PHYSICAL REVIEW A VOLUME 60, NUMBER 6 DECEMBER 1999

Sampling canonical phase distribution
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We suggest a method to measure the canofficaidon phase distribution of a single-mode radiation field
by a heterodyne or a multiport homodyne detector. The technique is based on sampling the overlap between the
signal mode and a phase coherent sfef8&050-294{09)06212-5

PACS numbdss): 42.50.Dv, 03.65.Bz

The quantum description of the optical phase has beenther hand, we will show how the canonical phase distribu-
debated for a long tim¢l]. However, there is a general tion may be directly sampled by means of realistic measure-

agreement that the probability density ment schemes.
. Our scheme is based on sampling the ovexiapo|\)
1 . LA .
_ Lo between the input signg and an excited phase coherent
P(¢)= expli(n—m 1
(9)= 27 (2 o ComXBII (M=) 6} U state(PCS [16]

represents the canonical phase distribution for the single- 5 - N

mode radiation field described by the density operat®2]. [A)= 1=\ nzo NI, @)

The phase probability distribution of E¢l) was earlier in-

troduced by Londori3], and it also represents the limiting which, in turn, approaches a Susskind-Glogower phase state
distribution of the truncation approach of Pegg and Barnetin the limit |[\|—1. Phase coherent states are defined as
[4]. In addition, it has been independently derived by Hel-eigenstates of the lowering operator

strom[5] and Holevo[6] in the more general framework of

guantum estimation theory. More recently, it has also been . - .

shown how to properly derive probabilityl) starting only E,=r]§=:0 Im(n+1[,  E_[M)=\N),

from the correspondence principle and the Born statistical

rule [7]. Finally, we mention that the probabilitl) repre-  with eigenvalues within the unit circlp|<1, and average
sents the overlap between, the state under examination, number of photons given by

and the so-called Susskind-Glogower phase s{&es
NG

°° N,=(\|aTa|]\)= 5
€)= 3, expling}|n). ) 1=|x]
i
In the following, we first describe how to sample the overlap
This last characterization is at the basis of the measuremehetween two quantum states by means of a two-photocurrent
scheme that we are going to present in the following. device such a heterodyne or a multiport homodyne detector.
As a matter of fact, only a few schemes have been sugfhen, we briefly resume how phase coherent states can be
gested for the reconstruction of the distributidn, through  effectively synthesized, and finally, we describe the proce-
homodyning the input signal with an unconventional refer-dure for sampling the canonical phase distribution of @.
ence statd9] or by tomographic reconstruction using ap- A two-photocurrent device is a detector providing the
proximate kernel$10,11]. On the other hand, a number of joint measurements of two noncommuting field quadratures.
experiments have been performdd®], which lead to phase Three examples of such kind of detector are available in
distributions different from the canonical one and stronglyquantum optics: heterodyn¢l7], eight-port homodyne
dependent on the adopted measurement scheme. This Hd8,19, and six-port homodyne detectof®0]. The above
provoked the diffuse conviction that the quantum opticalquoted detectors are fully equivalent in probing the field,
phase can be defined only in connection with its measuresince they all measure the real and imaginary parts of the
ment schemeoperational approaghwhereas canonical dis- complex photocurrerf21]
tribution (1) plays no relevant role, since it does not corre- R
spond to an observable quantity. The first statement is Z=a+h', (5)
certainly true, and it represents a general feature of the quan-
tum mechanical description of measuremefits]. On the [a,a']=1 being the signal mode anih,b’]=1 an idler
mode of the detector. The complex random variable de-
scribed by the photocurrerft is the sum of two complex
*Electronic address: matteo.paris@pv.infn.it random variables pertaining to the two modes, respectively.
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The random outcomese C. for Z are thus distributed in the procedure itself. In fact, up to second orderziz, we may
phase space according to the convolution express the expected number of counts in the central bin by
the linear relatiorj23]

—  (d*B — -
K(z,z)=J‘—ZWa(B,ﬁ)Wb(ZJrB,ZJrB), (6) 1
Car EHOOZ K(0,0)+AQXconst, (12
whereW,(z,z) andW,(z,z) are the Wigner function of the
signal and the idler, respectively. The convolution account
for the action of the measuring apparatus, which plays th

role of a quantum filtef14]. Different choices for the state of calg robust. h thod f ling th lap. th
the idler mode lead to different phase space distributions Ince we have a method for sampiing the overiap, the use

which provide a specific type of information concerning the,f)f ?nphas$ ctohherer:]t Sr:ﬁ:tael ash;r;e |g:etrritl>3e?imnprzvldeﬁ a mnex?d
signal under examinatiofi5]. 0 measure the cano phase distribution. Actually, a

- o : teraction scheme involving nonlineaf? media has been
Wigner function is defined as suggested for the generation of a PCRI]. The setup is
. 2y .. _ based on parametric amplification of vacu{ib] followed
W(z,z)= f — Tr{oD(y)}e?* 7 (7) by up-conversion of the resulting twin bedi26]. Remark-

m ably, an experimentally achievable working regime to ap-
proximate the PCS with a high conversion rate has been
individuated. In particular, the state with fideli>90% to
the nearest PCS can be obtained upNie=15. As we will

2a see, this is enough for the present purposes.
é:f_ Tr{eD(a)}D'(a), (8) By using a phase coherent state as the idler of a two-
cm photocurrent detector we have that the probability of zero
counts approaches the overl&R (0,0)=(\|g|\) between

the PCS and the signal under examination:

grom which K(0,0) can be easily extrapolated using bins of
gifferent areas. Therefore, sampling the overlap is statisti-

I5(a)=exp[aa’r—;a} being the displacement operator. By
means of the operatorial identif22]

it is itraightforward to express the phase-space distributio
K(z,z) of Eq. (6) in the following trace form:

K(2.2)=Tra{0.D(2)0sD"(2)} = Tro{eall(z,2)}. (9) Kn(0,0=(1—[\[?) ;O Qn A MR TO2(13)

Equation(9) contains two crucial pieces of information. A
(1) The joint measurement of R&( and Im@Z) corre-  Whereg, =(n[¢|k) are the matrix elements of the signal in
sponds to the measurement of a generalized observable i€ Fock basis, ane=arg\ is the phase of the considered
the signal mode. This generalized observable is describedPCS. In the limit of an excited PCS, i.e., far]— 1, we have
by the probability operator measure
A[—1
f(z2)=D(2)2,0'(2), (10 Ky(0.0) = (e"lele"?), (14

éb being the preparation of the idler mode. and therefore, (0,0) approaches the canonical phase prob-

(2) The probability of zero counts represents a direct sam@Pility at the phase valug. By varying this phase we can

pling of the overlap between the signal and the idler state: €XPlore the whole z window and, thus, sampling the ca-
nonical phase distribution. For realistic values|®f, lower

K(0,00=Tr.{0.04}. (11) than unity, the normalized distribution
. . . . 1
In practice, each experimental event in a heterodyne or in a p =~ K.(00 —ar 15
multiport homodyne detector consists of the simultaneous n(#) N 100, ¢=arg,, (19

detection of two photocurrents which, in turn, trace a pair of

conjugated field quadratures. Each event thus corresponds to -

a point in the complex plane representing the field amplitude. N=(1-]AA X endN™, (16)
The experimental sample of the phase-space distribution n=0

K(z,2) is obtained upon dividing the plane into small bins of o, resents an approximation to the canonical phase distribu-
equal areaAQ=AzAz=AxAy (with z=x+iy), and then tion. Remarkably, for low excited states, i.e., in the relevant
building a histogrant;; by counting the number of points quantum regimeP),|(¢) is a good approximation t&( )
which fall into each bin. For large enough samples of datajlready for a phase coherent amplitude of abalit=0.95,

one may use small bins, such that the probability of zerqorresponding to a relatively small number of photds
counts can be reliably estimated from the number of counts. 1.

falling in the central binH ;=K (0,0)AzAz. Of course, this In Fig. 1 we report some examples of phase distributions
procedure, as any finite sampling of a quantum mechanicdbr nonclassical states, which can be obtained by sampling
distribution, introduces a kind of coarse graining in the phasehe overlap. As is apparent from the plots, also using a PCS
space. However, no systematic errors affect the estimatiowith relatively low number of photons and a limited number
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FIG. 1. Phase distributiorthistogram for different quantum

states of radiation, as obtained by sampling the overlap with a set o(f
phase coherent states. The solid line denotes the canonical distribu-

tion. In (a) the distribution for a coherent state) with |a|?>=2
average photons. Ir(b) for a squeezed statge,r) with |e|
=sintfr=1, and thus a total number of photons equak#da)
=2, and in(c) for a superposition of three coherent states
«|a)+|ae' ™) +|ae'?™®) with a=1.51 (total average photons
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For values of|\| close to unity we may expani),|(¢) in
terms of (1-|\|?). Up to first order we have

P (#)=P(¢)+n(1—|\|]?)P(s)
(1-]\») <

2 2

n,m=0

n+m
nm

ei(n—m)qﬁ, (18)

wheren= Tr{éa”a} is the average number of photons in the
signal under examination. Substituting Ef8) into Eq.(17)
and using Eq(4), we obtain

n+m

)

2n

n (7 do| < o
o= ||, e "‘”(“

which shows that the distance between the two distributions
scales as the ratio between the intensity of the signal and that
one of the “probing” PCS.

Let us now conclude the paper, by summarizing the pro-
cedure to sample the canonical phase distribution.

(1) First, one has to consider the states coming from the
upconversion of twin-beam states, which in turn comes from
parametric amplification of the vacuum. These are states that
reliably approach the PCS in an experimentally achievable
working regime and for a wide range of output intensities.

(2) By means of a two-photocurrent detector, the overlap
between a phase coherent state and the input signal is mea-
sured. This represents a sample of the canonical phase prob-
ability at the valuep, where¢ is the phase of the considered
PCS, namely, the classical phase of the pump of the ampli-
fier.

(3) Then, by varying the phase of the pump, the overlap
with different phase coherent states can be measured, thus
overing the whole 2 window.

The precision with which the phase distribution is mea-
sured mostly depends on two parameters. These are the num-
ber of measured data for each “sampling the overlap” ex-
periment and the number of phases used in scanningihe 2
phase window. In fact, the larger the sample of data is, the
smaller can be the bins used to estin&{@,0). On the other

(a'a)=1). The distributions have been obtained by sampling théhand, a large number of scanning values for the phase distri-
overlap with phase coherent states with an average number of phbution offers the possibility of a detailed characterization of

tons equal to(:|a’a|]\)=10 (i.e., |A\|=0.95); 30 PCS's with
equally spaced phases|ir- 7,7r) have been used.

of scanning phases, we have a very good reconstruction of

the relevant features of the distribution.

In order to measure how close the measured distributio
P\(¢#) is to the ideal oneP(¢), we consider the Hilbert
one-distance

o(AD= [ delpo)-Ps)l  @n

the phase properties of the signal under examination.
The present measurement scheme is feasible with cur-
rently avalailable quantum optical technology.
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