the initial state for the whole system, and they
not depend on any interaction experienced by the other
systems, so they cannot change~in particular, they cannot be
created! as a result of any experiment performed on partic
3–6 ~supposed to be spacelike separated from particles 1
2!.

Now consider three observers, each having access to
pair of particles. On each pair, they may measure eitherAi j
or Bi j , without disturbing the other pairs. The results
these measurements will be calledai j or bi j , respectively.
Since these results must satisfy the same functional relat
satisfied by the corresponding operator, then, from Eq.~9!,
we can predict that, ifA12, A34, and,B56 are measured, the
results satisfy

a12a34b5651. ~13!

Analogously, from Eqs.~10!–~12!, the results of other pos
sible measurements satisfy

a12b34a5651, ~14!

b12a34a5651, ~15!

b12b34b56521. ~16!
as
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We can associate each one of the eigenvaluesai j and bi j
with a type of correlation between particlesi and j, initially
hidden in the original state of the system, but ‘‘revealed’’
performing measurements on the twootherdistant pairs. For
example, ifB12 and B34 are measured and their results a
both 1, then one can predict with certainty that particles
and 6 are in thesingletstate, and since arriving to this con
clusion does not require any real interaction on particle
and 6, then we assume that the spins of particles 5 an
were initially correlated in the singlet state~i.e., the same
spin component of particles 5 and 6 would have oppo
signs!, so we assign the value21 for the observableB56 to
the initial stateum&. Alternatively, since a different measure
ment on particles 1–4~for instance, by measuringA12 in-
stead ofB12) allows one to predict with certainty, withou
interacting with particles 5 and 6, how thez spin components
of particles 5 and 6 are correlated, and since this informa
do not require any real interaction on particles 5 and 6, th
we suppose that it was encoded somehow in the initial s
of the whole system~so we assign to the initial state one
the eigenvalues ofA56). Such predictions with certainty an
without interaction would lead us to assign values to the
types of correlations given byA12, B12, A34, B34, A56, and
B56. However, such an assignment cannot be consistent
the rules of quantum mechanics because the four equa
~13!–~16! cannot be satisfied simultaneously, since the pr
uct of their left-hand sides is a positive number~because
each value appears twice!, while the product of the right-
hand sides is21. Therefore, the whole information on th
correlations between the particles of the three pairs canno
encoded in the initial state as we assumed.

III. PROOF OF THE KOCHEN-SPECKER THEOREM
IN H64

A similar argument could be developed starting from a
common eigenvector of the four operators~5!–~8!. In fact,
including these four operators, the argument can be r
ranged as a state-independent proof of the Kochen-Spe
theorem @20# ~like the one proposed in@21#! in a 64-
dimensional Hilbert space. This proof is summarized in F
1.

Figure 1 contains ten operators: the four operators~5!–~8!
acting on the whole system, and six operators acting only
pairs of particles~two operators for each pair!. The four op-
erators on each of the five lines are mutually commutati
As stated above, the product of the four operators on
horizontal line is anegativeoperator, and as can be easi
verified, the product of the four operators on each of
other lines is one~and the same! positiveoperator~with ei-
genvalues 4n, with n50, 1, 2, and 3!. It is easily checked
that it is impossible to ascribe one of their eigenvalues to
ten operators, satisfying all the same functional relations
are satisfied by the corresponding operators.

IV. HARDY-LIKE PROOF OF THE IMPOSSIBILITY
OF PREEXISTENT CORRELATIONS

The second argument against the possibility of predefi
correlations is simpler. It requires just two pairs of spin1

2

particles. Consider the initial state
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uh&5
1

2A3
~ u1212&2u1221&2u2112&

23u2121&), ~17!

whereu1212&5u1&1^ u2&2^ u1&3^ u2&4, etc. As it can
be easily checked, this state has the following four prop
ties:

Ph~c12
2 ua34

12!51, ~18!

Ph~c34
2 ua12

12!51, ~19!

Ph~a12
12 ,a34

12!5 1
12 , ~20!

Ph~c12
2 ,c34

2 !50. ~21!

Property~18! tells us that on every copy of the system in
tially prepared in state~17! in which the result of measuring
A34 is a34

12 , one can predict~with certainty and without
interacting with them! that particles 1 and 2 are in the singl
state. Therefore, we conclude that in that subensembl

FIG. 1. Each dot represents an observable. The ten observ
provide a proof of the Kochen-Specker theorem in a Hilbert sp
of dimension 64. The four observables on each line are mutu
compatible and the product of their results must be positive, ex
for the horizontal line, where the product must be negative.
s.

s,

r,
r-

of

copies, particles 1 and 2 were initially in the singlet sta
Analogously, property~19! tells us that on every copy of th
system initially prepared in state~17! in which the result of
measuringA12 is a12

12 , one can predict~with certainty and
without interacting with them! that particles 3 and 4 are in
the singlet state. Therefore, we conclude that in that sub
semble, particles 3 and 4 were initially in the singlet sta
Property~20! reveals that the intersection between the t
subensembles defined above is not zero, since there is a
zero probability to obtain the two conditions defining su
subensembles simultaneously. Assuming that the predi
correlations were encoded in the initial state of the syste
the previous properties would lead us to conclude that
probability of finding both pairs of particles in the singl
state is greater than or equal to the probability of findi
simultaneously the corresponding conditions, given in E
~20!. However, property~21! shows that this is not so. In
fact, the probability of finding two singlets is zero. Ther
fore, the assumption that these correlations were containe
the initial state is untenable.

V. CONCLUSIONS

‘‘No-go’’ proofs show that in quantum mechanics loc
observables cannot have predefined values@17–19,21,22#. In
this paper I have shown how, by duplicating the number
involved particles, these proofs can be rearranged so a
exclude the possibility of predefined local correlations b
tween two particles of a composite system. This impossi
ity would be taken into account in any attempt to descr
phenomena such as quantum dense coding, teleportatio
quantum states, or entanglement swapping in a consis
interpretation of quantum mechanics. In particular, this i
possibility of preexistent correlations constrains any furth
development of the tentative interpretation proposed in R
@13–15#.
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Luis Cereceda for pointing out a mistake in a previous v
sion. This work was financially supported by the Universid
de Sevilla ~Grant No. OGICYT-191-97! and the Junta de
Andalucı́a ~Grant No. FQM-239!.

les
e
ly
pt
cu,

,

er,

-
A.
@1# A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev.47, 777
~1935!.

@2# E. Schrödinger, Proc. Cambridge Philos. Soc.31, 555 ~1935!.
@3# C. H. Bennett and J. Wiesner, Phys. Rev. Lett.69, 2881

~1992!.
@4# K. Mattle, H. Weinfurter, P. G. Kwiat, and A. Zeilinger, Phy

Rev. Lett.76, 4656~1996!.
@5# C. H. Bennett, G. Brassard, C. Cre´peau, R. Jozsa, A. Pere

and W. K. Wootters, Phys. Rev. Lett.70, 1895~1993!.
@6# D. Bouwmeester, J. Pan, K. Mattle, M. Eibl, H. Weinfurte

and A. Zeilinger, Nature~London! 390, 575 ~1997!.
@7# D. Boschi, S. Branca, F. De Martini, L. Hardy, and S. Popes
Phys. Rev. Lett.80, 1121~1998!.
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