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Electromagnetically induced generation, gain in delayed wave mixing,
and measuring coherent states using quantum-interference windows

I. Pop and L. Moorman
Department of Physics and Astronomy, University of Wyoming, Laramie, Wyoming 82071

~Received 2 May 1997; revised manuscript received 6 April 1998!

A three-level atom interacting with classical electromagnetic fields is coherently excited by a two-photon
transition near resonance and subsequently makes a second transition driven at resonance by a weak ir field at
the noise level. Our calculation predicts generation of an electromagnetic field at a third frequency in the uv
from zero field. Calculations show a gain of the uv radiation with propagation through the medium, though the
populations of the two levels involved are never inverted. Other calculations produce a pulsed amplifier,
two-photon optical nutation, and free induction memory. An effective susceptibility is defined and its imagi-
nary part is found to be a good indicator of mode specific absorption and emission by the atomic state, and its
real part a good indicator of dispersion. These calculations exemplify the possibility of coherent control over
an atomic vapor and the production of a superradient macroscopic ensemble of states in the retarded frame for
realistic parameters.@S1050-2947~98!08808-8#

PACS number~s!: 42.50.Gy, 42.65.Sf, 32.80.Bx, 32.80.Qk
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I. INTRODUCTION

The effect of the coherence of electromagnetic fields
the production of coherent states of a macroscopic ensem
of three-level atoms is investigated numerically. The fi
calculation shows the role of coherence in a closed th
level atomic infrared pulse amplifier with a two-photo
pump where the energy is stored in the medium and
amplification is mediated by the off-diagonal elements of
density matrix. A second calculation uses the same th
level system prepared by the two-photon pump, which s
sequently interacts with two additional near-resonance fie
and demonstrates the role of the atomic coherence du
such a sequence of interactions. Electromagnetically indu
generation of an ultraviolet field from zero is shown to
possible due to the prepared atomic coherence~i.e., a quan-
tum interference!. The remaining atomic coherence impos
by the coherent electromagnetic fields, which remains a
all interactions have ceased on this nonlinear medium
investigated. The experimental parameters for a pract
case studied in our laboratory suggest that superradiatio
possible in the final ensemble of atoms. This coherence
atoms could possibly be applied to produce practical non
ear devices.

Quantum interferences between various atomic state p
ways for excitation or decay through coherently popula
atomic eigenstates are a well-known source for angular
temporal cross-section correlations in atomic and nuc
collision spectroscopy, manifested as variations in the co
lated signal. Such interferences have been observed u
coincidence techniques in various kinds of electron-, ato
and ion-atom collisions, techniques that were developed
g-g correlation experiments in nuclear physics. The deg
of coherence of the atomic states is usually evident in n
zero off-diagonal density-matrix elements, depending on
choice of basis@1,2#. Off-diagonal density-matrix element
play also a critical role in the original two-level atomic Ra
model, a simple application of the dynamics of a coher
atomic population driven by an external electromagne
field, and in propagating pulses through open two-level s
PRA 601050-2947/99/60~1!/678~9!/$15.00
n
le

t
e-

e
e
e-
-
s

ng
ed

er
is
al
is

of
-

th-
d
d

ar
e-
ing
-,
in
e

n-
e

t
c
s-

tems@3#. Recently, increasingly accurate experimental te
niques, improved theoretical insight, and enhanced comp
tional capabilities have sharpened interest in the effects
quantum interference of multilevel atoms on pump and pro
electromagnetic fields. This has lead to the identification
various subtle quantal phenomena such as dark states, la
without inversion ~LWI !, electromagnetically induced
transparancy~EIT!, and suppression of stimulated hype
Raman generation@4–8#. In other applications coheren
states are studied to find the beneficial effects of collision
laser-cooled samples, Bose-Einstein condensation~BEC!, the
production of entangled states, and coherent control of R
berg states@9–13#. Closely related to the work presente
herein on the nonlinear interaction of strong electromagn
fields with coherent atomic states are the third-harmon
generation experiments with delayed excitation pulses@14#,
optical accumulated echo with weak pump pulses@15#, and
four-wave-mixing processes with time-delayed strong pu
pulses@16,17#. These examples show that the quantum int
ference due to a coherent population of eigenstates with
ergy transitions in the optical frequency regime has now
veloped from spectroscopic fundamental observatio
allowing us to derive basic quantum-mechanical phenom
about atomic populations, applications of collision kinem
ics, and even a tool for the construction of sophisticated m
roscopic quantum devices.

II. MOTIVATION

In our experiments we are interested in the creation
propagation of different electromagnetic field modes at f
quencies internally generated by the medium@18,19#. Here
we calculate the interaction of a three-level atom with th
classical electromagnetic fields as indicated in Fig. 1. T
levels of the sodium atom and relevant electromagnetic fie
are selected to provide realistic calculations for our exp
ments (u1&5u3S1/2&, u2&5u5S1/2&, and u3&5u4P1/2,3/2&). In
the experiment, the ground state is coupled via a two-pho
transition to stateu2&. The two excited statesu2& and u3& are
coupled to each other by an electric-dipole transition via
678 ©1999 The American Physical Society
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PRA 60 679ELECTROMAGNETICALLY INDUCED GENERATION, . . .
radiation and the excited stateu3& is coupled back to the
ground stateu1& by an electric-dipole transition via uv radia
tion. The numerical values relevant to the system are gi
in Table I in the Appendix. In the phenomena studied he
the fields are large and the frequencies are close to
atomic resonances. Therefore, the usual nonlinear theor
terms of a perturbative susceptibility is not useful@20,21#.
Our study adopts an approach appropriate for strong elec
magnetic fields and an optically dense matter field by co
bining Maxwell’s equations for classical fields with th
equations for the quantum-mechanical density matrix, an
tension of the optical Bloch equations for three-level ato
and three fields.

When all particles are identical and noninteracting,
N-particle state can be reduced to a coherent-state
particle formalism, which we will use throughout the calc
lations. The reverse is also valid in our case. The cohe
electromagnetic field causes coherent atomic excitation
the individual atoms and theN-particle density matrix at a
given location can be written as a product of the calcula
one-particle density matrices. The requirements for this
the following.~i! Velocities of the atoms are small enough
that during the observation time atoms are approximatel
one position.~ii ! Atomic population decay times and time
between inelastic collisions are large compared to the exp
mental observation times.~iii ! Elastic two-atom interactions
or multiple-particle interactions, wall effects, and collisio
with inert buffer gas particles lead to a coherent dephas
time long compared to the interaction time scale and can
neglected.

After introducing the slowly varying amplitude approx
mation for electromagnetic fields, the resulting 1
dimensional set of simultaneous first-order differential eq
tions for real functions is solved numerically for transie
behavior of the fields and density matrix for a realistic s
quence of incident fields and initial conditions of the atom
The coupled atomic density-matrix–Maxwell equations
solved in one spatial dimension, allowing reshaping of
pump pulse and internal generation of new fields. The so
tion is relevant for collimated beams or describing fields
the symmetry axis of focused pump beams.

III. PROPAGATION EQUATIONS
AND NUMERICAL PROCEDURE

Assuming a homogeneously broadened system, an e
tromagnetic field linearly polarized alongu is given by

FIG. 1. Qualitative positioning of the energies of the three-le
atomic system with three electromagnetic fields« i considered. The
detuningsD i , as indicated, are positive.
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E~z,t !5 1
2 u(

q51

3

@«q~z,t !ei ~kqz2vqt !1c.c.#,

with kq5kqẑ in the medium. The three complex field
«q(z,t) with frequenciesvq , with 2v15v21v3 , are re-
garded as slowly varying in amplitude~envelope! and phase
within a period and a wavelength of the carrier wave~slowly
varying envelope approximation!; hence rapid time and
space dependences are contained only in exponentials.
Hamiltonian in the Schro¨dinger pictureH5Hat1V(t)(S), a
combination of the atomic Hamiltonian and the dipole ato
field interaction, may be introduced into the equation for t
evolution of the density operatordr/dt52 i /\@H,r#
1]rR /]t with collisional phase relaxation and populatio
transfer phenomenologically included in the last term. T
temporal change of an amplitude is slower than the ti
given by the inverse of any detuning to any intermedi
state. This leads to the adiabatic elimination of the interm
diateu3P1/2,3/2& state in the two-photon system, except for
contribution to an effective two-photon coupling consta
K21.

To transform to a convenient interaction picture, w
choose the zeroth-order HamiltonianH05(E112\v1d2 j
1\v3d3 j )d i j ~no summation convention!. The density-
matrix and coupling-matrix elements transform by approp
ate phase rotation canceling the phase rotations of the n
tive rotating terms. After integration of the equations ove
period of the rapidly oscillating terms, we are left with on
terms varying slowly in time rotating-wave approximatio
~RWA!:

dr11/dt5G3r332 i /\~V12r211V13r312r12V212r13V31!,
~1a!

dr22/dt52G2r222 i /\~V21r121V23r322r21V122r23V32!,
~1b!

dr33/dt5G2r222G3r332 i /\~V31r13

1V32r232r31V132r32V23!, ~1c!

dr21/dt52~g211 iD1!r211 i /\~r23V312V23r31!

1 i /\V21~r222r11!, ~1d!

dr23/dt52~g231 iD2!r231 i /\~r21V132V21r13!

1 i /\V23~r222r33!, ~1e!

dr31/dt52~g311 iD3!r311 i /\~r32V212V32r21!

1 i /\V31~r332r11!. ~1f!

The coupling strengths are given by K21

5(1/2\)( j 51
4 @m2 jm j 1 /(v2 j2v1)# @22#, V215K21«1

2/2, V31

52m31«3/2, andV2352m23«2/2. v1 is the laser frequency
and the detunings areD15v2122v1 , D25v232v1 , and
D35v312v3 . Conservation of energy requires that 2v1
5v21v3 and hence testD15D21D3 @23#.

The coupling of the atom to the electromagnetic field
described by the Maxwell equations for the field amplitud
«q . We transform to the retarded frame for forwar
propagating waves wheret5t2z/c and z5z. Maxwell’s
equations using the slowly varying envelope approximat
become]«q /]z5 i (kq/2«0)Pq , with q51,2,3 and«0 the
permittivity of free space. The modes of polarizationPq are
given by off-resonance and resonant contributio

l
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680 PRA 60I. POP AND L. MOORMAN
@22,24,25#. This model neglects the slowly varying, linea
background susceptibility due to nonresonant states in
atomic vapor. The dominant contribution for the field mo
«1 is the polarization caused by the single-frequency o
resonance polarizability, which is bilinear, antilinear in t
amplitude of the pump mode of the field, and linear in t
density-matrix elementP1524NK21r21«1* , with N the
atomic density. The dominant contributions to the fields«2
and«3 are the polarizations caused by the resonant pola
abilities, which are only linear in the off-diagonal densit
matrix elementsP252Nm32r23 and P352Nm13r31, where
the electric-dipole elements are assumed real. The equa
for the fields are then

]«1 /]z5 ik1~N/«0!~22K21r21«1* !, ~2a!

]«2 /]z5 ik2~N/«0!m32r23, ~2b!

]«3 /]z5 ik3~N/«0!m13r31, ~2c!

where the off-diagonal density-matrix elements provide
herent sources and sinks for the three radiation fields
equations for the density matrix, derivatives with respect tt
shall replace derivatives byt.

The coupled equations~1! and~2! are successively solve
for each positionz by integrating overt via the Runge-
Kutta-Fehlberg fifth-order method with adaptive tempo
step size. The boundary conditions are given by the fie
sent into the face of the medium~z50! and determined by an
initial condition where the atoms are in the ground state
eachz at t50. In our numerical calculations the truncate
Gaussian electric field«1 has its center att52 ns, a real
amplitude of 23107 V/m, a rms width of 1 ns, and a puls
duration of 2 ns. The ir field«2 is chosen to have two tem
poral shapes:~i! a hyperbolic-secant pulse with its center
t54 ns, a real amplitude of 23105 V/m, and full width at
half maximum of 2.634 ns and~ii ! a noise field that has a
constant amplitude of 1.7831022 V/m. The uv field«3 is
taken to have the initial values of~i! a noise field that has a
constant amplitude of 5.831022 V/m or ~ii ! zero-amplitude
field. For timest,2 ns the fields«2 and «3 have zero am-
plitude. The number density of the medium isN58.7
31019 m23.

From the polarizationP„z(z,),t(z,t)…5(qPq~z,t!e2 ivqt

we may define a slowly varying effective susceptibility f
each mode q as a function of z and t, xq(z,t)
5Pq(z,t)/@«0«q(z,t)#. Introducing this effective suscept
bility into the equations for the slowly varying envelope a
integrating yields

«q5Cq expHwq
01 i ~kq/2!E xqdzJ , ~3!

whereCq and arewq
0 are real. Hence the modulus is given b

u«qu5exp$2(kq/2)* Im(xq)dz% and the phase aswq5wq
0

1(kq/2)* Re(xq)dz. When «q goes through zero, a phas
contributionp must be added or subtracted. The imagina
part of the effective susceptibility describes absorption of
electromagnetic field if it is positive and amplification if it
negative. The real part causes advancement or retardatio
the phase relative to propagation through vacuum, a dis
sive effect. Introduction of the effective susceptibility pr
vides a convenient and efficient means for describing
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behavior of the electromagnetic field versusz at fixed t,
though it does require a complete solution valid in the nei
borhood ofz.

IV. THREE-LEVEL ATOMS INTERACTING WITH A
SEQUENCE OF PULSES OF VARIOUS FREQUENCIES

A. Preparation of the coherent state, optical nutation,
and free induction memory

Figures 2~a! and 2~b! show the consequence of sendin
only the strong Gaussian truncated pump pulse atv1 with
detuningD1 switched off at 2 ns into the medium. In Fig
2~a! we show the pump pulse«1(t) propagated through
4.375 cm of the medium. By subtracting the initial Gauss
pulse shape of the amplitude and magnifying the differen
the figure shows an oscillation in amplitude near the peak
the pulse whose frequency and amplitude increase with
creasing pulse power. The amplitude of this oscillation e
actly reproduces the shape of the amplitude of the ini
pump pulse. These increases in frequency and amplitude
the congruency in shape of its envelope with the initial pu
pulse are unique consequences of the two-photon coup
between statesu1& and u2&. These occur because the polariz
tion in the source of Maxwell’s equation~2a! is proportional
to the pump field«1* as well as the off-diagonal matrix ele
ment r21. This behavior is distinctly different from that o
one-photon coupling, which would show only an increasi
frequency but a constant amplitude. This oscillation resu
from an interference between the propagating electrom
netic field and the field caused by the polarization atv1 and
is an example of two-photon optical nutation.

Figure 2~b! shows the complex density-matrix eleme
r21 that indicates the coherence between the ground statu1&
and the exited stateu2&. While the preparatory truncate
Gaussian pump pulse grows, it creates an oscillatory beh
ior increasing in frequency of the imaginary part ofr21 and
develops a positive average value of the real part with
oscillation superimposed. The oscillatory frequency cor
sponds to the generalized Rabi frequencyV85(uVu2

1D1
2)1/2, which increases with increasing amplitude of t

pump«1* until it is truncated at 2 ns@26#. Our calculation of
the effective susceptibility for«1 has three regions of nega
tive imaginary values in the first 2 ns that correspond exa
to the three regions where the power in the field increa
compared to its initial pump power, the local maxima visib
in Fig. 2~a!.

Figure 2~b! shows a strong oscillating off-diagonal ele
ment after the pump pulse is switched off. Aftert52 ns the
system is left in a coherently excited state in general
scribed by

r~z,t!5 1
2 S 1

e2 i @s1D~t22!#

ei @w1D~t22!#

1 D .

This is consistent with a zero phase difference att52 ns.
The large oscillations in Fig. 2~b! describe the phase rotatio
on this basis and does not reflect population changes.
though the pump pulse is turned off, the observed freque
corresponds exactly to the detuning of the pump pulse
quency from that of the two-photon atomic resonance. T
effect is a memory of the coherent pump pulse stored in
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PRA 60 681ELECTROMAGNETICALLY INDUCED GENERATION, . . .
FIG. 2. ~a! Half-Gaussian pump pulse with
«1,max523107 V/m propagated through the ac
tive medium with a density of N58.7
31019 atoms/m3 to z54.375 cm. Interference os
cillations are visible on top of the propagate
pump pulse. After subtraction of the inciden
pulse and enhancing for graphing appropriate
the oscillations are clear with an increasing fr
quency and an amplitude envelope that is cong
ent to the original pump pulse.~b! Off-diagonal
density-matrix element of statesu1& and u2&. The
pump pulse induces fast oscillations in real a
imaginary parts while it is nonzero, but whe
turned off (t.2 ns) the oscillatory behavior per
sists, although with a lower frequency. The ca
culation indicates that the atoms occupy a coh
ent state. This oscillation represents two-phot
optical nutation (t,2 ns) and free induction
memory (t.2 ns) with their characteristic fre
quencies, the generalized two-photon Rabi fr
quency and detuning, respectively.~c! Possible
measurement of the free induction memory. T
uv field «3 at z53.3mm, shown as the smalles
amplitude in this graph, shows beats with th
generated intensity through theu1&-u2& polariza-
tion coupled with the ir field«2 . When the fields
propagate further in the medium, as shown by t
larger amplitudes corresponding toz59.8, 16.3,
and 20 mm, the beat oscillation amplitude in
creases above the initial level and gain is e
pected.~d! A three-level closed-system calcula
tion of propagating field amplitude for the fiel
«2 . A weak hyperbolic-secant pulse«2 is sent
into the sodium and amplified.z50, 12.5, 37.5,
50, and 62.5mm.
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atomic coherence of the medium and is the free induc
decay of the atomic polarization. Since the times for po
lation decay to other states and collision dephasing are m
longer than the time scale of the calculation, as shown by
figures, we shall refer to this effect as free induction mem
of the polarization.

B. Interference measurements

The free induction memory may be ‘‘read out’’ withou
significantly destroying it by a weak electromagnetic field
n
-
ch
e

y

f

the same detuned frequency as the pump field. Calculat
show this effect by switching the pump down to low pow
@27#. Interference between the weak propagating field a
the polarization produces an oscillation in field intensity
the generalized Rabi frequency. The field does not des
the polarization appreciably in the calculated time windo
This oscillation can be understood as the coupling of
coherence matrix element with the amplitude of the pu
field via r21«1* . In the experiment the quantum-mechanic
phase between the population of upper state and ground
can be calculated by extrapolating the measured oscillat
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682 PRA 60I. POP AND L. MOORMAN
to the moment at which the Gaussian pulse is switched
This method may be an advantage over a direct method
cause the frequency of the optical nutation, during the c
ation of this coherence for times shorter than 2 ns, can
many orders of magnitude greater than the detuning.

It is also possible to read out the free induction mem
by introducing a noise field with zero detuning on theu2&-u3&
transition and a third field near theu3&-u1& transition. In that
case the oscillations are not directly observed with the s
ond resonant field«2 , but are induced onto the third field«3 .
This oscillation in the third field is shown in Fig. 2~c! and is
clear at all times for a short distance into the medium. T
same figure shows how gain tends to obscure the free in
tion memory as fields propagate more deeply into the m
dium.

C. A closed-system, three-level propagating pulse amplifier

After the Gaussian pump pulse for the«1 field, a weak
pulse«2 , shaped as a hyperbolic secant centered at 4 n
sent into the medium at the ir transition. Figure 2~d! shows
both the truncated pump pulse«1 propagated to some dis
tance into the medium and the weak hyperbolic-secant p
u«2u propagated to several distances, significantly enhan
due to the induced polarization of the atomic medium. T
propagating«2 pulse experiences an amplification of th
pulse power and 180° phase changes in the amplitude.
pulse shape for«2 in Fig. 2~d! qualitively resembles that fo
the open two-level continuously and incoherently pump
pulse amplifier studied by Icsevgi and Lamb@3# as shown in
their Fig. 27. The pulse area, or phasef5*V dt, and inte-
grated energies as a function of the distance in the med
were also calculated. The pulse area smoothly increase
wards 2.8, somewhat short ofp, which is expected but stil
with a positive slope, and the integrated pulse energy sh
that the system has a linear gain in power.

The amplification in our three-level amplifier can be u
derstood as follows. As before, a coherent field pump pu
creates an atomic coherent state of the free-field eigens
u1& and u2&. In addition, an inversion between statesu2& and
u3& builds during the preparatory pump pulse@(r222r33)
.0#. Both persist after the pump pulse is truncated. Inj
tion of a probe pulse with amplitude«2 makesV23 large,
allowing a growth ofr23 mainly through the termV23(r22
2r33) in Eq. ~1e! as long as the inversion between statesu2&
and u3& persists. Thus the Maxwell equation for the field«2
@Eq. ~2b!# has the off-diagonal density matrix elementr23 as
a source that creates a contribution to the probe field that
sometimes amplify and sometimes attenuate its amplit
leading to the constructive and destructive interference as
pulse energy grows while traveling through the medium.

D. Atomic state population and electromagnetic field dynamics

Figures 3~a!–3~d! show the full quantal interaction of
three-level atom with a sequence of two pulses and a t
field at a noise level. The same truncated Gaussian p
prepared the initial coherent state. A second pulse atv2 with
a hyperbolic-secant envelope with its maximum at 4 ns~not
shown! and a third noise field atv3 are turned on at 2 ns
The full quantal dynamics of atomic state and fields
shown after propagating 19.53mm through the medium. In
ff.
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Fig. 3~a! we show the populations of the three states os
lating with the generalized Rabi frequencies. The elect
field amplitudes are normalized and shown for reference

The calculations for times below 2 ns also show the po
lation oscillations inr11 andr22 due to interferences of the
dressed atomic statesu1& and u2& of the normal Rabi mode
built by symmetric and antisymmetric combinations of t
bare atomic statesu1& andu2& @18#. The special feature here i
that the atomic population is moved back and forth by
two-photon transition and thus the calculation describes
process of absorption and reemission of two simultane
photons of frequencyv1 . The population of the excited stat
r22 would have reached zero on each oscillation if the f
quency of field«1 had been exactly on the two-photon res
nance for statesu1& and u2&.

Calculations show that, as the pump pulse propagates
version of the population is created and the nonlinear po
ization amplifies a second field«2 , which becomes large
enough to create a Rabi oscillation for the population
statesu2& andu3&. This reverses the populations seen near 3
in Fig. 3~a!. Between 3 and 3.7 ns the population ofu3&
increases over that ofu2& while the amplitude of the«2 field
also increases, indicating a storage of energy in the elec
magnetic field. Thus the energy stored in the atomic sys
is transferred to the electromagnetic field. From 3.7 to 4.4
the reverse takes place. As the electromagnetic field lo
energy, it is stored back into the atomic system. Calculati
to larger distances show that these Rabi oscillations bec
more frequent and shift to earlier times as the pulse pro
gates through the medium.

E. Off-diagonal elements of the density matrix:
Population beats, 180° phase flips

Comparing Fig. 3~a! with Fig. 3~b!, the maxima in the
second electromagnetic field«2 coincide with extra beats in
r21 and the latter differs from Fig. 2~b! because of the pres
ence of«2 . The evolution of ther23 matrix element is given
in Fig. 3~c!, showing zeros in the absolute value near t
maxima of the«2 field. These zeros occur because ther22
matrix element goes through a minimum at that time wh
the remaining small amount in Fig. 3~a! is the incoherent
contribution to that state due to population decay from st
u2&. This incoherent contribution can easily be recognized
the two minima visible at 3.5 and 6.5 ns, although its grow
is slowed down somewhat because stateu2& is not populated
to such high values during the intermediate times as in
first 3.5 ns. Thus the nodes inr23 in Fig. 3~c! represent the
nodes of the evolution of the coherent part only of the sup
posed population of the bare eigenstatesu2& and u3&.

In Fig. 3~d! we show a combination of real and imagina
parts ofr31, the real and imaginary parts of the amplitude
relevant field mode«3 , and its field envelopeu«3u. The
‘‘chasing’’ of the various components, 90° out of phase, a
an indication of the large atomic coherence that is indu
and remains present during the interaction and generatio
the field.

F. Effective susceptibilities: Absorption by atoms, dispersion,
and gain for fields

A negative value of the imaginary part of the effectiv
susceptibility Im(xq) indicates an increase of the modulu
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FIG. 3. Complete three-level atom calculatio
interacting with a sequence of two pulses: a ha
Gaussian pulse«1 and a subsequent hyperbolic
secant pulse«2 @with «2,max(z50)52000 V/m#,
and the third field at the noise level. All field
have their maximum rescaled to unity to emph
size their qualitative behavior compared to th
density-matrix elements («2,max56768 V/m and
«3,max53337 V/m). ~a! Populations and field am
plitudes.~b!–~d! Real and imaginary component
of r21, r23, andr31 compared with field ampli-
tudes.~d! The phase rotation of the«3 amplitude
has the same angular frequency as the detunin
the two photon pumpD1 . For the meaning of the
arrows above the figure see the text.g denotes
gain, a attenuation; the plus sign inversion, th
minus sign a normal population distribution, an
gwi gain without inversion (z519.53mm).
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u«q(z,t)u for increasingz5z at the same retarded tim
t5t2z/c as described by Eq.~3!. The realization that the
effective susceptibility is linked to changes in the field a
plitude with increasing positionz at the same timet and not
with increasingt at the samez is essential in interpreting its
significance.

The atomic effective susceptibility for the mode«3 is
shown in Fig. 4~a!. It has zero real part, indicating the a
-

sence of dispersion and only a negative imaginary part
tween 2 and 8 ns. Therefore, the field gains energy and
modulus of this amplitude grows asz increases. We show th
amplitudes for increasing distancesz in Fig. 4~b!, as the field
propagates through the medium. The power in the third fi
«3 is increasing inz even when the field is decreasing
retarded time in Fig. 3~a!. This is not a contradiction becaus
the atoms emit light into the retarded time frame and
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energy moves with the wave while the atom stays behin
the same positionz. During 93.5% of the calculated tim
interval for which the«3 field has gain, the populations o
statesu1& and u3& are not inverted as indicated by combinin
the first and third line segments above Fig. 3~a!. Thus «3
undergoes gain without inversion.

The advantage of introducing the effective susceptibilit
is more evident in the complicated behavior for the seco
field «2 as shown in Fig. 5~a!. Two regions of emission with
negative Im(x2) are separated by a region with positiv
Im(x2) and again no dispersion@Re(x2)50# is found for this
mode over most of the region. An instantaneous reversa
susceptibility near 4.74 ns corresponds with a nearly z
value of the field amplitude where it makes ap phase change
and indicates the atom changes from absorptive to emis
for this mode. Upon closer scrutiny near 4.74 ns, Re(x2) is
found to rise to a small but finite value over about 10
which is responsible for thep phase change of the field«2 .
Similarly, the two zeros in the susceptibility with positiv
slope indicate moments at which the atom transforms fr
emissive to absorptive for the field«2 . Again, this can be
compared with Fig. 5~b! for the fields. During 31.3% of the
time interval 2–8 ns, there is gain in the field«2 without
having inversion between statesu3& and u2&, which follows
from combining the second and fourth line segments ab
Fig. 3~a!. Combining all segments shows 26.9% of the tim
interval both fields have gain, while none of the level pairs
the three-level atomic states are inverted. These calculat
show that, during a coherent process, an atom with a nor
population can cause gain without inversion a sizable fr
tion of the time.

The gain occurs because a matter wave carrying ene
as described by the density-matrix equation~1!, is produced
in the medium and mixes with the ir light wave to genera
and amplify uv light. The energy for the amplification pr
cess comes from the atomic system, as was shown in

FIG. 4. ~a! Effective susceptibility,x3 (z519.53mm). ~b! uv
field amplitudeu«3u for increasing distance (z54.88, 9.77, 14.70,
19.53, and 24.40mm correlates with increasing amplitudesu«3umax).
at
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4~a!. Thus the energy stored in the radial motion of the el
trons inside the atoms is converted to the field in two mo
simultaneously. The gain process is unlike a parametric p
cess or a Raman laser, where the energy is instantaneo
converted from one field to the other, but results from
transfer of energy from the atoms to the field as discusse
@28,29#.

The effect on the free induction memory of introducing
faster dephasing rate between the states was studied. F
collision rate of 0.5 ns21 our calculations show a rapid de
crease inur31u and decay of the effective susceptibility an
field amplitude over the 2–8 ns time interval compared
Figs. 4~a! and 4~b!.

Our system differs from others on matter-field mixin
@14–16# in three aspects. First, we solve the coupled mat

FIG. 5. ~a! Effective susceptibility,x2 (z519.53mm). ~b! ir
field amplitudeu«2u for increasing distance (z54.88, 9.77, 14.70,
19.53, and 24.40mm correlates with increasing amplitudesu«2umax).

FIG. 6. Electromagnetically induced generation of the uv fie
(«3) by an ir field («2) subsequent to a pump field. Shown is th
exponential growth of the uv field from zero as a function of t
retarded time for different positions (z54.88, 9.77, 14.56, 19.53
and 24.41mm! and the real and imaginary components for o
~24.41mm!.
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field equations and therefore calculate effects of propaga
in the forward direction. Second, our matter wave is a coh
ent atomic wave but not a polarization wave. The ma
wave consists of a pure atomic 3S-5S radial motion as the
atom swells and shrinks, maintaining its spheroidal symm
try. Thus the individual atoms do not obtain a static or d
namic dipole moment for theu1&-u2& transition during their
evolution and no macroscopic polarization is generated
the matter wave of the medium for this transition. Neverth
less, transition dipoles foru2&-u3& and u3&-u1& still produce
corresponding macroscopic dipole waves. In@17# an S-S
wave is also considered, but partially overlapping pulses
studied, whereas our preparatory field«1 is completely
turned off when«2 arrives. Third, a difference-wave mixin
between an atomic matter wave and an electromagnetic w
is being investigated. In@14–16#, sum-frequency generatio
is studied.

V. ELECTROMAGNETICALLY INDUCED GENERATION

We have calculated generation of an electromagnetic fi
from zero. The atomic state is prepared again by a trunc
Gaussian pulse and the field«2 is inserted at the noise leve
while «3 is kept zero until the pump pulse is turned o
Figure 6 shows the generated electromagnetic field«3 . The
creation of field«3 has its source in the off-diagonal termr31
via Eq. ~2c!, which itself obtains a nonzero value by th
action of the term2 iV32r21 in Eq. ~1f!. This generation of a
field results from an electromagnetic wave mixing with t
prepared free induction memory discussed before. In Fig
we show the exponential growth of the modulus of the g
erated field at the onset as a function of retarded time
different positions and the real and imaginary parts of
amplitude for the largest propagation distance. Our calc
tions also show an exponential amplification of the modu
as a function of position in the medium, which is the ch
acteristic of a true amplifier. The corresponding effect
susceptibilities show a strong amplification for the field«2
and a weaker gain for the field«3 .

The uv light generated is not spontaneous emission
cause the intensity depends on the square of the atomic
sity and the electromagnetic fields are classical. It is also
stimulated emission because no uv photons have to
n
r-
r
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-

n
-

re

ve

ld
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6
-
r

e
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s
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ot
e

present to start the generation and the uv light is genera
without population inversion for the corresponding levels.
is also not traditional four-wave mixing since no visibl
pump field is present simultaneously.

VI. COHERENCE OF THE FINAL STATE

Our single-particle density matrices allow the calculatio
of a superradient state for a large number of atoms. Un
the assumptions discussed in Sec. II, without loss of gen
ality we can construct theN-particle density operator from
the single-atom matrices calculated in the previous sectio
This operator in terms of our calculated matrices in the
teraction picture is then

R~N!~ I !5 (
i 1¯ i N

3¯3

r i 1 j 1

~1! r i 2 j 2

~2!
¯r i Nj N

~N! u i 1i 2¯ i N& II ^ j 1 j 2¯ j Nu.

Each atom is in the ground stateu1& before the preparatory
pulse reaches it and has a quantal phase rotation based o
energy and a fixed absolute phase contribution. T
N-particle density operator of the initial ground-state syste
for atoms at a positionz is thusR(N)5u11̄ 1&^11̄ 1u. If
we send ap pulse through the atomic system for the two
photon transition, each atom would make the transition
u2&5u5S&. The final density operator is R(N)(I )

5u22̄ 2&^22̄ 2u describing a superradiating state that a
lows an anisotropic radiation pattern@30#.

The medium may be left with a free induction memor
that translates into a position-dependent index of refracti
For the pulse amplifier as shown in Fig. 2~d!, we found that
a well calculable phase rotation exists after a sequence
two pulses passed it. The refraction written onto the medi
could next be used for the scattering of relatively weak ele
tromagnetic waves at different frequencies.
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APPENDIX

The numerical values used in our calculations are summ
rized in the following table~Table I!.
sed for

buffer

n

TABLE I. Numerical values used in our calculations.

i j n l ~nm!
um i j ua

~a.u.! um i j ua ~m C!
Gn

(ms21)
g i j

(ms21) Dq ~rad/ns!
Rcoll

b

(ns21)

21 1 5S-3S 6.4d D154 0.5
23 2 5S-4Pc 3412.5 5.92 5.0188310229 12.77d 7.92d D250 0.5
31 3 4P-3S 330.24 0.235 1.9922310230 3.08d 1.55d D354 0.5
24 5S-3P 615.85 0.528 4.4761310229 7.2
41 3P-3S 589.19 2.51 2.51310229 62.9

aValues from Miles and Harris@31#. The two-photon coupling constant isK21526.1617310230 C m2/V.
No differences were observed in the results when positive or negative dipole matrix elements were u
4P-3S and 5S-4P @32,31#. Positive values are used throughout.
bOnly when applicable. The calculated collision dephasing time is longer than the pulse duration when
gas pressures of less than 20 Torr are used in our experiment.
cStatistical averaging of fine-structure multiplet level energies is used:E5(4E3/212E1/2)/6.
dA(5S,3P), A(5S,4P), A(4P,3S), andA(4P,3D) are combined from atomic transition probabilities give
in @33# to generate the decay and the dephasing rates according to the formulasGn5(mAnm and g i j

5(G i /21G j /2)1Rcoll . The values of theGn andg i j presented in the table are forRcoll50.
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