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Lasing threshold for whispering-gallery-mode microsphere lasers
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The analytical expression for the lasing threshold for whispering-gallery-mode microsphere lasers under the
strong-coupling condition is obtained by solving a quasi-three-level quantized model. It explicitly displays the
dependence of the lasing threshold on the cavity radius, the homogeneous linewidth, the quality factors and
linewidths of the relevant cavity modds51050-294{@9)06107-1

PACS numbdps): 42.55.Sa, 42.66.v

[. INTRODUCTION tained previously in the weak-coupling regirhg]. In this
. . article, we shall derive such dependence under the strong-
It is well known that the presence of microstructure elec-

. . coupling condition. The paper is organized as follows. In
tromagnetic resonances may greatly enhance or inhibit optiz ' . . .

o . ) . s : ec. I, we first describe the more realistic quasi-three-level

cal emissions occuring in microcavities depending on . . A )

L . ; system, and then briefly discuss the difficulties to deal with

whether or not they spectrally coincide with cavity resonance

modes, the so-called whispering-gallery-mod&¥GM'’s). such a system. In _Sgc. !II, we shall develop an approach to
. . ; o : overcome these difficulties. In Sec. IV, we derive the ana-
Since the microcavity-modified effects on the optical pro-

cesses such as fluorescence, lasing, and Raman scatterin Iyitical expression of the lasing threshold for whispering-
. " ' 9, L ggarﬂlery-mode microsphere lasers under the strong coupling
microcavities are not only of fundamental theoretical impor-Z - dition. and discuss by means of the analytical expres-

f[ance .bUt also have a hos_t of applications, there has be"asri]on, its dependence on the radius of the microsphere, the
intensive study on the subject and great progress has beg,geneous linewidth, and the quality factors and line-
achieved over the last decafie-4]. Thresholdless lasing is \igths of the relevant cavity modes. Section V concludes the
achieved in the lowQ cavity quantum electrodynamics gyticle with a summary.

(CQED regime [4]. Small Fabry-Perot cavities involving

special supermirrors and atomic beams have been used both

fpr high-Q CQED experiments and for sjng!e—atpm laser ac- Il. DESCRIPTION OF THE SYSTEM
tion [5]. Lasing has also been reported in hiQtmicrodrop-
lets[1] and in highQ microsphere$6,7]. A very low lasing We consider the system of a parti¢i@olecule, atom, or

threshold is observed in higQ-Nd-doped silica whispering-  ion) placed in a microcavity. The particle is supposed to have
gallery-mode microsphere lasefd]. The Q factors of a quasi-three-level structure, i.e., two sharp levels 1 and 2 as
WGM’s in both liquid and solid microcavities have reachedwell as a level-band 3 consisting of a series of closely
very high valuesiover 1) [7,8], enabling one to observe spaced sublevels of a total widh,, as shown in Fig. 1. The
nonlinear optical effects with only a few photons in the modelevel 1(2) and level-band 3are coupled by a beam of light
[8]. In addition, an effort has been made towards achieving @(1) with its frequencyw,(w,), which is assumed to coin-
thresholdless operation in Nd-doped silica whispering-cide with the central frequency of orfanothey cavity reso-
gallery-mode microsphere lasers by cooling them at liquichance mode. The beamserves as a pump and the belm
helium temperature so as to decrease the homogeneous lirescounts for a produced lasing light. In proposing such a
width of the transitions to the MHz rand@]. In that case system, we have taken into account the fact that two laser
one should be able to achieve, in a Nd-doped silica microbeams with different frequencigsne is the pump and an-
sphere, the strong coupling regime between a few particlegther the lasing lightare usually involved in the normal
and a few hundred photons stored in the WGNBS. It is  experimental arrangements for investigating lasing phenom-
therefore important and desirable to develop a theory foenon in microsphergd,9] and hence at least three particle’s
obtaining the lasing threshold for whispering-gallery-modelevels should be considered. The width of the level-band
microsphere lasers under the strong coupling condition3’ accounts for either the intrinsic molecular wide-band
which will be undertaken in this article. It is emphasized thatstructure frequently occurring in the optical processes in the
no one has been able to obtain, even numerically not to mermicrodroplets [1] or the level (homogeneous and non-
tion analytically, the dependence of this threshold on thehomogeneoyswidth due to all the possible radiative and
various physical quantitiesuch as the radius of the micro- nonradiative relaxation processes. This width is usually rela-
sphere, the homogeneous linewidth, the quality factors antively large for typical lasing and/or fluorescence experi-
linewidths of the relevant cavity modesnder the strong- ments in microsphergsypically, I',,/c is in the range of 1 to
coupling condition due to the difficulties mentioned in the 100 cm'!) [1,9] and one of important tasks for achieving
next section although such dependence has already been adfficient whispering-gallery-mode microsphere lasers nowa-
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|3 > implying that one can express the Rabi frequency(hs
A ~ \/FQK7 and neg!ects_ the very _s,ma!l decay rat;dZ{ﬁQ)

' in using the Hamiltonian formalism in strong coupling re-
gime. The discussion also connects dipole-coupling con-
stants in Eq(1) below with the parameters of the molecule

W and the two cavity resonance modes, i.@=2/I'oK,.

—_

=
>

i

-

>
Ill. APPROACH TO DEAL WITH THE
QUASI-THREE-LEVEL SYSTEM

£

In this section, we develop an approach to obtain the las-
ing threshold for the quasi-three-level system. The approach
is outlined as follows(i) The wide-band quasi-three-level
system is not a strong-coupling system if the bardis
considered as a level whdif is not much less thankd,I'y.

FIG. 1. Molecule’s quasi-three-level structure: two sharp levelsHowever, we can first consider an atom with three sharp
1 and 2 as well as a level-band 8onsisting of a series of closely levels, levels 1 and 2 as well as a typical sublevel 3 of the
spaced sublevels of a total widfi,. The combination of two level-band 3, as shown in Fig. 1, wherA denotes the de-
beams of light(pumpp and lasing lightl) with levels 1, 2, and 3 tuning parameter and calculate the corresponding Rabi fre-
(one typical sublevel of band’3 forms a sharp three-level system quency()(A) by using the Hamiltonian formalism under the
in the A configuration. strong coupling conditiony2<4K7Fo for any two of the

three sharp levels involved. Note that this strong-coupling
days is to decrease this width by various possible measuresndition here and hereafter is defined for sharp levels in-
[9]. volved. (ii) The band structure of “level” 3 is taken into

Although the system considered here is a more realistiaccount by averagin€(A) over the detuning parametér
one than other previous two- or three-level models for typi-according to the integratioiQ)= fQ(A)h(A)dA over a
cal whispering-gallery-mode microsphere lasers, it adds con-orentzian spectrunn(A) of the widthT'},. (iii) The aver-
siderable difficulties to handle with such a complicatedaged Rabi frequency is related to the lasing threshold.
quasi-three-level system. First of all, it appears that no syst- We begin with the first step. The Hamiltonian for the
emmatical master-equation formalism is available at presenypical three-level system composed of sharp levels 1, 2, and
to handle such a problem. Even if exists, it is most likely too3 can be written af12]
mathematically complicated to be handled with such a prob-
lem. Second, the quasi-three-level system is not a weak-
coupling system for higl microcavity and hence the fre- H:Z Eioii +hwpalay,+hoala+hgy(a,ost+ajer)
qguently used Fermi golden rule or the like is not suitable. At '
the same time, it may not be a strong coupling system if we +10,(ajo3+ afrffzs), (1)
consider the level-band'3as a single level, particularly
when the bandwidti’y, is large and therefore the strong- where a; represents the photonic annihilation operators of
coupling theory is not directly applicable. Therefore, wethe lightj, o;;=[i){i| are the level occupation numbers and
need to develop a new approach to deal with such a systersy; =|i)(j| (i#]) are the transition operators from level®

First we will first briefly go over some of the work of Lai i, dipole-coupling constanty, , as explained in the last para-
and co-workers on the transition rate of a two-level atom in graph, can be expressed ag;2 ‘/rojK')’j j=p,l. This
microcavity[10,11]. The time-varying rates of the probabil- three-level system can be exactly turned into an effective
ity amplitudes for level occupation readlO] p=—1vy/4  two-level problem for an arbitrary detuniny [12], and the
*i \/KYFO—(J//Z)Z/Z whereK , is originally denoted a&y  corresponding explicit effective two-level Hamiltonih, ¢
[10] and here it represents a shorthand notation for the intein the interaction picture read42]
gral [[pe(w)/poldw, pe and py are the density of states in
cavity and in free space respectively,is the linewidth of
the cavity model o= 751, and 7, denotes the corresponding
fluorescence decay time in bulk species. In the weak cou-
pling region (y2>_4K7F0), bothp’s are negative real num- \here 5= T(A)(ES—EF)/(E,ZJJFEF), 9=7(A)g,0 /(5‘2J
bers (bi-exponential decgyand one of them determines the — ==
fluorescence decay rate in the microcavity which roughly®™97), 7(A)=(N(A/2)*+g5+07—|Al/12)sgn@), A de-
equals the well-known Purcell enhancement formula obnotes the detuning as shown in Fig.gl,-,=gj\/W, i=p.l.
tained by using the Fermi golden rule with the effect of theHere Ny=n;+0,, and N;=n;+oy; (nj=aja; denotes
cavity on the density of states considerfgd]. Under the  photon number of thgth modé are two conserved quantities
strong-coupling condition?<4K,I', (note that this relation whose values can be determined by initial conditions. In
for the sharp levels is termed the strong-coupling conditiorstudying the lasing problem, we can assume that initially the
throughout this article p~—y/4+iyK,I'¢/2, and hence molecule is in level 1 and there exisf photons in the pump
there occur so-called slowly decayed Rabi oscillations withight p and no photon in the produced lasing lightThis
the frequencwI'oK , and a single very small decay ragé2, initial condition makes the two conserved quantities take the

1>

3

1
Heri= —hg(aja ot afa,os) + 57“5(022_ o11), (2)
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values of Np=n, and N;=1, respectively. The Rabi fre- [14] to obtain p,~py(1— 7y/Aw), whereAw~c/(na) is

guency for this effective two-level system and hencethe separation of the two adjacent cavity mofle§, n is the

for the typical three-level system is[13] Q(A) refractive indexa is the radius of the microspherg,andy

= \/52+4gszN|, which after some manipulation becomes are the Purcell enhancement factor and the linewidth for the
cavity resonance mode with its central frequengy. It is

aa)- (% 2+§§+§|2_ @ 3 then easy to pu#V in Eq. (5) into another form,
2(ny+1) a.\? ap
Since we have obtained the Rabi frequerfeyA) for the W= T 1+ al " al (6)
h70

typical sharp three-level system, the band characteristic of

the “level” 3’ is taken into account by avaragirf@(A) _ (2@ yl(aT), ag=na? . i

over the detuning parametek by the integration(Q) }Nher_eaq q 2a Zyl(wrd“)' a=nanylc, an%n IS Thel re g

=[Q(A)h(A)dA. Here h(A) denotes a Lorentzian spec- ractive index. The produchy in Eqé (5) can be calculate
: by the formulas [10] #y=3c\?/(27V,), and V

trum of the widthT'},. 312 3 2 i
; . . . ~3.47°"(\I2n7)>(2m7al/\)“ (also see p. 183 in Refl)).
In order to obtain a simple analytical expression for the The threshold pump photon numbeg,q, for the lasing

average Rabi frequency, the Lorentzian spectrb(a) X -
_ . . under the strong-coupling condition can be calculated by the
=7 (TW2)/[(Ty2)*+ (8)°] in (Q)=JQA)h(A)dA is relationp,,(Q) ° p:yg wherep,, is a numerical factgr
approximately taken aB(A)~h(A) with h(A)=2/(=T}) AT M= ot 7 a _

— of the order unity andy is the decay rate of the cavity reso-

for |A|<#T'y/4=I'; andh(A) =0 otherwise. Note that},is  nant mode[2]. Let us explain this relation. The particle
@e half-width of the approximated rectilinear spectrumjumps from the level 1 up to the level 2 in one Rabi cycle by
h(A). It is then straightforward to yield simultaneously absorbing a pump photep and emitting a
photonw, . But, the emitted photow, only has the chance

2(Q) 1+V1+W Pa, » ON average, to contribute to the cavity resonance mode
=[VITW—-1]+WIn———|, (4 Pa .
T/ AW with the central frequency, . Lasing occurs when the pho-

ton production ratd())p,, is equal to or greater than the
with decay rate of the cavity resonance mogeThe average

probability p,, can be estimated as follows. Considering the

We (np+1) wp+TY, Pc(w)dw ) isotropic feature of the photom, emission, and noting the
279 Jop-1j, PO ’ fact that the emitted photon contributes the cavity resonance

mode only if it hits the cavity surface of radiwswith its
where T )==T/4, n, is the initial photon number of the incident angle greater than the critical anglé,
pump, andog= I‘al is the fluorescence lifetime in bulk spe- =arcsin(1h), and it leaks out of the cavity otherwise, one
cies involving level 1 and the level band.3n writing the ~ €asily findsp=0 for a particle within the sphere of the ra-

expression  W=[N,(2g,)2+N,(2g,)2//T},, we have diusa/n, wherep denotes the emitte(by that particle pho-
made use of N,=n,, N,=1, and (23.)2%(2%)2 ton’s probability to contribute the cavity mode, and hence

=Tof[pc(w) pgldw. the photonw, emitted by the particle does not contribute the

The expressioitd) with its W defined by Eq(5) is a very  lasing, whilep=\1—(a/nr)? if the particle locates at radius
general expression for the average Rabi frequency for the Within the shell bounded by the critical surface of the ra-
quasi-three-level particle placed in a microcavity with an abi-dius a/n and the cavity surface. A mean probability, is
trary geometrical shape, and hence is suitable for discussirptained by averaging over the cavity volume by taking
the corresponding lasing threshold in that cavity by establnto account the spatial distributions of the cavity resonance
lishing the relation between the lasing threshold and the avodes and the active particles involved, or over only the
erage Rabi frequency for that cavity. From now on, we shalshell due to the strongly peaked feature of the cavity reso-
concentrate on the spherical microcavities and microspheregance modes within that shell. Here we simply takat r
to establish such a relation and leave the discussions of other(a+a/n)/2 as a rough estimation of the mean probability

geometrcal microcavities elsewhere. Pay, 1-€., Pay~v1—[2/(n+1)] or p,,~0.515 forn=4/3.
If M active molecules is involved, we can treat each of them
IV. LASING THRESHOLD FOR MICROSPHERE LASERS by the one-molecule model, and the corresponding fraction

of the emitted photon to contribute the lasing mode is, on

In this section, we shall first derive the concrete expres@Verage, p,,(Q). Lasing occurs if the ratio of the
sion of the average Rabi frequency in Ed) by evaluating MPa(Q)n —n_ , 1asing photons to the totél photons emit-
its W for microspheres, and then relating it to the correspondted is equal to or greater than the decay ratef the cavity

ing lasing threshold. Finally, we shall obtain the analyticalresonant mode, i.epa,,(Q)npﬂnp w=7 mentioned at the be-

eXpI’eSSion of the IaSing threshold which eXpIICItIy demon-ginning of this paragraph' and vcited from R&]

strates its dependence on the radius of the minOSphere, the Consequenﬂy, the threshold pump photon nun‘m)@{h
width of the partiCle,S upper level-band, and the quallty faC'for the |asing can be calculated by '

tor Q of the cavity modes.

By separating the density of states in the microcavity into 2y
resonant and background contributi¢td| p.= p,+ p,, and -
then ultilizing [ p;(w)/pgldw= 5y [10] and the sum rule Pavl h

1+J1+W
=[V1+W- 1]+W|H{T

)]
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where W is given by Eg.(6) with the replacemenn, by the factorsazl(a2+a§) andT'y/(T'y+T,) respectively.
—Npth» andp,,~0.5 represents the efficiency of the lasing Consequently, the lasing threshql'q)’thuazrh as a<a.,
mechanism. and it depends only weakly on both the radaisand the
For the most interesting situations ¢fT"|<0.1 satisfied homogeneous linewidth,, asa>a.. It is pointed out that
for the typical experiments nowadays on whispering-gallerythe nonhomogeneous linewidth is easily seen to be able to
mode microsphere lasers, E@) can be greatly simplified to include in our approach, and the outcome is the same so long
read W/de~ y/(pa,el'})/In[(ep, '/ y)In(ep, It/ y)]. Ultiliz- asT'y, is reinterpreted as the total linewidth that originated
ing this form and Eq(6) after neglecting its very sma#i, = from both homogeneous and nonhomogeneous linewidths.
term (a,~0.2 um for the experiment in Ref.7]), we can
explicitly express the threshold pump photon number for V. CONCLUSION
vIT' | <0.1 as follows:
In summary, we have developed an approach to dealing
Np.th a? ry with a quasi-three-level system in which one of the “levels”
n© %az+a2§rh+rh ' (8a) is actually a continuous band. Such a complicated system
p.th ¢ 2 appears to be more realistic than the previous models for the
B0 lasing phenomenon in both liquid and solid spherical micro-
(8b) cavities. In addition, it is very difficult to handle by the pre-
vious methods, due to the reasons mentioned in Sec. Il. We
have derived the analytical expressig8) of the lasing
threshold for a whispering-gallery-mode microsphere laser
under the strong-coupling condition by solving a quasi-three-

— 3/( 25,2, p— _ C o
:;]“a_ lf.?@;_cn /(g a’); (f—Zy/pgv 470{[9Qp3”)’| n Isth level quantized model. Note that the strong-coupling condi-
e refractive index; and, y, andQ are the wavelength, tion throughout this article is defined for the sharp levels

linewidth, and quality factor of the cavity resonance mode. ' - :
serving as the pump. Once the threshold photon numpgr involved. Our final result explicitly displays the dependence

) . ) : .. of the lasing threshold on the cavity radius, the active mo-
IS obta!ned _by Eq(7), the Iasmg threshold pump INENSIY 001y homogeneous linewidth, the bulk fluorescence life-
for whispering-gallery-mode microsphere laser is simply.

. . time, and the quality factors and linewidths of the relevant
given by the relation , (=% wpNg th - quality

Let us have some discussion on E8), which explicitly cavity modes.
expresses how the lasing threshold for whispering-gallery-
mode microsphere lasers depends on the various physical
guantities of the relevant whispering-gallery-mode and the This work was partially supported by the Hong Kong Re-
active particles which contribute the lasing light. Due to thesearch Grants CoundilGrant No. 459/95P Y.W. was also
slowly varying feature of the logarithm function in E@®b),  partially supported by the National Science Foundation of
Np.th IS approximately proportional to both the cavity loss China under Grant Nos. 69688004 and 69788002, and the
(=Q~1 and the fluorescence lifetimg in bulk species, and National Laboratory of MRAMP at the Wuhan Institute of
its dependence on the radiasand the homogeneous line- Physics and Mathematics, The Chinese Academy of Sci-
width I}, is approximately described, as shown in E8g), ences.

(0) _
. th = in[ (el #/28)In(el7/2B)]’

wherea is the radius of the microsphere; is the fluores-
cence lifetime in bulk speciesa?~1.76\.cn®/(7?T);
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