PHYSICAL REVIEW A VOLUME 60, NUMBER 2 AUGUST 1999
Entanglement of projection and a new class of quantum erasers
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We define a new measurement of entanglement, the entanglement of projection, and find that it is natural to
write the entanglements of formation and assistance in terms of it. Our measure allows us to describe a new
class of quantum erasers which restore entanglement rather than just interference. Such erasers can be imple-
mented with simple quantum computer components. We propose realistic optical versions of these erasers.
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PACS numbd(s): 03.65.Bz, 03.67.Lx

Entanglement is the degree to which the wave functiorteracted withA at slit 0.” The positions ofA on the screen
does not factorize. For example, &8s 0 two-particle system corresponding tdr in the statg/O)r+|1); display an inter-
[+—)—]—+) is maximally entangled: measurement of theference pattern, and those correspondingl'to the state
spins reveals they are completely anticorrelated. The concep®)r—|1)+ display a shifted interference pattern. While the
of entanglement goes to the very heart of quantum mechar@verall pattern on the screen shows no interference, for the
ics, and understanding its nature is a prerequisite to undefubsets of these events correspondingQp+|1) or |0)
standing quantum mechanics itself. Two-particle entangle——|1>, coherence is restored.
ment was used by Einstein, Podolsky, and Rd4éio argue Our new class of erasers involves at least three sub-
that quantum mechanics could not be a complete descriptiosyStems,A, B, and T. Consider an entangled staj@0) g
of reality; that there had to be an underlying local theory. But+|11) A Of subsystemAB. If we tag the pieces of this with
Bell used such entangled states to show that any local undef- so that the wave function of the whole system is
lying theory would have to satisfy certain inequalities, which|00)ag|0)7+|11)agl1)7, then the entanglement of sub-
quantum mechanics explicitly violat¢g]. Experiments on SystemAB appears to be lost. But if one erases that tagging
such entangled states have shown that these inequalities apéormation, then the entanglement is restored. Thus we will
violated just as quantum mechanics predik Modern re-  refer to this object as disentanglement eraseor, equiva-
search on entanglement includes proposals for providindently, as anentanglement restorefThis leads to the pro-
cleaner demonstrations of this nonlocality using threefound point that the entanglement of any two particles that
particle entangled statdgl], and on quantifying entangle- do not interact(directly or indirectly, never disappears but
ment[5-8]. rather is encoded in the ancilla of the system. A projective

The goal of this paper is to define a new class of quantunineasurement that seems to destroy such entanglement could
erasers which restore entanglement of a multiparticle subalways inprinciple (though rarely in practigebe erased by
system, rather than just interference, and to quantify that resuitable manipulation of the ancilla.
toration with a new measure of entanglemgdit Our mea- In order to discuss these new erasers, we will need to
sure highlights the importance of considering mixed states adefine several measures of entanglement. Fpur@, two-
higher dimensional pure states by showing that certain obparticle, two-state system that can be thought of as a pair of
servables cannot be specified independent of informatiofubits(quantum bits the entanglement is well-defined. One
about the pure state, strongly suggesting that mixed states aggn always write such a pure “22" system in the Schmidt
not fundamental. basis so thaltyag) = @|00) a5+ B|11) ag, With a and 3 posi-

A guantum erasef10] is a device in which coherence tive and real, andx®>+ g*=1. The AB system has a pure
appears to be lost in a subset of the system, but in which thatensity matrixpag=|#¥as){#¥as|, While the subsystem fok
coherence can be restored by erasing the tagging informaticaione has a mixed density matpx=Trgpag. Then one can
which originally “destroyed” it. Traditional erasefd 1,12  write entanglement oAB in terms of the von Neumann en-
need only two distinct subsystems. For example, if one sendsopy [5],
particle A through two slits, and if one “tags” which sli&
goes through via the interaction with a tagging partide, E(¢ag)=—Trpalog, pal=e(a?), (D)
then the interference pattern will disappear. But if one makes
the “which slit” information in T unobservable, even in where e(x)=—[xlog, X+ (1—x)log,(1—x)]. Since enin
principle, then one can restore the interference patterdfor =e(0)=e(1)=0 ande,,,—=e(1/2)=1, E(¢) ranges from O
To avoid the use of a double-negative, one could refer to thigor no entanglement, to 1 for a fully entangled state. This
as aninterference restorer E(¢) remains constant with any unitary operationfor B,

A simple way to erase this tagging information is to mea-and is changed only by operations where the effect on one
sureT in the |0);+|1); basis. Here {0);” means “T in-  subsystenisayA) depends upon anothégitherB or a third
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subsystemn Such interactions can be implemented with If one measures the taggant in a different bdsist
controlled-NOT gate$c-NOTS. One can show that all logic =U|i), then the entanglement of projection becomes the
gates of a quantum computer can be constructed solely iweighted averag&€;p; E(¢), where we have rewritten Eq.
terms of unitary operations on individual qubits and on(4) in the new taggant basis: |Vg7)

c-NOTs between the qubits. Thus, one role of muItiqubitZE_dT—l\/p_” ¥ ) agli’)7. This shows that for a given pure

Iogi(_: gates is to change the entanglement between pairs g{ataO\I,ABT), E, takes on different values for different
qubits.

choices of taggant basis; there is no unique measure of en-

Mixed states, on the other hand, do not have a uniqué nglement for a mixed subsystekB. In fact, by taking the
measure of entanglement. One can construct measures w nimum and maximum values dy, over all possible
p{uU

different dependences on the possible decompositions of th[gggant bases| ). one recovers tha-entanglements of for-
density matrixpag . Let us writepag in terms of pure states | S o0 o ccicta e
|Xi)ag. With weightsp; , ,

m-1 Efr=mingEpuy,  Ea=max,Epuy, (6)

PAB= iZO Pilxi){xil - @ s E, is bounded byE; andE,: Ej<Ey<E,.
Our E; in Eq. (6) is identical to that of Eq(3) for all the
Note that they;’s need not be orthogonal. Heme=n, withn  cases we consider. Fé&,, however, there are cases where
being the number of nonzero eigenvaluespqaf;. If one  the number of pure states, needed for an entanglement-
naively tries to define the entanglement of E@) as mMaximizing decomposition gf is greater than the rank of
>.piE(xi), one finds that it depends on the's chosen8].  (Mmy>n) [14]. Since we consider only projective measure-
Instead what has been done traditionally is to writegne ~ ments, this means that ol, depends ondy. For dy
tanglement of formatiofiz], <m,, ourE, can be smaller than the, of Ref.[8]. OurE,
measures the amount of assistance a specific “friehdan
give to AB for a specific pure statd 551, whereas theiE,
Et(pas)= minZ PiE(Xi), (3 measures how much assistance an arbitfaigading topg
=0 could give.
which is theminimumvalue of the naive measure over all 10 quantify the entanglement in our erasers, we need to
decompositions op5. Recently, a new measure has beentake into accoun.t whether or not the taggant has been_mea—
defined called thentanglement of assistanf&], E, , which sured. Let us definb to be the number of outcomes resulting
is just the maximumvalue of the naive measure over all fToM any measurements ®f andP; as the projection opera-
decompositions. tor fo_r outcomej, which occurs Wlth_probabmt)qj and re-
To see what the decomposition dependence of the naiveH!tS INAB statep; - Then we can define thentanglement of
measure really means, let us write the mixed sigig in  Projections’ formation

m—1

terms of a higher dimensional pure state, h—1
dr—1 Epi= J_ZO q;E(pj)- (7)
|WagT) = izo Voil i) agli) T (4)

If no measurement has been performed Tgnthen h=1,
po=pas, andEy¢=E;. If a nondegenerate measurement is
performed orT, thenh=dy, the p; are all pure, and; is
justE, for the basis off defined by the projectors;}. For
Eps to increase after a measurement, there must have been
entanglement betweehand AB.

To illustrate the utility ofE, and E,¢, consider a pure
systemABT whose 2<2 subsystenAB is a mixed state of
only two pure statesW g1) = @|00) ag|0) 1+ B| 1) ag|1)7-

where|i); ared; orthonormal pure states of a set of “tag-
ging particles” or “taggants.” If we trace over thé; tag-
ging states of the pure density matifi¥ ag1)( ¥ a1, We
obtain pag of Eqg. (2) with d; component pure states:
{lxi)}=1{l#)} with m=d;. This decomposition depends
upon the chosen taggant basf,)}. For agiven taggant
basis, the entanglement is well defined:

dr-1 It is clear thatE,=0 in the taggant basi§0)+,|1)7}, and
Epliyy (VA7) = 2 pE(4), (5) thus Ef=0_for_subsyst(_enAB. SinceT has not been mea-
=0 sured,Es=E;=0. But if we project the taggant onto basis

|i,>T:U|i>T, W|th
where the entanglement of the component pure stB{es),
is given by Eq.(1). We call this theentanglement of projec-
tion because it corresponds to the projection of the full pure U=
stateW g Onto a given taggant basis to yield a mixed sub-
systemAB with an entanglemenk,. (Cohen[13] uses a
similar quantity to bound the amount of classical information
one Wo_uld need to unloqk entanglement hidQen in.a sepa- Ep{u}:poe(a2a2/p0)+ple(b2a2/p1), 9)
rable mixed state¢ What this means practically is that if sub-
systemAB is entangled with a taggaft and one measures with the probability of the taggant being projected into state
the taggant in basifli )1}, the resulting projected pure states |0') being po=a®a?+b?82, and withp,=1—p,. (For our
of AB have an average entanglement equai,ggi>T}. choice of basis we can takeandb to be real. Note that,

a b)
—-b* a*)’ ®

the entanglement of projection &B in that basis is
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FIG. 2. (a) At t=1, thes;-s, entanglement of the two photons is
FIG. 1. (a) Entangled statéB enters the tagger, which dilutes tagged by patip; via a PBS(c-NOT). As in Fig. 1(a), the tagging
the entanglement into the wholeB T system. Reversing this opera- operation is simply reversedb) The s;-p; entangled state of
tion restoresAB entanglement(b) After tagging, entanglement is =2 is (re)tagged withs, att=3. Next one measures andp, in a
restored by measuring. basis determined by the possible path BS and orientation dé;the
PBS analyzers. Finally, as in Fig(, one can restore entangle-

after some algebra, Eq(9) can be rewritten asE,y, MM by measuring,.

=e(a?)+e(a®) —e(py). For a®?=p?=3, AB is in mixed

state pag= 5(]00)(00 +|11)(11]) and the entanglement of alternatively, thediluter, since it dilutes the entanglement of
projection depends on the choice of projection bafig: AB into the full ABT state[5]). This putsABT into GHZ
=0 (Ep,=1) fora®=0 (a®=1/2). ThusE¢=0, E,=1, and  state

E,r is between 0 tozl, depending on which basis one uses to 1

measureT. For a“=1, AB is in the pure stateppg _ T

=|00)(00, and E,=0 in all bases, so thaE,=E;=E W agm) = \/§[|OOO>ABT+|111>ABT]! (12)
=0.

(b) t=0 t=1 t=2 t=3

Before we use these definitions on our new erasers, We se entanalement of broiection’s formation is zeEa:
need to briefly address the entanglement of >a42 sub- —E.—0 Nottg thatE. is sﬁilljl which is the best (fsaifble
system, where subsysteBihas dimension 4 instead of 2. If — —f~ " a ' P

: . . E,¢ achievable after erasure.
the “B” part of ¥ can be written just usin and pf : - : .
I1)s, ang not|2>BA:an 13)g, then the,JAB subs;?gg:m can We accomplish the erasure in Figalsimply by passing

simply be treated like the 22 case above. On the other ABT through the same ¢-NOT. Thimtaggeracts as aon-
hand, if¥ 57 can be written in the form centratorof entanglement inté\B [5]. The wave function is

left in the state of Eq(11) with E,;=E;=1. Entanglement
1 has thus been restored.
|V pgT) = 5{[|OO>AB+|11)AB]|O>T+[|02>AB+|13>AB]|1>T}, On the other hand, the eraser of Figb)lis irreversible.
(10) The entangled state of E¢L1) again goes through a tagger,
producing the state of Eq12) with E,;=E;=0. But now
then no rotation of the taggant basis will change the enwe erase the tagging information by measuring the taggant in
tanglement of the two component pure states, and thus thgome basis. Unlike the reversible eraser, this can be done as
AB mixed state is unambiguously fully entangle¢=E; a delayed choicé.e., after the measurement AfandB). If
=Ep=E,=1). T is measured in basidJ} defined above, thek,; is just
Disentanglement erasers can be divided into two kindsgiven byEuy in Ed. (9). In particular, if one measuresin
reversible and irreversible. Reversible erasers restore emasis|0)r+|1) (so thata?=1/2), thenE,=E,=1, and
tanglement by simply undoing the tagging operation thathus entanglement is fully restored.
caused the apparent disentanglement. Consider K&, 1  Two optical experiments in Fig. 2 illustrate the workings
which starts with a fully entangled pure state of entanglement restorers. Both use two-photon states pro-
duced from a parametric down-conversion crystal, and both
are feasible with current technology. But an entanglement
W agm) = E[|OO>AB+|11>AB] |0)7- 1D restorer needs three separate subsystems, so we need to use
more than one quantum number on each particle, namely,
By design,E,;=E{=E,=1. Now letA (or B) act as the their spin and patlii.e., position [15,16. In regions where
controller in a c-NOT onT in what we call thetagger(or,  no spin-path interactions occur, the states cannot interact,
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even though they are on the same photon. So the states bdere we have madB a two-qubit subsystem since it encom-
have as if they were spatially separated. passes four separate paths. So the operation=4at is a
The reversible eraser in Fig.(@ uses the two photon c¢c-NOT on the first qubit o8 by A. The reason we plABT

spins as theAB subsystem and one of their paths as thein a tagged state first is that the oPABT interaction that

taggant. We can write the initial wave function as takes place in this eraser occurs in the down-conversion crys-
tal att=0. Thus we need to preserve the taggant connection

. 1 to AB even in the fully entangled state.
|is :E['hv>slsz_|Vh>slsz]|0>plv (13 To create thes;-p; entangled state, we pass photon 1

through a pair of PBS’s in the/v=(h+v)/(—h+v) direc-

which can be written a¢l1). Thus thes;-s, subsystem of tion, which act as a c-NOT on the second qubiBdfy A (in

Eqg. (13 hasEp;=E;=1. By passing photon 1 through a the 01 basis,

polarizing beam splitte(PBS, we create a spin-path inter-

. o . . . . ) 1 .
action which is equivalent to a c-NOT on its path, giving |pirrevy — E{HhO)Slpl_ |Vl>51p1] Ve
1 _ _
(W)= E[|hv>slsz|o>pl_|Vh>8152|1>p1]' (14 _[|h2>slpl+|V3>slp1]|h>sz}- (16)

This can be written as the>X24 system in Eq(10). As we
stated before, no rotation df for such a 2<4 system will
%hange‘Ep from 1, so tha€E,;=E;=1. Thes,-p; subsystem
is fully entangled despite its connectiongg

To makeE =0, we simply reverse the last step to obtain
the tagged state of EQL5) again. Finally, we erase the tag-

- . ing information by measuring the ta tin some basis.
technically a GHZ state, one cannot use it to perform ar'ﬁtI gf I y sunng ggantin S SIS

unambiguous test of nonlocality because there are only tva:Jn v;emr?xza:jsg{;stz n t:h(a B/O\;J())asffltg}?ig)S/;b2¥132m ;SEIEﬂ
distinct locations for the three statg5]. Still, any local _ Pas ’ CIZEASAJE ST =p
effect mimicking GHZ correlations would involve some =0- Butif we measurs, in theh/v basis,AB is leftin the
novel spin-position interaction and so an experimental tesflixed  state  pap=([|00)+[12)][(00+(12]+[|00)
seems worthwhile. —|12)][(00 —(12])/4, whose component pure states each
To reversibly erase the tagging informationtat2, we  are fully entangled. Thug,=E,=1 and we can restos-
simply perform the reverse of the operationtef1. This  P1 entanglement even after photon 1 has been measured.
PBS evolves? back to Eq.(13), and thus entanglement is "€ entanglement of projection provides a new frame-
restored:E = E;=1. Note that we could have instead con- WOrk for quantifying the entanglement of mixed states by
structed an irreversible,-s, eraser by removing the second thinking of them as higher dimensional pure states. It allows
PBS and measuringl in the|0)=|1) basis. But this could us to describe a new cla_ss of quantum erasers, callgd en-
not be done as a “delayed choice,” sinsg and p, are tanglement restorers, which can be thought of as simple
properties of the same photon. quantum computer components. They show how c-NOT op-
The irreversible eraser in Fig(t® treats the spin and path €rations can shift entanglement from one part of the com-
of photon 1 as its subsysteAB, and the spin of the other puter to another. It is _p055|ble that understandmg_ hO\.N en-
photon as the taggant. This allows us to restore the entangléé:mgle_m.ent changes in a qufantum com.puter will aid in
ment of AB afterthe properties oA andB have been mea- pinpointing the source of their exponential speedup over

sured. Since we start out with the wave function of Bcp), classical computers. . . .
we need to create spin-path entanglementsyi, interac- Recently there has been considerable progress in manipu-

tions. First we pass photon 1 through a PBS oriented in th ting three- and fo_ur-pho_ton statels7], although as of yet it
h/v direction to obtain as not been possible to implement a c-NOT on two photons.

Once this technological hurdle has been cleared, it will be
_ possible to construct three-particle disentanglement erasers.
pirrevy — _[|ho>slp1|v>52— |V2>31P1|h>52]' (15  Until that time, the two-photon experiments described above
V2 should be used to test most of their interesting features.

This can be written as the tagged stati0)g/0)t We thank David DiVincenzo, A. Thapliyal, Martin Ple-
+]12) ag|1)7]/ V2, which is of the same form as E€l2).  nio, Seth Lloyd, and Tony Leggett for useful comments.

which is the same as the tagged state in @@). ThusE
=E¢=0. What this means is that if one were to measure th
spins of the photons at this poi(@umming over paths 0 and
1), one would obtain a mixed state with=(|hv){hv|
+|vh){vh|)/2, which could just as well have been formed
from states that were never entangled. And while @4) is
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