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Observing the spin of a free electron

B. M. Garraway and S. Stenholf
Isussex Centre for Optical and Atomic Physics, School of Chemistry, Physics, and Environmental Sciences, University of Sussex, Falmer,
Brighton BN1 9QJ, England
2physics Department, Royal Institute of Technology, Lindstegesv@4, S-10044 Stockholm, Sweden
(Received 8 October 1998

Long ago, Bohr, Pauli, and Mott argued that it is not, in principle, possible to measure the spin components
of a free electron. One can try to use a Stern-Gerlach type of device, but the finite size of the beam results in
an uncertainty of the splitting force that is comparable with the gradient force. The result is that no definite spin
measurement can be made. Recently there has been a revival of interest in this problem, and we will present
our own analysis and quantum-mechanical wave-packet calculations which suggest that a spin measurement is
possible for a careful choice of initial conditio{$1050-29479)00207-3

PACS numbg(s): 03.65.Bz, 03.75-b, 14.60.Cd, 34.80.Nz

[. INTRODUCTION to be unmeasurable in a macroscopic apparatus of the type
required by Bohr.

The spin of the electron plays a central role in the expla- When the anomalous g-factor of the electron was mea-
nation of atomic spectra. It turns out to endow the electrorsured by Dehmelt in a rf traflLQ], it constituted a measure-
with a magnetic moment of magnitudef{/2m), which car- ment of the electron spin. The issue created a controversy:
ries the signature of its quantum origin in the fackorThe  was the spin trapped or free? According to Sir Rudolf
magnetic moment of the orbital motion of the electron in anPeierls, “It is free in the sense intended by Bohr. This was
atom is of the same order, but it can be taken to a classicane of the cases where Bohr was wronfgl'l]. Thus one
value by increasing the angular momentum quantum nummay argue that the issue is settled; we can measure the spin
ber. This has, indeed, been possible in Rydberg atoms, whetd the “free” electron. However, the original argument of
nearly classical wave packets have been constructed and oBehr and Pauli still remains. It may well be worthwhile to
served experimentallisee, for example, Refl]). The spin  investigate it in detail, to see how far it holds, and what
of the electron, on the other hand, remains fixed; it cannot bpossible ways there are to circumvent it. Such a discussion
increased, and thus the corresponding quantity has no classias recently initiated in Ref12], whose authors looked for
cal limit. It is intrinsically a quantum property, which lead experimental situations which allow a measurement of spin
Bohr to the conclusion that it cannot be determined for a fre&omponents. Their exploration was based on classical trajec-
electron. According to Bohr, all its observable effects aretories, and addressed Bohr's view as presented by Pauli. This
related to its role in the spectra of bound systd@is This is not to say that quantum mechanics does not play a
point of view was put forward at the famous 1927 Comorole—in fact it does, as was made clear by Mott in his ac-
Conference by Bohr, but was not explicitly contained in thecount of Bohr's argumenf6] which used the uncertainty
published versior3]. The reaction to the discussion is re- principle. Further, Bohr himself had second thougfits],
viewed in the compilation of papers by Wheeler and Zurekand while he did not say that including quantum mechanics
[4]. can effect a free-electron-spin splitting, he did say that he

Luckily the spirit of the Bohr argument has been pre-thinks that it is not possible to say it cannot. In the recent
served in the writings of two of his colleagues. Pauli re-discussion of Ref[12], similar arguments have been made
viewed the mathematics of the situation [i6], and Mott, [14] and further classical and quantum simulations of the
who had contributed to the argument, published his versioDirac equation have shown some incomplete spin separation
of the calculations both in Ref6] and in his text booK7]. [15].

In Ref. [8] Pauli explicitly stated that Bohr rejects the ob-  In this paper we present a fully quantum-mechanical treat-
servability of the electron spin in situations where the con-ment as close to the Bohr-Pauli situation as is possible. We
cept of an electron trajectory is applicable. The conclusion iseplace the classical trajectories by wave-packet motion, and
that the charge of the electron relates to its magnetic momeimplement the full guantum Hamiltonian for the two-level

in such a manner that the separation of the spin componengpin system. The formulation of the problem is identical to
by the magnetic interaction is counteracted by the effect ofhat chosen by Adlef16], who carried out a quantum-
the Lorentz force on the moving particle. The two effects aremechanical perturbation calculation. He agreed with our
of the same order of magnitude, which can immediately bemain conclusions that the experiment is, in principle, pos-
seen from the fact that the precession frequefaie to the sible, and he essentially recommended the same parameter
magnetic momentand the cyclotron frequendpending the region that we utilize. However, due to the limitations of his
orbits) differ by only radiative correction§9]. Ultimately  perturbation approach, he could not quantify the exact degree
this state of affairs derives from the origin of the electronof separation achievable. With modern computational tech-
spin in the Dirac theory, where only one magnetic couplingniques we are able to provide precise results of a nonpertur-
term occurs. Consequently, the quantum variable spin seenitive version of the Bohr-Pauli experiment, and go beyond
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it to suggest other possibilities. shows the importance of performing a proper quantum
One of us briefly discussed the argument by Bohr andinalysis of the problem.
Pauli[17], and it seems possible to manipulate the physical Then finally, there is the issue of principle: Is there a
situation in such a way that the resolution of the spin meafundamental reason why magnetic fields cannot separate the
surement is improved. In addition, the original argumentSPin components of a free electron? It appears that a negative
rests on a semiclassical interpretation of quantum mechanic@nswer has been found to this question already; there are the
which omits essential features of the physics. Thus we condfguments we give above and there is the treatment in Ref.
sider it worthwhile to model the Stern-Gerlach experiment ag12]: but in Sec. VIl we add to the discussion a configura-
a genuine particle experiment, where localized wave packef&on: which seems to allow an arbitrary spin separation, albeit

are launched into a magnetic field performing the roles asin @ situation differing from the beam experiment considered

signed to it in the original argument. In this way, all quantumm the original argument. We utilize the magnetic field of the

effects are taken into account, and, formulating the propagas—tem'GerlalCh experiment, and find an adiabatic method that
tion in terms of two-component Pauli state vectors, we canS gparates the_ Spin components in real space as far apart as we
' .wish. There is, however, no beam, for the electron wave

alsg keep tragk of the proper vector character of the spi acket is allowed to glide in the magnetic field along a
variable. Al th|§_can be treated as atlme—d_ependent proble mooth trajectory. The feasibility of the experiment is not
and the possibility to separate the two spin components Caflscyssed, but as a demonstration of principle we regard the
be evaluated. We can decide the feasibility of the measurgreaiment as satisfactory. Finally, in Sec. VIl we summarize

ment, how far the Bohr-Pauli argument retains its Validity,our discussion, and present a few conclusions and an out-
and which effects derive from the various quantum featuregygk.

of the problem.
For comparison, we set up the original argument in Sec.
II. This is derived from the writings of Pauli and Mott; un-
fortunately, no details of the Bohr argument are available to We consider a beam of charged particles, with migss
us. In Sec. Il we formulate the model, present its variousand chargeq. They propagate in th& direction with the
features, and discuss its relation to the original argument. Wtnear momentum
find that the situation is far from trivial; many aspects enter
into it, and the space of possible initial conditions is large _2mh
and hard to survey. Px= Ay
In order to simplify the treatment, we throw away both
the off-diagonality of the dipole interaction and the diamag-The beam is supposed to remain close toxthgis, with only
netic term, which eventually bends the orbit into cyclotronsmall components in thg and z directions. If the particles
paths. This scalar model, presented in Sec. IV, can be solvdtave a magnetic momept and experience a magnetic field
analytically, and it contains all the essential features of thegradient in thez direction, the ensuing force is given by
original argument. Thus we can utilize it to investigate the

II. ORIGINAL ARGUMENT

@

interplay between magnetic deflection and orbital bending, Fox JB, 5

as long as these remain small enough. From these discus- = =K ) @
sions, we determine how to look for parameter ranges where

the spin measurement is most likely to succeed. where the sign depends on the direction of the magnetic mo-

In Sec. V, we attack the full two-component quantumment, j.e., the spin. This force generates the splitting of the
problem by solving the time-dependent Salirger equation  spin components, which is the basis for a Stern-Gerlach mea-
numerically. The initial state is chosen according to the prins,rement.
ciples argued for within the scalar model. We present the However, the charge of the particle will also couple di-
results, and show to what extent the spins actually are splitectly to the magnetic field. This gives a contribution to the
As expected, the splitting is of the same order of magnitudenotion, from the Lorentz force, which competes with the
as the widths of the individual components; to this extent thgneasurement signdEq. (2)]. Because the magnetic field is

original argument is vindicated. However, there is a discernsoyrceless, and here assumed to be independent afdbre
ible split, and the resolution of the two components is aprdinate, we must have a component

matter of numerical accuracy only. Spectral lines are re-
B,
=—( ) )

solved with less splitting in the laboratory. This, in our opin- oB,
0z

ion, shows that the problem is of a practical character, not —
one of principle as claimed by Bohr. %y
The physical system we consider also shows some inter- L i
esting features as a classical system; related problems haylich causes a magnetic field proportional to the value of
also been discussed in the chaos literafd@. In order to 1€ locationy. In quantum mechanics, an uncertainty ensues
check the consistency of our quantum calculations, we intell the force, because the values of this location extend over
grate the classical equations of motion for an ensemble gfoMe WidthAy. Thus we obtain an uncertainty in tagorce
particles representing the position and momentum distribu®f the magnitude,
tion of the initial quantum states. The results in Sec. VI
reproduce those of the quantum calculations, but display a

broader width. Thus the spin resolution is degraded, which

px> ( 9By
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We demand that this is less than the spin-splitting due to the (a)
force [Eq. (2)] in order to resolve the components. But the

magnetic moment is not an independent parameter. For a

free electron it is of the form

_eﬁ .
T 5

(within the accuracy we require hgrevheree andm are the ¥
charge and mass of an electron, respectively. For the mag- (b)
netic moment of an atom, its order of magnitude is the same,
only it is modified by the appropriatg factor.

Combining these results, we obtain

AF, (q) ( m
F, e\ m
as a requirement for the observability of the spin. For an y
electron, all these ratios are unity or larger, and the conclu-
sion is that electrons cannot be separated according to their ©)
spins by a Stern-Gerlach experiment. We proceed to make
several comments on this calculation.

(1) For neutral atomsg=0, and the experiment works;
even for heavy ions, the factom{M) should make a sepa-
ration possibld19].

(2) The whole argument is essentially classical; quantum
mechanics enters only as an uncertainty. We will return to
the discussion of this point below.

(3) The factor

N
o

Ay

Ay
0~ Ay (7)

i <Ll
Mo

is a measure of the divergence angle of the beam; if we try to FIG. 1. This figure shows, in a schematic fashion, probability
make Ay<<\,, we no longer have a beam. However, thedistributions in spacéleft) and momentdright) for three different
signal we want to resolve is in thedirection, and a large stages in the measurement proc@s(c). In (a) we see the initial
spreading in the direction does not necessarily destroy thedistributions for the electron. After the interaction with the mag-
ability to distinguish between the two spin components ifnetic field we move at time, to (b), where a slight distortion of the
only condition(6) is satisfied. spatial wave packet is seen, but without any significant spatial split-
(4) The Lorentz force is based on the longitudinal mo-ting. However, the splitting is seen in momentum sp[eibﬁ r_ight]. _
mentump, instead of the correct velocity; in the magnetic The wave packe_ts are then allowed to propagate in an interaction-
field, these are not equivalent entities. We will return to thisTe® region. During this stage of the experiment, the splitting in
question below. momentum space will emerge spatidllg), left].
The argument IS base.d on the ratio between the forceﬁ may take a long time. Thus the necessary condition for the
which we can easny verlfy.to b_e cprrect. The momentumobservability of the spin is that
separation after the interaction timgis

Ap,
D

and the momentum spreadidg, is similarly obtained from  afier the end of the interaction timg. The experiment is
Eq. (4). The spread in the direction,Az,, is assumed notto ;5 expected to work best for the scenario depicted in Fig.
change considerably from its initial value during the interac-1 Here the spread in trecoordinate can be arbitrarily large,
t@on. After the interaction h_as ceased, at tinied,, the spa- ¢ according to Eq(6) we wantAy to be as small as pos-
tial width over the separation becomes sible. In the following we try, utilizing a model of the phys-
ics outlined above, to explore to what extent the situation in

Pp=2Fto, (8) <1 (10)

2, [Apd Fig. 1 can be achieved within a quantum framework.
Azp+
m AF,
Pot/m = 2F2<1. 9 1. MODEL
This shows that even for an arbitrarily large initial widklz, The beam of incident particles is taken to propagate in the

the splitting eventually manifests itself in space, even thouglx direction, and we choose the vector potential
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z —eayz
Ux:% (15)

whenever needed. In particular, this velocity carries the par-
ticles through the magnet, and it should not be allowed to
change too much during the interaction. Again, we find that
the experiment needs to be carried out near the origin in the
y direction. The dynamics are then governed by the reduced
Hamiltonian

S
LS AL — e
HR—2 +2 +V;+Vy,—uo- B, (16

LR N
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where we have set

Px
. . : Vi=-—eayz 17)
FIG. 2. Schematic illustration of magnets that will produce an m
approximation to the quadrupole magnetic field in EtR). This
resembles the conventional Stern-Gerlach arrangertveithh the an
particle beam perpendicular to the section shpvin alternative 2
approach is to generate the field with four long current-carrying :(eayz) (18)
wires (Fig. 4). 2 2m
A(r)=(—ayz0,0), (11) In order to estimate the contributions from the various terms

in the Hamiltonian, we introduce a characteristic lengjth
wherea is a parameter with dimensions of magnetic fieldsuch that the ratiosy(l) and (/1) are of order unity. The

over length. With this choicep, is a conserved quantity dipole interaction term then becomes
during the motion, and the operator can be replaced by a

number. The magnetic field becomes uaz~ EM()\I—), (19
X
B(r)={0,—ay,az}, (12

where we have introduced an energy characterizing the mag-

which obviously satisfies E¢3). The field is, in fact, a quad- Netic interaction
rupole field as indicated in Fig. 2; this corresponds to the o
upper part of the Stern-Gerlach apparatus as envisaged in the EMEMa)\x:e_)\x- (20)
treatment above. 2m
The magnetic coupling becomes . . -
The term linear in the vector potential is
z iy

Ly (13

,u,t-;'-B=,ua

2

Vil i) e
Ax

This suggests that in order to resolve the spin component | ihe second-order term becomes

splitting along thez axis, we need to insert the beam into the

field at an offsetzy in this direction; however to minimize | \[eBl?

the ill effects of the quantum off-diagonality, the initial wave Vo~ EM<)\—)( 7 ) , (22

packet should be as close to thaxis as is compatible with X

quantum theory. This conclusion agrees with the argument iyere o characteristic size of the magnetic field is intro-
Sec. Il. We will quantify the effects of this off-diagonality in §,,ceq:

Sec. VC1.
In the following, we introduce the mass of the electron B,=al. (23
and its chargeq=—e into the equations. Then the full
Schralinger time evolution is given by Equations(19), (21), and(22) offer a good starting point
for a comparison of the main interactiong; can be ne-
(px—eay2? p§ p? z iy oY glected with respect to the dipole for&q. (19)] when we
sm Tomtom #a —iy -z y=ih—- havel <\,, as we already concluded in Sec. Il fay. The
(14) orbit of the incoming beam particles is bending due to the
cyclotron motion, and we may estimate the corresponding
where ¢ is the two-component Pauli spinor. frequency to be
We remove the constant terpf/2m, but remember that
the velocity in this direction must be obtained from the rela- ° :e_B, (24)
C

tion m’
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The time scale set by this motion should be compared with H.=3(p2+ pg)_szzi Z, (30)
the spreading tim& ¢ which doubles the width of a wave - Y
packet in free motion. If the size of the packet is originally of

. ) ) where we have introduced a scaled wave number for the
order |, the momentum uncertainty is estimated to bp

beam:
~#/2l, and the spreading time beconjet Eq.(9) and Ref.
[20]] , A4l
To=—— (25) X

The scaling parameters achieving E80) obey the relations
This bending of the beam trajectories plays no role in the

original argument, and we will return to its influence below. 2% om
Result (22) thus says that the interactiov, is negligible =

compared with the dipole interactigti9) when ea ea (32)
weTs<1. (26) 2 _h I pa
TTm 2 m

This is understandable: the cyclotron motion tries to bend the
orbits of the particles; if this bending is small compared to ] ] ]
the spreading of the wave packets, the sample can retain ilﬁqu- (30) all variables, including the scaled wave number

terms ofw, and T the second order interaction, can be  the only way to decrease the ratio of the Lorentz force term

written as to that of the dipole force is to mak@ small, i.e., make,
large. However, this will at some point destroy the beam
1 I quality, as discussed above.
Vo~ EEM )\_X ocTs. (27) In the following development, we wish to be able to keep

track of the direction of the spin, and so we introduce a
parameter= * 1, which gives the direction of the splitting

IV. SCALAR MODEL force. We then carry out the coordinate transformation

To solve the complete Schiimger equation(14) is nu-

merically possible, as we shall see in Sec. V, but a numerical 1

approach offers no general indication about the parameter §=—=(y+2),

ranges favorable to the Stern-Gerlach experiment. In order to V2

progress, we choose to treat a simplified model first, where (33
we neglect(1) the term quadratic in the vector potential pro- 1

portional toa?, and(2) the off-diagonal terms in the dipole n= E(y—z)-

interaction.

We have discussed the conditions, under which we expect i o
these to have negligible effects; their actual influence will beVith these new coordinates, the Hamiltonian becomes
evaluated in the numerical work below. These two neglected

terms play no role in the original argument because from Eq. 1, 02 k \?
(16) we obtain the equation of motion H= P> - W
) JHg eay 2 2
p,=———=—"pytpa. (29 1, 0 K
0z m + Ep%-ﬁ- 7( n— W) . (34)
The two contributions to the force in tiedirection are just
the ones utilized in the argument in Sec. II. Thus we have reduced the solution to the case of two decou-
We also carry out the scaling indicated above by introducpled harmonic oscillators, albeit one is inverted.
ing a length scald, a time scaler, and a corresponding  In the Heisenberg representation, the operator solution to
momentum scale the dynamics under the Hamiltonid&4) is
ot 29 FY:
| 29 ﬁ—f=b\§:pg coshQt+Q| £0— \/;Qz)sinhﬂt,
In the new totally dimensionless variables we have the
Hamiltoniart .
an ~ 3 “5 K .
i p,= pncosﬂt—Q( 7 — \/592> sinQt. (35

we indicate the scaled dimensionless variables with the same .
symbols as their physical counterparts. We believe that, with propelFrom these results we can solve for the momentum in the
care, we do not introduce any confusion by this. direction of interest
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~ 1 ~ - Q > - The terms proportional ta= =1 give the momentum split-
Pz=5[PzF2(Q0)+pyF, (A0 ]+ S [ZF3(Q) +y Fa(QU]  ting, which thus becomes

p _ Fa(Q1) (39
- D™ .
where we define We now define the dispersion @ as
F1(Qt)=coshQt—cosQt— (Ot)2, a5=((p,—(P))?). (40)
_ 4 If we assume the initial dispersions to be uncorrelated, and
F,(Qt)=coshQ)t+cosQt— 2+ 0O((Q2t)%) define
(37)

: . 1 3 0\2y A 2 T0V2y _ A 2

F5(Qt)=sinhQt—sinQt— =(Q)°, ((py)?)=Apy, ((p)*)=Ap;
~ ~ (41)

F,(Q1)=sinhQt +sinQt—20t. (Y9 =4y% ((2"-20)%)=A7",
we obtain

The limits are for(0t—0. Taking the expectation value of
Eq. (36) over the initial state, we find the only operator to o= [ Ap7F1(Qt)%+ApIF,(Q1)2+ Q2AY?F 4(Qt)?

give a nonzero value to be the offgaf) =z,. Thus we find +O2AZ2FL(O1)2]. (42)
-~ 0z, K The resolution of the measurement is now, analogously with
(P1)= —~F3(Qt) — 55 F4(QY). (38) Eq. (9), given by

2 2 2 2 2
O'Z Q Z(Fl(Qt)) 2( Fz(Qt)) 2 2( Fa(Qt)) 2 2]
S(t)=—=—1{A +A + Q%A% =———| +Q%Ay?}. 43
V=p "2 [ @) TAPE D Faan) T @3
|
We cannot lett—0 here, because the term mp§ must From Eqgs.(44) and (46) we select they components of

clearly diverge in that limit. For times such th@t=4, all  position and momentuntor the corresponding compo-
ratiosF 1 (Qt)/F 4(Qt),F,(Qt)/F(Qt),F3(Qt)/F,(Qt) are  nents and multiply them together to obtain the combined
approximately unity, which means that we can omit thesecondition
ratios and minimize the remaining terms separately.

The position uncertainty terms give A_yz ( Apf, _ (AyA py)z< 1 @
4 A2 J\2muakg/  2muand  (2m)°
—(Ay?+AZ%)<1 44 o .
4( y Z)<1, “4 However, the uncertainty is minimized if the product

. . . AyAp,=7/2, and consequently we have the condition
which we may rescale by using Eq82) to obtain

Ay?+AZ? <1, (48
g

2773_(h2/2m)\>2<) = Z(E
2

Ewm

<1. (45) paky, 2

41

whereExz(Zwﬁ)ZIZm)\i. Thus we require the kinetic en-
The left-hand side is found to be small exactly when theergy along the beam, i.eE,, to be less than the magnetic
original argument gives a small ratio in E&), but Eq.(45) interaction. This is the kinetic energy expressed in terms of
requires this condition to be valid isotropically in tiygz ~ the momentunp, and not the kinematic energy in terms of

plane. the velocity. However, for small values gf the deviations
When the momentum terms are unscaled to physicaire small; cf. Eq(15).

units, using definition§32), we find From Eq.(45) we also have

0? Ap2+Ap2\[ 1 AE h? 1?2

= (Ap2 2 y z - yz < E, =472 < ~AE,,. 49

2 (Apy+Apz):>27T< 5 v, —2m g, <L x oz S amayz S5 (49

With such large transverse fluctuations it seems difficult to
This shows that the energy associated with the momenturslaim that this describes a beam any more, and to that extent
fluctuations in they,z plane, AE,,, must be less than the the original argument seems to be validated. We cannot
characteristic magnetic ener¢g0). separate the two spin directions into different well-defined
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propagating beams. In the long-time limit, the parameters Q4t0

necessary to obtain a small value sff destroy the beam A22=Q—4tg, Api= 1 (56)
0

quality because of the quantum nature of the motion.
However, gquantum mechanics allows us one more at
tempt. We found that we could not use the long-time limit
because it is not compatible with the assumption of a propa-
gating beam. In the short-time limi? diverges, but we can
try to circumvent that.
We choose minimum uncertainty wave packets with
ApyAyz% etc.(in scaled units Then we can try to optimize 2=
the combined uncertainties in tlyeandz directions indepen-

For small enough,, these relations suggest the situation
'shown in Fig. 1.
We still need to rescale the relations to obtain physical

quantities. We find

4%ty (12\ 4 (27)%h2\ t

(4m)%t _):_ @m\ty
T/ 3\ 2ma2 | A

%

(57)

dently. We first use

P 1 [Fy(Q1)2 energy relation of the type
( ) +02Ay? | = (50)
aAy?| 4Ay? \ Fa(Qt) E to<ih. (58)
The result is This is not an uncertainty relation, but it indicates that the
interaction time has to be short compared with the time char-
1 [F,(Q1))2 F,(Qt) acteristic of the free evolution of the wave packet, which
5 ( = ar +92Ay2:>Q( O ) (51) takes place with the energg, .
4Ay? | F4(Q1) A1) Rescaling the uncertainties, we find the results
For thez component we find ) htg 37,2
AY"=2m = TemE,” 59
] 1 (Fy(Qt))\2 F3(Q1))?
+02074 ———| |= i in impli
aAZ2| aAZ2 | F4(Qt) F,(Q1) This again implies
(52 5 )
The result is AE,= ( —8mAy2> >3Ex (60)
1 [FOn\?  [F3(Q1))? which seems to destroy the quality of the beam. However,
AA72 —F4(Qt) +Q°Az F.(Qt) the actual beam propagates with the veloeity, and this
aspect will be discussed separately. As a consequence of Eq.
F,(Qt)F4(Qt) (60), the requirementAy<\, from Eq. (6) re-emerges.
Q — | (53 However, in contrast to requiremef#5), no similar restric-
Fa(Qt) tion onAz is found. This is supposed to be large, in order to
. allow a good resolution ip,. From Egs.(56) and (57) we
From Eqg.(43) we now find find
, Q31 [Fi(Q) [ Fa(QHF5(QY) 3 )\X m® 8 no\?
ST \Fan)” 2 |l = >52mt —;
4 Fa(Qt) A7 e?a’h) 9 ea\?
Q3| sinh 20t —sin 20t 8 \2 E,\?
= | = : (54) =g\l =] - (61)
(sinhQt+sinQt)? 9

This says that the duration of the interaction has to satisfy an

In this form, however, a fortuitous cancellation appears. Uslt does not seem necessary to impose any relationship of type

ing limits (37), we obtain

0%
S=>—.

6 (59

We thus find that, for short enough durationst, of the
interaction, we can make the resolution paramsters small

as we like. This, however, implies that we choose an initial
wave packet which is very unisotropic. The uncertaintie

should satisfy the relations

to , 1
41 Apy_ay

(48) on the ratio E,/E),) in the present, optimized scheme.
We have, however, one more check to make on the con-
sistency of the scheme. As we saw in Sec. Ill, the interaction
V,, which has been neglected here, concerns the cyclotron
motion in the magnetic field. This tries to bend the orbit back
onto itself, which will destroy the beam character. We have
to ask how much bending would occur in the titgeused to
separate the linear momenta of the spin directions. This dis-
cussion has to be added because we have not included that

Serm in the present considerations.

The main magnetic force in thg,z plane is due to the
beam offset in the direction; near the origin the magnetic
field is zero. We calculate the corresponding cyclotron fre-
quency to be
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2w eaz performed by discretizing the wave function on a two-
W= T (62)  dimensional(2D) grid of points(e.g., 256< 256).
¢ For the numerical calculations we retain the terms that

The magnetic field is in the direction, and thus causes a W€'® droppzed in Sec. IV, i.e., we retain t_hEIZ term aris-
bending primarily in they direction. Because the kinetic en- N9 from A%, and theiy term from the spin interaction. As
ergy is conserved, magnetic forces do no work, and the mg2€éfore, we include the term proportloznalyg, i.e., the cross
tion in the x direction will be affected as well. This will term in ;he expansion of({*/2—2yz)*, which corresponds
eventually stop the beam from propagating through the ext0 the* term in Eq.(30). After the scaling of the problem,
perimental setup. This will happen in spite of the fact that We are left with a single free parameté}', Whl_ch determines
is conserved; the motion forward is to be described by thdhe scaled momentum in the bedw) direction. However,
velocity v, ; cf. Eq.(15). Some reduction i, may not be a the para_lmeters o_f the initial state, and especially its spatial
bad thing. We can understand this because, in the origindlistribution are still free to be chosen. .
Bohr-Pauli argument, the velocity,/m should be replaced As our initial state we choose a Gaussian wave function
by v,. If v, is smaller tharp,/m, because of the magnetic °f the form
field, we may find that the fluctuatiorsF, are smaller than

expected, thus allowing a resolution of spin. (Y=Y0)?2 (z—2p)2
In order to minimize the bending due to the cyclotron #(Y,z,t=0)=——=exg — >~ >
motion we have to require V2mAyAz 4Ay 4Az
a
tow.<1. (63 % al , (67)
2

This gives the relation

where Ay and Az are the uncertainties in position as de-
<1 (64) scribed in Sec. Il and Fig. 1. The state is centeredygnzy),
' and has no net momentum, although, since it is a minimum
uncertainty state, there are fluctuations in momentum given
In analogy with Eq.(58), we thus obtain the condition by Ap,Ay= %, etc. The amplitudea, anda, determine the
probabilities in theo, basis; these are the probabilities we
wish to measure by means of a clear splitting of the wave
packets. For the purposes of demonstration we wish to dis-
cern two different trajectories of wave packets, and so we set
If we use the offsezy= Az, condition(65) might suggest both amplitudes equal to \J@ There is, of course, no initial
using Az<\,, which, however, from Eq(61) implies E, spatial difference between the two states in any basis.
<Ey,, in which case Eq(65) may be difficult to satisfy. On
the other hand, if it is possible to ugg<<A,<<Az, then we
can takeEy, ~E,, and retain the validity of Eq958) and o
(65) simultaneously. These considerations suggest that it is !N the absence of charge, the scaled Hamiltonian of Eq.
possible to achieve a small resolution paramefein an  (66) reduces to
interaction time which does not cause a considerable bending (

eaz
m

to

_ 2tEm [ 2o
=%

X

Epto<f M 65
mlo 220)° (65)

B. Uncharged particle

z iy
—iy —z|

1
of the beam. Hyeo=— =

2

P T
) - (68)

—_ J’_ —_—
ay? 972

V. WAVE-PACKET DYNAMICS

A. Formulation of wave-packet problem For this case Fig_. 3 shows_an example of an ordi_ngi_ry Stern-
) ) o Gerlach-type splitting of spin-wave packets. The initial state
In order to test our ideas concerning the visibility of the jg shown(for one of the levelsin Fig. 3@). The wave packet
spin splitting, we have performed a numerical integration ofis pjaced on the axis of the coordinate system at a distance

the full, time-dependent Schaimger problem as given in EQ. from the origin. This ensures that the spin splitting takes
(14). It is necessary to scale the problem, as in SedBY.  pjace in thes, basis; if the packet were placed on hexis,
(32)], so that we numerically integrate the Satlirger equa- gt 4 distance from the origin, the splitting would be manifest

tion in the o, basis.
5 5 . The width of the initial wave packet has been chosen so
— 1 ‘9_+ 7 + 1(92/2_ 2yz)2—{ z 'y that, in the time it takes for the two components to display a
2\ gy? 9z%2) 2 -y -z clear spatial separation, there is little spreading of the wave

packets. In Figs. ®) and 3c) we see the two wave-packet
Y components at a later time. They are clearly at different
v (66) X ; ) ) .

physical locations, and thus a simple spatial separation of the
wave packets will correspond to a spin separation of the
using, for example, the split-operator fast Fourier transfornrcomponents. The splitting is seen here as something that de-
method.(For a summary of this and other integration meth-velops as a function of time because we do not view the
ods, see Ref[20].) Typically, the numerical integration is translational motion in the longitudingt) direction. In prac-
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FIG. 4. Magnetic quadrupole field produced by four wifesen
in cross section This allows the initial wave packet to be placed in
the center of the field pattern.

cated, but in part consists of oscillations in the potential well

(69). These oscillations change their frequency in time be-

cause the cyclotron frequency depends on field strength,
which in turn depends on the location of the electron.

We will next find constraints on the initial wave packet by
considering some simple, desirable, qualities of the measure-
ment process. In the following we will assume that our initial
state is a minimum uncertainty packet which is unisotropic
such thatAz=Ay. The initial Gaussian packet is chosen to
be centered on the origin of the quadrupole fiélé., z,
=0); this is justified in Sec. V C 2. At this point we cannot
have a magnetic field produced by the traditional arrange-
ment of Fig. 2 because the material of the magnet would get
in the way. However, we can easily make a suitable arrange-
ment of magnetic poles, or four current carrying wires, as
shown in Fig. 4. Then the wave packet is straightforwardly

FIG. 3. Splitting of wave-packet spin components for a particlecentered on the origin.
with no charge. I(a) we see the initial wave function as a function
of y and z, which is located at/,=0, 5z,=30, with a width of 1. Angular width of the wave packet

unity. In (b) and(c) we see the two wave-packet spin components . . .

after a timet=4.5(in scaled units The two components are clearly _ FOr @ point particle placed on tizaxis, we can see from

separated. They are now much broader, because of wave-packefl- (66) that the Stern-Gerlach coupling is initially of the

spreading. The two components (i) and (c) have slightly differ- ~ form —o,z, which provides the force trying to split the spin

ent shapes because the wave packet approaching the origin is &omponents. However, if a point particle is placed onyhe

fected by the increasing curvature of the adiabatic surfaces. axis instead, the effective Stern-Gerlach coupling is initially
of the form — oy, which would effect a different kind of

tice the beam splits so that our wave-packet pictures corrévave-packet splitting. Thus for a wave packet which is
Spond to Sectionsy in thﬁ.z p|ane, perpendicu|ar to the di- Spread out over th?,z space, it is desirable that it should be
rection of the beam. tightly localized on thez axis of they-z plane for the type of
measurement that we want to make; if it is too spread out, we
are unable to resolve the measurement ofzltemponents
of the spin. This requirement is the same as trying to reduce
When we include the charge of the particle, we must rethe off-diagonality, as we mentioned earlier in connection
turn to the integration of the wave equati@®6) which con-  with Eq. (13). In order to characterize the spreading of the

C. Considerations for a charged particle

tains the additional potential-energy term initial wave packet, we will consider the angular width of the
Lo ) peak in the initial angular probability distribution; this width
Vi =3(Q%2-2yz)". (69 will be denoted asA . Again, we consider a centralized

wave packet for reasons we consider below. With an uniso-
If we now place a wave packet on tleaxis, this potential tropic wave packet, such as the one illustrated in Fig),1
will cause a sideways deflection of the two components. Theve can keep the angular spread low by reducing the width in
effect of the term linear iyz was fully taken into account in they direction. This remains true even if the wave packet is
Sec. IV. For very large amplitudes, the motion is compli-centered on the origin.
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The angular distribution of the Gaussian wave pa¢g@t  the value 2t, at the end of the interaction. However, we
is easily obtained by radial integration of the probability dis-have a wave packet that is distributed over space, with dif-
tribution. That is, withyy,=2z,=0, ferent magnetic-field strengths acting on its different parts.
Because the unisotropic wave packet extends more irz the
direction than they direction, we take the phase angle to be
2zty at points along the length of the wave packet. The av-
erage value will be zerthecause the bending is in different
1 AyAz directions for positive and negati&, but the spread of the

T 2m Ay2+(AZ2— Ay?)cod6’ (70 angle ¢ will be given approximately by

P(a):f drr|(r cosé,r sing)|?
0

where we have tafi=z/y. This is a two-peaked distribution, Ap=2Az1. (75
and we will use the width of one of the peaks to determine
A 6. Because the wave packet has been chosen to be centerd
on the origin, distributior(70) is symmetric about= 7 and
the two peaks have equal heights and equal widths.Azor
> Ay, one peak in this distribution is &= 7/2, with another
peak atd= — 7r/2, and the full width at half maximum height
gives a convenient measure of the width of either of the Ap=8Ay3Az. (77)
peaks of the distribution, i.e.,

gwever, according to Eq$56) the optimized time is
to=4Ay?, (76)

and hence the cyclotron phase becomes

3. Initial cyclotron motion

1
SiN(A 0/2) = ————, (71 The velocity in thex direction of any part of the wave
(Az) 2 L packet is given by Eq5), which in scaled units is
Ay v, =0%2-2y7, (79)

which for Az>Ay leads to the approximate expression as may be expected from E@9). Because the generalized

Ay momentum in the direction is a constant of the motiof),
Ao~ ZE' (72 is fixed andv, depends oy andz. Now we can see from Eq.
(78) that if yz< (€/2)? the velocityv, is positive. However,
if yz>(Q/2)? the velocityv, is negative at that point, result-
ing in that part of the wave packet moving in a backward
direction. The line defined by

The requirement that this angular width be smalh<1,
then simply leads to

Ay 1 73 =(Q/2)2 7
Az <2 (73 yz=(Q/2) (79

which clearly means that the wave packet must have a higﬂ'.\/Ides th? forward- and t_)ackwe_lrd-_gomg regions, af‘d. we
¥VI|| call this the cyclotron line This line is also the mini-

degree of spatial anisotropy. This is completely conS|stenmum of the Lorentz potentiaB9).

with the conclusion of Sec. IV. : ; . . .

In pursuing the idea of a beamlike device, we will regard
it as undesirable to have major parts of the wave packet
] o ) ) moving backward, and to quantify this we will determine the
In this section, in line with Eq(63) of Sec. IV, we wishto  amount, P, of the wave packet moving backward for the

choose _sufficiently short interaction timég for the cyclo- initial state. We use scaled polar coordinafess} defined
tron motion to be neglected. However, because the magnet

field varies, the cyclotron frequeney, depends on position

2. Cyclotron period

in the magnet, and therefore it varies across the spatial dis- y=rAy cos#, (80)
tribution of the initial wave packet. At a distancdrom the
origin the cyclotron frequency is z=rAzsiné. (81
ea . .
we=—T. (74) Then the cyclotron line obeys the equation
r2sin 26= 32, (82

In a uniform magnetic field, the electron would orbit in

circles, and after a timeit would have traversed an angle of where

wct. In our problem, the magnetic field it uniform, but

nevertheless we can introduce an angle w .t as an esti- 2 0?
mate of the bending that takes place for very short tithes B - 2AyAZ°
for the regime we aim for in Sec. IV For the quadrupole

field [Eq. (12)], and in the scaled units, Eq82), the cyclo-  If we now integrate the wave packet over the two outer re-
tron frequency is simplyw.=2r, wherer is the distance gions(i.e., the two large regions in the first and third quad-
from the origin. Then at any point in space, the angleas rants of they-z plane, we obtain

(83
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P 1F/2def drrer2= Terid — -

== rre " 2= —erfd —|.

¢ mo BI\sin 28 2 2 AyAz
(84)

This shows the expected limits thR—0 for small wave
packets AyAz—0), andP.— 3 for very large initial wave
packets AyAz—co) (when half the initial wave packet
moves backwand

4. Summary of conditions

By combining Eq.(55) and Eqs(56), we can express the
parametes, defined in Eq(43), in terms of the widths of the
wave packet:

1

§= —F—. (85
4\2Ay?Az

The parameter combinatiohy?Az can be regarded as not

only determinings, but also some of our other essential pa-

rameters, which thus allows us to re-express them in terms ¢

the parametes. The cyclotron phase ang(&7) can be writ-

ten as

\/f FIG. 5. Charged-particle case. The initial wave packet is shown
Agp= < (86) in (a), and has spatial width&y=0.13 andAz~20.7. The param-
eter 12=9.48, and in(b) we show the spatial distribution of the
Furthermore, from Eqg56) we have wave packet at the end of the interaction time-at,=0.043.
J3 J3 Equations(56) will now determinet, and Q) from Eqs.(76)
(87)  and(87). For the values chosen above we will then obtain
to=0.043 and2?=9.48.

2: = .
320z  2%AzAYR

Thus with Eq.(85) the square of the argument of the error

function in Eq.(84) becomes D. Numerical results for a charged wave packet
02 3 With the chosen parameters, we integrate the Sthger
= =3¢, (88) equation(66) up to the timet,. Figure %a) shows the initial
4AyAZ  25AZ2Ay* spatial distribution, which is very narrow in thedirection
) [note the different scales on the axes of Fige)b The cor-
and we can express it as responding Gaussian momentum distribution is shown in
P.— Lerfq 3%) 89) Fig. 6(a). Figure §b) shows the spatial distribution of prob-
c 2 ' ability for the wave packet at the end of the interaction time
In order to have spin separation, we require that to. The distribution is almost the same on both of the levels
and so we only show one level here. The wave packet re-
s2<1, (90) mains very narrow spatially, but its shape has been modified
by a combination of spreading and twisting of different parts
but we see in Eqg89) and(86) that, assis reducedpP will of the wave packet. Figure() shows the corresponding

approach one-half, i.e., the initial packet moves backward afinal momentum distribution. We can clearly see the splitting
much as forward, and, the phase anyjl¢ increases rapidly into two components which we expected from the arguments
(starting at 1.42 rad whes=1). It is necessary to make a given in Sec. IV. The width in the direction is small com-
compromise and thus, for example, we adopt a modest valugared with the width in the direction, but nevertheless the
of s=0.8; thenP.~0.07 andA ¢~ 102°. splitting can just be regarded as a spin separation.

The phase angla ¢ is high because the extreme edge of Figure 7 shows the average forward velocity of the wave-
the wave packet will move in a backward direction at the encpacket components as a function of time. It is seen to de-
of the interaction time. However, the bulk of the wave packefcrease as time increases, because parts of the wave packet
is in weaker fields and will not be affected so strongly. Thecomponents are starting to turn bdaspecially if they are
main obstacle to reducingjin the optimized scheme appears initially on the outside of the cyclotron lin€9)]. However,
to be the effects of the increasing phase aryle at the timet,=0.043 there still remains a net forward veloc-

For the numerical computations we choose a narrow wavéy of approximately unity in scaled units. In this example the
packet with an angular width @& #=0.01, which determines transverse momenta at timg, are p,~0.019 and p,
the ratio of the uncertaintiedy and Az, and together with ~ *0.043, which means that the two spin components are
s=0.8 and Eqgs(56) we obtainAy~0.103 andAz~20.7. emerging at an angle given approximately by scaled
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] B FIG. 7. The velocity, of one of the wave-packet spin compo-
03 3 N nents. The solid line shows the full quantum result computed from
AR " "N L L the wave functions and EG78). The quantum result for the other
spin component is extremely close to this curve. The crosses show
p y the result from the scalar model of Sec. IV. The diamonds show the
TR e result from an ensemble of 50 000 classical simulati@ec. V.
03 7 N Parameters are as in Fig. 5.
] ® L ] ) -
o ] O Nevertheless, we will show in Sec. VII that we can utilize
TS - the potentiaV| to obtain a substantial splitting, though it is
] B in a different experimental configuration to that considered
0.1 - C in this section.
7 N VI. CLASSICAL SIMULATIONS
o 0.0 - R
] C If we neglect the coupling between the two spin states, we
. - can write down some simple classical equations based on the
01 - R magnetic effects in the Newton equation:
: : d B | 2223 91
. B m—v=—evXB=* z
-02 - dt "oz ®
] B If we use the quadrupole field2) and the scaled unit82),
-0.3 LA L e I e e N I B B B B B we obtain
20 -10 0 10 20
p d
y &vx=—2(2vy+yvz),
FIG. 6. Momentum distribution aia) t=0, and(b) the scaled d
time t=0.043. Other parameters are as in Fig. 5. Both the wave- —vy=27vy, (92
packet spin components are shown, the upper component being dt
shaded to indicate height, while the lower component is marked
with contour lines.
mUZZ 2yvy+1.

unity) arctanf,/v,)~3° to thex axis. The crosses on the

figure indicate the result from the scalar model of Sec. IV.As expected from Eq(66), the quantityv,+2yz is a con-

For that modeb, is determined by E¢(78) which leads to  stant of the motion. In order to match the quantum simula-

vy=022— £+ 5%, where¢ and 5 are found from Eqg(35).  tion, each member of the classical ensemble should have the

The scalar model provides a good fit for short times. same value ob,+2yz. This means adjusting the initial ve-
We may try to optimize the widths of the wave packet, thelocity v, according to the initial position.

forward velocity, and the interaction time to improve the We will now try to use a swarm of classical particles to

separation of the spin components. However, it appears to beplicate the dynamics of a wave packet. Figufa 8hows

difficult to achieve a substantially better splitting of the the initial momenta of such a swarm. The dispersion in po-

spins. The principal difficulty is that if the parameters reducesition and momenta have been chosen so that the initial en-

s, then there are many oscillations in the potential [Eq.  semble averages for the uncertainties match the quantum-

(69)], before a separation can take place; i.e., the angle mechanical ones. After the interaction time we obtain the

[Eq. (77)], becomes large over the separation time scaleswarms seen in Figs.(® and &c), which can be directly
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FIG. 9. Probability distributions op, for classical simulations
(pointg and quantum calculatior(solid lineg. We show a section
through the 2D probability distribution at,=0. The classical en-
semble result is taken from Fig. 8 by binning the data into 101
X 101 bins. Approximately 1900 trajectories are sampled from the
ensemble for the figures. The quantum data are taken from sections
of Fig. 6. In(a) we show the initial distributions of momenta, which
are Gaussian, and iflp) we see the distributions at time=0.043.

classical ensemble is excellent. For the classical simulations
it is also straightforward to determine the forward velocity
vy. Figure 7 again shows excellent agreement between the
classical and quantum results; this is despite the fact that the
quantum result is indirectly calculated from the spatial wave
functions by using Eq(78). However, despite all this agree-
ment, the shapes of the wave packets appear to be slightly
different.

To examine the wave-packet shape more quantitatively
we have taken a vertical section through the quantum data
shown in Fig. 6 fop,=0. The result is seen in Fig. 9, where

FIG. 8. Trajectories for classical particles in a simulation of thethe t=0 distribution is also shown. In the same figures, we
parameters in Fig. 5 witke) the initial ensemble of momenta, and show the corresponding distributions taken from the classical

(b) and (c) the final ensemble of momenta &t 0.043. There are

50 000 trajectories in each figure.

data. There is good agreement between the quantum and
classical distributions at=0 [Fig. Aa)], as should be ex-
pected from the way the ensemble distribution has been gen-

compared with the quantum-mechanical result for the moerated. After the interaction tim=ig. 9b)], we find good
mentum distribution shown in Fig. 6. For the resulting split- agreement between the quantum and classical values for the
ting between the wave packets there is a good agreemesplitting of the wave packets, but it appears that the classical
between the classical and quantum results. In fact, the agresimulations lead to distributions of momenta that are too
ment between the ensemble averaged momentum and theoad. Thus they do not display a resolution of the spin split-
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\ | line. From the fact thayz is constant on the cyclotron line,
we will haveyéz+z8y=0, and hence the unit vector

-~ Z. - - -
e = Fey+ )r_/eZE cosde, +sinde,, (93

We now expand around a poif§,,z,} on the cyclotron

\ wherer?=y?+ 72 is orthogonal to the tangent of the curve.
line, so that

y=Yotdy, z=2zy+6z, (94)

and by writing

dy=pcosh, OSz=psind (95

Yy we obtain

FIG. 10. This figure shows how we might expect a wave packet p2
to split into spin components after being carefully placed on the V(y,z)=2(y,sin 8+ 24c086)*p?+ O(p®) = 2(y5+25)° =
cyclotron line. Here we show the expectation that the two compo- r
nents separate by moving along the cyclotron line in opposite di- 1

rections. = ka2
5 kp, (96)

ting which is as good as that of the quantum calculations, i, the spring constant
This suggests that it is important to perform the quantum

calculations in this problem; classical simulations could be k=4r2, (97)
misleading concerning the issue of whether or not there is a
significant amount of splitting of the spin components. This results in an angular frequenéiy scaled units of w

= k= 2r, in agreement with the cyclotron frequen@) in
scaled units. We will place our initial wave packet in the
VII. BEATING THE LIMITS channel defined by Eq69), with a transverse widtbr and
an orientation which matches the width of the channel at the
center of the packet. The choice of transverse width has to
We can take a completely different approach to the spinensure that the center part of the wave packet does not
splitting experiment by abandoning the idea of the spin meapreathe, i.e., periodically expand and contract, in the chan-
surement as a beam experiment, and by trying to use thgel. If this were to happen, it would explore larger regions of
Lorentz force, which makes the Spin Spllttlng so difficult, to the poten[ia| surface and the motion of the wave packet
help the measurement. Our approach is to launch the wavgould cease to be usable for spin splitting. From the spring

packet along the cyclotron line so that it is in part con-constant{Eq. (97)], we can determine the necessary trans-
strained by the Lorentz potenti@h9). The general idea is verse width to avoid breathing:

illustrated in Fig. 10. The forces acting on the two spin com-

ponents are still different, because the Stern-Gerlach force is 1

not included in the Lorentz potential and thus the spin com- or=—r. (98
ponents can be separated. However, there are several disad- 2\

vantages to this approach. First, the cyclotron line is curved . . . .
and does not lie on theaxis; consequently the measurementAS mentioned earlier, the wave packet will be aligned along

can only approximate a measurement of #r@mponent of the local direction of the channel, which, however, will not
the spin. Second, if the wave packet is in the region of thdemove the entire breathing effect because the channel spring

cyclotron line, the velocity in the direction, which was the constant varies slightly along the length of the wave packet.

beam direction, is close to zero. This derives from the factS ;?;"th';ﬁ?cng'gg;é::fsr;’sv\yv?t;ri/htg ;@:;Lhnetusnﬁlg ﬁﬁm]pogft%tg
that the cyclotron line is defined by the vanishing of the P Y, piiting

velocity [Eq. (78)]. The electronic wave packet first has to be previous sections. In order to achieve this, it is essential that

prepared appropriately and then subjected to the magnetfg.e wave packets separate by a distance greater than their
interaction in a controlled fashion. width. The Lorentz forces tend to bend the wave packets

along the cyclotron line, but if we assume that we are close
enough to the axis of the quadrupole field, we may assume
that there is an approximate force ofl (in scaled units

Our initial wave packet will again be taken to be a Gauss-which splits the wave-packet components. This means that in
ian of the form of Eq(67), but with an initial velocity with  a timet each wave packet will travel a distant®2, and
components, andv,. In order that the wave packet should their separation will be approximatety.
travel smoothly in the Lorentz potentiéd9), any initial ve- During the time the wave packets are separating, they are
locity has to be aligned along the tangent to the cyclotroralso spreading in a longitudinal direction, that is, in a direc-

A. Abiding with the Lorentz force

B. Specification of the electron state
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tion along the cyclotron line. This is because the wave pack-
ets are not constrained in this direction, though they are con-
strained in the transverse direction by the “walls” of the

Lorentz potential. In free space the width of a wave packet
increases atsee, e.g., Ref.20]) ™

fit
T (99

whereg is the initial longitudinal width of the wave packet.
In terms of the scaled unit82), this is simply

ot)y=o . \/1+

L\ 2
ot)=o \/1+ —2) . (100

207

If the wave-packet spin components are to separate by more™ '
than their width, we have to impose the condition

t2> o 1+ (t/207)2. (102

Then if we solve fort we find

t2>1+ V1+(20)®

(102
2(20,)

Minimizing this estimate gives thghortestpossible time for
spin separation as unity when = 1/y/2.

C. Numerical result

Figure 11a) shows the initial wave-packet, which is
highly unisotropic and orientated along the cyclotron line at
some distance from the origin. As the wave packet dynamics
proceed, the packet splits into two components which are

well separatgd as can bg seerta3.4 in Figs. 11b) anq FIG. 11. A wave packet is initially placed on the cyclotron line
11(c). Equation(102) predicts thatt=2.08 would be suffi- (5 " anqd it subsequently splits into the two very separate compo-
cient, given the parameters of Fig. 11, to separate the Spifents seen irfb) and (c). The wave packet is initially placed g
components, but by examining the system at a later time we 0.0714 andz,=35.0 with a transverse width;=0.0845 as de-
can find improved spin separation. termined by Eq(98). We have chosen a longitudinal width of
Figure 11b) shows some traces of the wave packet seen-1 and()2=9.48. The wave packets {h) and(c) are shown at the
in Fig. 11(c). Presumably this is because the wave packet isscaled timet=3.40 (chosen to be sufficient to achieve good sepa-
initially, tilted away from thez axis, by an angle of 0.117°, ration).
which results in a slight admixture of the two spin compo-
nents. If the distance from the origin were to be increasedd
this type of effect would decrease. However, it would happe
at the expense of the required transverse width becomin
increasingly small.

esigned to have its transverse width such that it is in the
round state of the transverse potential, and thus it can avoid
ny breathing motion. However, if we move the wave packet

A careful inspection of Figs. 18) and 11b) also shows along the cyclotron line, toward or away from the origin, the

that one final wave-packet component has hardly changed N9 constant will change, which will change the ground-
position as compared to where it was initially. This seemsStaté energy. The ground-state energy is, from (Ed), E,
strange when there was supposed to be a force on this core@/2= Jk/2=r, and if the splitting force tries to move the
ponent of+ 1 (in scaled unitsfrom the interaction with the wave packet away from the origin, the increase in transverse
gradient of the magnetic field. This force is almost directlyground-state energy will act to oppose the motion. Con-
along the channel 0¥, . Likewise, the wave packet in Fig. versely, if we move in a direction approaching the origin, the
11(c) has been subjected to double the expected acceleratiodlecrease in transverse ground-state energy will assist the
It is possible to give a straightforward explanation of thiswave-packet motion, provided that the wave packet remains
effect by using some simple quantum mechanics. Along thén the transverse ground state, i.e., remains adiabatic. We can
cyclotron line, at a distance from the origin, the potential estimate the size of the effect from the transverse ground-
V| appears in the transverse direction of the cyclotron line astate energy. For smajl, r~z and the “force” from the
an approximate harmonic potential wils described aboye change in ground-state energy will almost exactly cancel the
Eq. (97), a spring constant ok=4r2. The wave packet is splitting force in the+ z direction. The result is that a change
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in the transverse ground-state energy strongly affects the loralong thez axis, we make large parts of it lie very close to

gitudinal motion along the cyclotron line. the potential minima we have called the cyclotron lines. Here
the actual velocity is very small, which we surmise may be
VIIl. SUMMARY the origin of the improvement we have found in the spin

) ) resolution; the average Lorentz force is not as efficient in

In this paper we have tried to address the problem of thejeqrading the result, as suggested by the original argument.
separation of the spin components of an electron, ffom &ne may also say that Bohr and Pauli did not treat the full
pomt of view that is in thel spirit of the original argument quantum problem, even though quantum mechanics enters
attributed to Bohr. and Pauli; only Sec. _VII gf the paper pre-ipe problem as an uncertainty.
sents an alternative approach. This primarily assumes some oyr approach can be criticized on many fronts, and these
kind of electron-beam device, utilized to separate the spifissyes form the basis of sufficient discussion to warrant fur-
components. We have shown that there may be some flexher investigations of the details. It can be argued that we
ibility in the physics of the scheme, which is introduced by have not properly calculated the effect on the wave packet of
allowing the electron beam to be unisotropic in cross sectionentering the magnetic field. This is because we have made a
This approach appears not to have been considered in thmodel 2D calculation which does not include variations, e.g.,
original Bohr argument as reported by othfss]. We have in the magnetic field, along the beam direction. There are
developed the idea by introducing a scalar model of the syswo physical approaches to this: a sudden application of the
tem[Eq. (30)], which neglects two dynamical effects which magnetic field, or a smooth, adiabatic turn-on. We intend to
are also not included in the original argument. The two neimake further studies of the effects of the slow turn-on of the
glected effects are the off-diagonal effects from the spin coufield in more realistic calculations. Likewise, we have only
pling, i.e., they term in Eq.(13), and the anharmonic effects considered a model quadrupole field. Real magnetic fields
from the A2 term in the Hamiltonian. The scalar model is are different, and it is not impossible that some other field
solvable exactly, and we use the properties of the solutions tarrangement might yield improved splitting effects. Further-
suggest parameters where a spin splitting might be possibl@ore, by shaping the electron beam into a non-Gaussian pro-
and to guide us in more precise and fully quantum-file, it may be possible to optimize the splitting further.
mechanical, though numerical, calculations. We can also be criticized for not presenting a detailed

The numerical approach allows the inclusion of the twomodel of the full detection process. The numerical calcula-
effects omitted in the scalar model, and a testing of the eftions provide only a splitting in momentum space. Of course,
fectiveness of the spin splitting in the system. We find, aghis is enough, in principle, to split the spin states. Also, we
may be seen in Fig. 6, that a spin splitting can exist, althougftave shown that in subsequent evolution the two spin com-
there is still some overlap of the spin components. Nevertheponents will separate in real space. An alternative approach
less, a statistical analysis of the resulting spin distributionyould be to use an electron lens to transform the
such as seen in Fig. 9, could be used as the basis of a spiomentum-space splitting to a real-space splitting. After the
measurement. A complication is the bending of the electrorinteraction with the field, part of the electron wave packet
beam in the magnetic field, because of the Lorentz freg ~ moves in a backward direction. Because the spin separation
the cyclotron motion However, we are able to determine is achieved in momentum space, it is not clear at this time
the beam velocity of the wave packet, and this confirms thahow an observed splitting might be affected by any correla-
there is forward motion even when the spin components aréon between the momentum components and spatial location
split. Forward motion implies a beamlike behavior, and inin the beam direction. However, the cutspgt=0 in Fig. 9,
this sense we feel that we have illustrated what can be donessentially show the measurement result from an ideal flat
to stretch the situation of the original argument beyond itgdetector in thex-z plane, where the beam is expected to
limit by modifying the experimental configuration. We are at display the spin splitting. All parts of the wave packet having
its limits of performance because, even in our setup, whera positivev, component will reach such a detector. There is
the spins are split in momentum space in #direction, the  no need to assume that the detector will cover all values of
electron beam becomes very spread out inyttdirection,  py, even if a real one, of course, integrates over a finite slice
and the velocity of the electrons in thedirection is rather in space.
reduced. The fact that it is not easy to separate the spins, and It was not our intention in this paper to discuss details for
that there is still an overlap of the spin components, is onex potential experiment, as our main emphasis has been on
testament to the insight of Bohr. We, however, conclude thatliscussing the validity of a point of principle. However, it
the spin measurement is more a matter of experimental skilihay well be of interest to examine the values of real param-
than one of fundamental issues. In principle, our argumengeters compatible with the scaled values chosen for Fig. 6. We
applies to all charged elementary particles having a magnetitake an electron with velocity, , and make an estimate bf
moment of the typd5). However, with the proton, for ex- by usingu, to determine\, [Eq. (31)] andQ?=9.48 (from
ample, theg factor is larger than that of the electron; this actsFigs. 5 and  We then can determine the real wave-packet
to improve the separability of the spin states. sizes from the scaled ones, and can also calculate the field

So where does the approach of Bohr and Pauli differ frongradient required from Eq<32). Then, for example, with
our treatment? One way is their promotion of a practicalv,~100 m/s we find that, for the parameters in Fig. 6, the
complication to a fundamental principle. Furthermore theirwave-packet widths are 04Zm and approximately 11gm.
argument is based on usipg/m as the velocity in the Lor- The required field gradient is then 8 T/m over millimeter
entz force expression. The actual physics demands the use diftances. This is a rather low-energy electron, only 0.03
the velocityv, itself, and, situating the initial wave packet weV, but the energy could be increased if smaller electron



PRA 60 OBSERVING THE SPIN OF A FREE ELECTRON 79

wave packets can be prepared. For example, a reduction field that do the worst damage in the effort to split the spin
the linear dimensions of the wave packet by a factor of 1@components. The direction of motion of the wave packets is
results in a hundredfold increase in the kinetic energy of thelose to the direction of the gradient of the field, and in that
electron. Despite these results f0f=9.48, we add that we sense there is a resemblance to the arrangement considered
have not tried to optimize the parameters from an experimernby Brillouin [21] (where the classical electrons approach a
tal point of view; i.e., we have been partly guided by com-magnetic polgand the classical calculations of REf2)].
putational constraints, and the possibility of more optimal In summary, Bohr's argument, which appears to have
parameters for an actual experiment is not necessarily rulebleen that it is not possible to separate the spin components of
out. the electronin principle, appears to be refuted, even within

Clearly there remain many issues which it would be ofthe spirit of the original argument. We have made quantum-
interest to resolve. This is especially true when one considemnmiechanical calculations in a simplified model which are in-
experimental consequences of our theoretical considerationdicative of such a result, and numerical calculations of the
We hope that in this paper we have shown that there is somguantum-mechanical behavior which support the conclusions
merit in considering these problems more deeply. of our analytic model.

Finally, we turn to the argument presented in Sec. VII.
This is not a beam arrangement, because there is no net
forward motion of the electron, and in that sense it is not
within the realm of what we know of the Bohr discussion. S.S. would like to acknowledge discussions with Sir Ru-
However, it is interesting as a method for providing a cleardolph Peierls. B.M.G. would like to thank the Wenner-Gren
spatial separation of electron-spin components by arrangingoundation for financial support, and KTH for hospitality in
for the wave-packet components to reside in a quantumStockholm. We would also like to thank the Niels Bohr Ar-
mechanical ground state of the parts of the Lorentz forcehive for Ref.[13].
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