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Counterfactual entanglement and nonlocal correlations in separable states
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It is shown that the outcomes of measurements on systems in separable mixed states can be partitioned, via
subsequent measurements on a disentangled extraneous system, into subensembles that display the statistics of
entangled states. This motivates the introduction of the concept of “counterfactual” entanglement, which can
be associated with all separable mixed states, including those that are factorable. This type of entanglement
gives rise to a kind of postselection-induced Bell inequality violation. The significance of counterfactual
entanglement, and its physical implications, are asse§S&850-29479)00507-7

PACS numbd(s): 03.65.Bz

It is well known that all entangled pure quantum statesoperator basig5] type measurement at an earlier time on any
imply the presence of nonlocal correlations, because angne of these subensembles, we would with certainty have
such state must violate some Bell inequality. For pure found the subensemble to be in a specific entangled state.
product states, however, no Bell inequality violation is pos-Remarkably, this analysis can be applied with equal validity
sible, and so for these states there is no implication of nonto factorable states, with density matrices of the form,
local correlations. As far asiixedstates are concerned, we =p,p,, where the constituent subsystems do not share any
can draw a distinction between ‘“separable” states, each oéntanglement with an extraneous system and need never
which has a density matrix that can be represented as lsave interacted with each other. These processes can be seen
weighted sum of projections on product states, and thost give rise to a kind of postselection-induced Bell inequality
mixed states for which such a representation is impossibleiolation. Our results also suggest that nonlocal correlations
and from which entanglement can be distill&. It is im-  in quantum systems may be rather more widespread than is
possible to distill entanglement from separable mixed stategenerally thought.
nor can such states directly violate any Bell inequality, and it Before we can introduce the idea of counterfactual en-
is customary to think of the correlations in these states atanglement, we must first make clear exactly what is meant,
involving only classical statistics and being devoid of nonlo-physically, by the term “mixed state” in quantum mechan-
cality. ics. The interpretation of mixed states has been the source of

Recently, however, it was pointed o8] that any sepa- much confusion and debate amongst physidis¢®, for ex-
rable density matrix may contain “hidden” entanglement in ample,[6,7]). Mathematically, of course, we can unambigu-
that it can always be rewritten as a sum of projections orously identify a necessary condition for a state to be mixed,
entangled states. Thus an ensemble that, considered asby referring to its density matriy and using the condition
whole, displays the statistics associated with a separable dep?+ p. Physically, however, we must distinguish between
sity matrix, may in fact have been prepared with entangledhe “ignorance” interpretation, according to which a mixed
states. Hidden entanglement can be analyzed and manipstate simply represents a statistical mixture of individual sys-
lated by considering measurements on an ancilla systemems each of which is in a definite pure state, and the “an-
which, together with the subsystems to which the separableilla” interpretation, according to which a given mixed state
density matrix refers, constitutes an entangled pure state. The seen as originating in entanglement with an ancilla system,
closely related notion of “entanglement of assistance” haswvhere we ignore, i.e., trace out, the ancilla. Here we take the
been developed independeriy). In this paper we introduce view that the ignorance interpretation for mixed states is un-
a property that we call “counterfactual” entanglement, satisfactory, and that consequently the only viable interpre-
which again can be associated with separable mixtures buation for a “genuine” mixed state is based on the assumed
which is distinct from hidden entanglement. Counterfactuakexistence of an extraneous ancilla, with which the system
entanglement can be associated with separable mixed stategerred to in the mixed state is entangled.
where there is no explicit or hidden entanglement, but where There are several reasons for rejecting the ignorance in-
measurements on an ancilla system, which, at the time theserpretation. First of all, we can see that this interpretation is
measurements are performed, is completely disentanglédcompatible with the standard definition of a quantum state
from the subsystems to which the separable mixed state ras “the most complete possible description of the state of a
fers, can facilitate a partitioning of the ensemble describegdystem.” Clearly, adopting the ignorance interpretation for a
by the separable mixed state into subensembles, each pérticular mixed state would imply that that state wasthe
which displays the statistics of an entangled state. It is posmost complete possible description of the system or en-
sible to argue counterfactually that, had we carried out a Belemble to which it referred. By implication, there exists in

such a caselassical information(of which we happen to be,
perhaps temporarily, ignorantwhich would enable us to
*Electronic address: o.cohen@physics.bbk.ac.uk refine our description to one that refers to a specific collec-
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tion of pure states. It is, in our view, essential that when we‘proper mixtures” [8], and “pseudomixed states[3]. We
assign a quantum state, which we take to be a fundamentabnclude that genuine mixed states should always be associ-
description of reality, to a system, we assume tilhexist-  ated with entanglement with an extraneous system. Thus,
ing classical informatiorfwhich we take to be a higher-level any separable mixed state of two subsystems is in fact de-
and not a fundamental propertsnay at some point become fived from an entangled three-subsystem pure state. Al-
available to us. In other Wordsy a formulation of quantumthough the third Subsystem can be thOUght of as fictitious for
mechanics that purports to represent it as a fundament#t® purposes of deriving new decompositions of a given two-
theory should not conflate two different interpretations of aSubsystem mixed staf8], it is also the case that, given that
quantum state where one of these implicitly refers to a secN€Y are in a mixed state, there must physically exist some

ondary higher-level property such as classical informatiorf X{raneous system with which the two subsystems are en-

and the other does not. tangleq. tablished what i t physicallv b ed
Another reason for calling into question the validity of the ¢ tavmg establisned wha '.?. me?n_”p i’s'fat{] y at_mlxef
ignorance interpretation is that in some cases different statig'at€, We aré now in a position to liustraté the notion o

tical mixtures of pure states may appear to be representab%’umerfacwal entanglement. We consider first a system of

9 . o .
by the same density matrix but may nevertheless be experP—No spins particles that is in the separable mixed stagg,

mentally distinguishable. For example, a large ensemble O\yher

spin+ particles of which exactly half are prepared spin up in _1 n

the z direction and half are prepared spin down in the p12=2(Iaal2)(Tual2al szl 22 (Lazbaal), (@)
direction can be experimentally distinguished from a similarypich we suppose is derived from an entangled “GHZ"-

ensemble in which half the particles are prepared spin up ifype [11] pure statd ;.2 of three spin} particles given by
the x direction and half spin down in the direction, even

though these enembles are ostensibly describable by the 1

same density matrix. They can be distinguished by taking a | 109 = —(|T12T 227320 + L 120 220 32)) - (2

long series of measurements of spin components for each V2

ensemble in, say, the direction, and then comparing stan- . .

dard deviations. Similarly, genuine mixed states can in som# We carry out a spin-component measurement on particle 3,

cases be experimentally distinguished from “ignorance”With respect to any direction except thalirection[12], we

mixtures[8] with the same density matrix. can prepare partlcle_s_l and 2 in a pseud0m|xed state corre-
It is also clear that, if we accept the validity of Bell's SPonding to a specific decomposition of entangled states.

theorem, the ignorance and ancilla interpretations are nothis is an example of the sort of process describe@Jrmnd

compatible with each other. For example, given an EPRA] ]

spin-singlet pair, each separate particle can be described by a However, suppose now that, before performing any mea-

mixed state, with the other particle then taking the role ofSurement on particle 3, we perform a set of spin-component

ancilla. But if we then assume that this mixed state can als§'€asurements on particles 1 and 2 with respect to the direc-

be given an ignorance interpretation, inconsistencies immelions 6; and 6, respectively. There cannot then be any hid-

diately arise, because this would imply that each separatd€n entanglement or entanglement of assistance associated

particle had a definite spin-component value, thus permittingith particles 1 and 2; these particles remain in a genuine

a local realistic interpretation for the EPR state, which couldSeparable mixed state until the measurements gf and

not be consistent with the Bell inequality violations obtain- 024, Ar€ carried out, after which each individual pair of par-

able from this statg9]. Given that the ignorance and ancilla ticles will be in a definite pure product state. Now suppose

interpretations are inc.om“patible Wit.h”each other and that thehat, at a time subsequent to the, and o, measure-

ancilla interpretation is “democratic” in the sense that it ments, when the state of particle 3 is completely disen-

encompasses all possible decompositions, whereas the ig

. ) S . ingled from that of particles 1 and 2, we measuisg,. We
rance interpretation necessarily singles out one particular de- 3

composition, the ancilla interpretation seems preferable off@" then separate the ensemble of particles 1 and 2 into two
grounds of generality alone. subensembles, according to the results of eﬁgq;t?] measure-
Furthermore, it has recently been arg(i6fithat the den- ment; that is, we postselect each pair of particles 1 and 2 into
sity matrix can be associated with eaadividual system in ~ one of two subensembles, according to whether we obtain
an ensemble, because of the theoretical feasibility of verifythe result+1 or —1 for the correspondingrz,, measure-
ing the state of an individual system by means of a “protec-ment. What can we then say about the statistics of the earlier
tive” measurement. This would indicate another method bygwl and o, measurement results for each of these suben-
which mixed states derived from entanglement with an angemples?
cilla can in principle be experimentally distinguished from | fact, the distribution of results in each of these postse-
ignorance mixtures with the same density matrix. This €M1ected subensembles will be indistinguishable from the dis-
phasizes the distinction between, on the one hand, ensemblgg) tions in the correspondingreselected subensembles

in genuine mixed states, i.e., those derived from entangléqn i could have been prepared by measurigg beforethe
ment with an ancilla, and, on the other, ensembles corre-

sponding to the ignorance case where each individual Systemeasurements Obr19, and oy, are carried Ol_Jt and then,

is in a definite pure state. subsequent to these measurements, separating the outcomes
To bring out this distinction, ensembles of the latter type©f the o1, ando,,, measurements into two subensembles

have been described variously as “compoundgl(], contingent on the outcomes of the earlri%r,,,3 measurement.
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In the latter case, it is evident that, as we have already men-

1
tioned, each subensemble will display the statistics of an | 129 = —T30,)(@| 1121220+ B*[ L 121 22))
entangled state. For example, suppose ljh@)zahgs) V2
+,8|193>. Then, in the period in between thnew3 measure- +|l393>(ﬂ|leT2z>—a*|llzlzz>)}- (3)

ment and theo;, and o4, measurements the whole en-
semble of particles 1 and 2 will be in a pseudomixed state,
and the two preselected subensembles j8illbe in the en- That the statistics of the, and o5, measurement re-

tangled pure states Vl(e|T1,12,)+B8%|11.122)) and  guits for the respective postselected subensembles should be
INV2(B|T12122) — a* |1 121 2,)) according to whether we ob- identical to those of the preselected ones is perhaps not im-
tain +1 or —1, respectively, for ther;, measurement. This  mediately obvious, but can easily be seen by considering the
can be seen by rewritingl;,9 as Bayesian relation:

Proly, 4 (019 ® 029, =)PrOR, (039, =1|019 ®T29,=])

Pr0q¢12§(0'393=i) (4)

Proly, ,o(010,®029,= 030, =1)=

In Eq. (4) the left-hand side represents the preselected casargued that all separable mixed states must be nonlocally
i.e., the probability for obtaining the resudtwl@) 0202=j correlated. Even if we do not have access to the extraneous

given that the outcome, =i has already been obtained, "raced out” system associated with a given separable

whilst the right-hand side represents the postselected ca&'xed statez th? fact that this ex.tr.ane(.)us. system ”.".JSt exist
where the order of the;,. ® oy, andes,, Measurements is means that it will glways be possihile principle to partition
o N 2 3 _the outcomes of individual measurements on any separable

rgversed. Similar relations hold with regard to the probabili-yixed state into sets corresponding to counterfactually en-
ties for the outcomes of the,, and a3y, measurements angled subensembles, by measuring a suitable observable of
considered separately. the extraneous system at some later stage. Although this par-

The equivalence of the statistics of the preselected angtioning may be very difficult to implement in practice, the
postselected subensembles can also be seen by considerfagt that it is, in principle, always possible is sufficient to
the case where the;, measurement is spacelike separatedmply the presence of nonlocal correlations within all sys-

from the measurements of,y ando,,. In this case differ- tems described by separable mixed states. It should be em-

ent Lorentz observers could interpret the contingent suberN@sized that such a partitioning will, in principle, always be

sembles of particles 1 and 2 as preselected or postselected {§@sible. There is no fundamental reason why the necessary

the 30, measurement, depending on their state of motionmeasurements on the ancilla could not be carried out, even

There would thus be a serious violation of Lorentz in ar._though they may be extremely difficult to implement.

V}’tﬁ bu ble | : Iu f\glh ' lected Zdl v ; Remarkably, the above analysis applies with equal valid-
ance, at the observablie Ievel, It the preseected and pos Sﬁ)_/ to the special case dhctorablemixed states, i.e., those
lected subensembles did not yield identical statistics.

. ) states with density matrices of the form,=p.p,, Where
The foregomg_ analysis shows that t_he postselecte_d :_;ube 1e constituent subsystems do not jointly share any entangle-
sembles of particles 1 and 2 must display the statistics o

. ent with an extraneous system and need never have inter-
entangled states, even though they are at all times actually Dted with each other Suppose, for example, two Spias-
separable states. We can, therefore, say that each POSt3Ries are described by the factorable mixed sjategiven
lected subensemble hasunterfactualentanglement associ-

ated with it. Counterfactual entanglement, like actual en-
tanglement, implies that a Bell inequality violation is _
possible. For example, if we carry out a Bell inequality test- 12~ P1P2

Ing experiment by performing a series of MeASUrBMents of - —(|1.,)(1.,| +| L)L) 3 (|21 2 + L2 L2a)).
T16,s 026, Olgy and 024, IN the usual way, then we will
not be able to obtain any Bell inequality violation for the (5

whole ensemble described by the initial state,s. But if at

a later stage we measuoey, and segregate the earlier re- We assume thap, is derived from an entangled pure

i state involving a third spig- particle so that p,

sults of theal(’l’ T20y Uld’lf and 724, MeASUrEMENts INto =Tr3(|¢h13)(¥1d), where |y =1V2(|11,13) + 112l 32)),

two subensembles according to whethes, =+1, each and that similarlyp, is derived from the pure stafe/,,) so

subensemble will be able to yield a Bell inequality violation that  p,=Try(|24){1h2d) Where |0 =1IN2(|7T 2,1 42)

for suitable choices 06, , and ¢ ». +|122142)). Thus particles 1 and 2 do not jointly share any
This analysis can straightforwardly be extended to anyentanglement with either of the ancilla particles 3 and 4, and

separable mixed state: hence, all separable mixed states mtisé four-particle pure state from whigh, is derived can be

incorporate counterfactual entanglement. Thus it could bavritten as
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| 1239 = %(|T1zT o7 3T az) + |11zl 227 320 22) to a series of events occurring in between the initial and final

eventsD andF, respectively. Provided these conditions are
+ | J, lZT 22»]/ 3ZT 4Z> + | J, 1Z~L 22l32l42>) . (6) sansfled, the expreSS|on

Now, if we carried out a Bell operator basis measurement fE  ppAase a2 2o
on particles 3 and 4, it would be possible to prepare particles Tr(EnEn—1---EoE1DEEy - - En1EnF) ®)
1 and 2 in one of the entangled Bell operator eigenstates; this Tr(DF)
would be an elementary example of “entanglement swap-

ping” [13]. However, suppose instead that we perform IocalCan be understood as the classical probability

measurements afy,, and o, before any measurement on p e e M. OE, |DOF). The related idea of a “consis-
particles 3 and 4 is carried out. Then, when particles 3 and fent framework” has also been proposéd].
are fully disentangled from particles 1 and 2, we can carry  ajthough it has given rise to a number of conceptual dif-
out a Bell operator basis measurement on particles 3 and ficyities[8], the consistent histories approach can be applied
the outcome of which will enable us to postselect Bell in-tg assess the validity of counterfactual retrodictive interfer-
equality violating subensembles of particles 1 and 2, as in thgnceg[19] of the type we have considered. In fact, we find
previous example. What is striking about the current ex+hat, for the counterfactual entanglement examples we have
ample is the implication of nonlocal correlations in the post-jgoked at, the consistency conditions given by Ef). are
selected subensembles of particles 1 and 2, even thougftisfied and the probability associated with the projection on
these particles remain in a factorable state throughout thgye relevant entangled state prior to the, ,o,,. Measure-

1’ 2

process. In the previouSHZ) example one might attempt ments, as given by Ed8), is unity in each case. For ex-
to explain the apparent nonlocal correlations between par-

; o . -.ample, in the case of the state given by Hdsand(2), if we
ticles 1 and 2 as arising from their shared entanglement W|t€ _ :
a third system; but in the factorable case this explanation wil ostselect byr,= 1.aft(fr earlier measureAments @Ial and
not get off the ground. 029, We can write D=[129(12d, F=|03=1014,
In assessing the significance of counterfactual entangle=i,o,, =j)(03,=1,014 =i,0,,.=]|, and then consider a
2 1 2

ment, it is worth bearing in mind that standard quantum megg; of possible Bell operator basis projections at tirie
chanics does not allow one to make counterfactual inferenc

S . . . o .

about the earlier states of quantum systems, based on t gtween the initial time assomat_ed withand the tlr_n_e of th_e
outcomes of subsequent measurements. Thus, according a¢y 726, Measurements. We find that the conditions given
standard quantum mechanics, we cannot, for example, argly Ea. (7) are satisfied and the expressi(8) yields prob-

that a system prepared at tirygin the statd /1,9 given by ability 1 for the projection on th_e counter_fagtual entaqgled
Eq. (2), subjected to measurementscof, ando,,, attime ~ State W2(|112122) + 1112 22)) at timet. A similar result is

t,, and then postselected by the outcomg=1 at timet, obtained in the factorable cafggs.(5) and (6)]_, where we
(wheret,<t,<t,) would, if it had been subjected to a Bell postselect by a Bell operator measurement yielding the state

operator basis measurement at tirhg, (where to<ty, WW2(|T3z142) * [ 321 42)) for particles 3 and 4.

S . The fact that the postselected subensembles we have
<ta), have necessarily yielded the eigenstat@(1,15,) looked at can give maximal violation of Bell inequalities

Jr.ulzl?z»'. even jchgugh the postselected SUbenserm‘q’lgtrengthens the case for attributing counterfactual properties,
yields identical statistics to those that would have been obi—n a retrodictive sense. to quantum svstems. If we do not
tained for this eigenstate, for any choice &f, 6,. In this , 10 G y :

sense standard quantum mechanics is predictive but not r ceept that the relevant postselected subensemble would
rodictive q P ave yielded a specific maximally entangled eigenstate had it

. tieen subjected to a Bell operator basis type measurement at
. However: t.h.ere has rgcently be(_en.a g.OOd deal of mte_re%m earlier time, how can we explain the maximal Bell in-
in the possibility of making retrodictive inferences of this !

. ; s . . equality violation displayed by that subensemble?
k.md’ part_lcularly W'.th'n the context of the consistent histo- qIt is )i/nteresting to Eorxpareythe role of postselection in the
ries [14] interpretation of quantum mechanics and relateobr

X H . ocesses we have described with previous examples of de-
time-symmetric interpretation&ee, for example/15]). The riving Bell inequality violations via postselectig@0—23. It

consistent histories interpretation requires that consistenc well known that, if we disallow certain ranges of measure-
conditions be satisfied in any given example before classic ent outcomes Which are then discarded. even classical
probabilities can be assi_gn_ed to qu_a_ntum events, an_d .it h ysics can proauce Bell inequality violationé. An example
been sugg_este[dG] thf"‘t S'm"af conditions must be sat|s_f|e_z(_j of this type(which does not, of course, imply the presence of
by related interpretations in order to preclude the possibility, ny kind of nonlocal correlationis described ir{20]. This
of a direct contradiction with standard quantum mechanic ype of process can be describedrmasurement-dépendent
g;edmuons[l?]. In general, these conditions can be written postselection, since the subensembles selected may depend
on the measurement carried out; that is, the discarded out-
comes may be biased toward a particular measurement or set
ReT(EnEn_l- . 'Eﬁ"'élbél' . 'Ef“-én—lénf:):O, of measurements. Similarly, Bell ingquality violations via
() measurement-dependent postselection can be demonstrated
for separable mixed states in quantum mechafids2Z.
) A different kind of postselection-induced Bell inequality
for every paira<<8, where the projection operatoks refer  violation can be demonstrated for the Werner staff,

T
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which do not violate any Bell inequality for single ideal mea- of projections on product states as “separable” mixed states,
surements but can nevertheless violate Bell inequalities if as is the current convention. The usual rationale for such
subensemble is postselected according to the results of om&beling is that mixtures of this kind can, it is claimed, be
measurement and this subensemble is then subjected to gftepared by separated experimenters receiving instructions
other measuremef23]. This type of postselection could be from a central sourc§25] or exchanging information with
described as aonlocalselection process, in that the postse-each othef26]. However, it is evident that, as far as genuine
lection involves comparing and combining two sets of resultsyixed states are concerned, only those separable mixed
that occur at spatially separated locations. Examples involVgiates that are factorable can, in fact, be prepared by such a
ing this type of postselection are interesting even though thg,athod. Factorable states apart, oplseudamixed states,

states they refer to, such as the Werner states, are not S€RGich are really collections of pure states and as such are in

rable; the Bell _lneo_|uallty violations generated are nevertheéome cases experimentally distinguishable from the corre-
less postselection-induced.

The role of postselection in the examples we have ana§pond|ng genuine mixed statg8], can be prepared in this

lyzed in this paper is different again. In the counterfactualV®Y: Since, as we have seen, all separable mixed states, in-
entanglement examples no results are disallowed, and uding the factorable ones, incorporate counterfactual en-

there is no measurement-dependent selection. Also, Onlgnglement implying the presence of nonlocal correlations;

single ideal measurements are performed on the relevant sult® conventional labeling is perhaps a source of potential

ensembles, and the postselection is local; that is, it does ngPnfusion. .
involve any nonlocal selection process. The postselection is !N closing, we can see that it is only the pure product
carried out, as we have seen, via local measurements on &ftes that are devoid of actual or counterfactual entangle-
extraneous system. ment, and hence, by implication, of nonlocal correlations.
An analysis of possible applications of the counterfactuaHowever, it could be argued that in practice pure states are
entanglement concept would be beyond the scope of thiglmost always unrealistic idealizations, because of the im-
paper. It is clear, however, that any quantum informationpossibility of completely screening off environmental inter-
processing application that uses entanglement as a resouraetions. Assuming that Bell inequality violations of the type
can, in principle, be carried out with separable states. But ifve have described constitute definite evidence of nonlocal-
such a method is used, measurements on the disentanglgg, one would then be led to the conclusion that nonlocal
extraneous system, in an appropriate basis, will have to bgorrelations are ubiquitous in the physical world. Alterna-
performed in order to partition the counterfactually entangledively, one could question the validity of Bell inequality vio-
subensembles correctly. In this way ultimate control of eachations as genuine evidence of nonlocali7]; our results
application could be channeled to a remote location and thgoy|d then be seen as emphasizing the dangers of accepting

final decision to implement the application could be delayedqq readily the view that Bell inequality violations can be
until any chosen time subsequent to the main processing 'fhterpreted in that way.

self.
In view of the arguments we have presented, it is worth The author is grateful for support from the Leverhulme
considering whether it is appropriate to label weighted sum§rust.
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