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Phase-conjugate four-wave mixing with partially coherent laser fields
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We present results of our experimental investigations of phase-conjugate four-wave mixing in a nearly
Doppler-free, collisionless, two-level quantum system with a partially coherent non-Markovian laser field. The
two components of the laser field—an intense pump and a weak, time-delayed probe—are derived from a
single narrow-band cw laser source on which phase and frequency fluctuations conforming to the phase
diffusion model are superimposed. We carry out these measurements using theD2 transition in an optically
pumped diffuse beam of atomic sodium. We vary the pump intensity, laser bandwidth, and temporal delay
between the pump and probe, and measure the peak signal strength, the bandwidth, and the asymmetry of the
four-wave-mixing spectrum. For comparison with our experimental results of the peak signal strength, we also
analyze the same interaction numerically, through direct integration of the optical Bloch equations. The nu-
merical results are in good agreement with the measurements.@S1050-2947~99!00307-8#

PACS number~s!: 42.50.Gy, 32.80.2t, 42.65.Hw
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I. INTRODUCTION

Coherent interactions between laser fields and atomic
tems can be used to create coherent superposition states
unique properties. The coherence transferred to the atom
laser field is manifested in a variety of optical phenome
and coherent atomic systems, including, for examp
population-trapped~or dark! states, optical gain without a
population inversion, electromagnetically induced transp
ency, and photon echoes. Laser sources do not generally
duce perfectly coherent fields, however, and it becomes
interest to study how the partial coherence of a laser fi
influences these inherently coherent atomic states. In this
per, we report our experimental measurements of ph
conjugate four-wave mixing in a collimated, collisionle
atomic beam of two-level sodium atoms with a cw laser fi
whose frequency and phase are undergoing random fluc
tions.

The measurements which we discuss are directly rela
to a series of investigations which have been carried out o
the past decade and a half in which broadband nanosec
duration pulses have been used to drive various four-w
mixing interactions to measure subpicosecond relaxation
media. This effect was observed by Beach and co-work
@1# and by Asakaet al. @2#. In each case, the investigato
used a beam splitter to derive two broadband optical pu
from a single laser source, and directed these two pulses
a nonlinear medium~sodium vapor in Ref. @1# and
Nd31-doped silicate glass in Ref.@2#!. A schematic represen
tation of their experimental geometry is shown in Fig. 1~a!.
They measured the energy of the output pulse generated
a four-wave-mixing interaction propagating in the directi
2kW22kW1, where the wave vectors for the two input pulses
PRA 601050-2947/99/60~1!/508~10!/$15.00
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defined askW1 and kW2, as a function of the delay time,td ,
between the arrival of the two input pulses. A remarka
result of both of these measurements was that picosec
transient responses of the nonlinear media could be obse
using nanosecond duration lasers.

Morita and Yajima@3# presented a detailed analysis
this four-wave-mixing signal, valid in the limit of weak
fields, and showed that the temporal resolution was limi
by the correlation time of the optical field,tc . For broad-
band pulses, the correlation time is in general much sho
than the pulse durationtp . This result at first seems com
pletely contrary to experience and intuition.

The qualitative explanation for the mechanism for the

FIG. 1. Wave-vector diagram for four-wave mixing interactio
in the ~a! forward-beam geometry and~b! phase-conjugate geom

etry. In ~a!, input beams in the directionskW1 andkW2 produce a new

beam in the direction 2kW22kW1. In ~b!, counterpropagating pump

beams (kW f andkWb) and a probe beam (kW p) interact with the nonlin-

ear medium to produce the phase-conjugate beam (kW c).
508 ©1999 The American Physical Society
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PRA 60 509PHASE-CONJUGATE FOUR-WAVE MIXING WITH . . .
four-wave mixing ~FWM! results is perhaps best given
terms of the coherent optical effect known as stimulated p
ton echoes.~Ye and Shen@4# formalized the relationship
between photon echoes and the more general process of
wave mixing.! Stimulated photon echoes are observed wh
a sequence of three short, coherent pulses is incident up
medium. The coherent response of the system genera
temporally delayed optical output pulse. One can model
FWM interaction as the echo signal which would result wh
each input pulse consists ofN5tp /tc coherent subpulses
Each of the subpulses within the pulse is incoherent w
respect to all the others. A coherence of the medium se
by the medium’s interaction with thei th subpulse of the firs
pulse can be interrogated by thei th subpulse of the secon
pulse, but not by thej th subpulse of the second. Delay
between the optical pulses on the order of the atomic dep
ing time T2 or longer allow the coherence setup by the fi
pulse to die away before the mutually coherent subpulse
the second pulse arrives, so that the optical output vanis
This argument explains the sensitivity of the transient fo
wave mixing signal with nanosecond~or longer! broadband
input pulses to picosecond delays between the two in
pulses, with the temporal resolution of the measurement
ited by tc .

Time-delayed correlated pulses derived from lon
duration incoherent light sources were subsequently use
the measurement of relaxation rates in several syst
@5–11#. These include Cresyl fast violet dye in a cellulo
film @5#, alkali metal-argon mixtures@6#, sodium vapor@7#,
Rhodamine 6G dye in solution@8#, dimethylsulfoxide@9#,
carbon disulfide and nitrobenzene@10#, and semiconductor
doped glasses@11#. Dephasing times as short asT255 fsec
were reported in Ref.@11#.

A great deal of effort has gone into understanding th
effects when the field intensities approach or exceed the s
ration intensity for the transition. The use of time-delay
pulses derived from the same source, the basis of all th
experiments, constitutes a nontrivial problem for theoreti
analysis, especially at elevated intensities, since the t
field is non-Markovian. Field and system correlations b
come extremely complicated. Physically, we think of ea
pulse influencing the time evolution of the system, but in
statistically correlated way.

The group of Keller and Le Goue¨t have carried out a
series of theoretical and experimental investigations in wh
they explore the intensity dependence of four-wave mix
with broadband pulses@12–16#. Most of their work concen-
trated on the turn-on time of the four-wave mixing signal
the direction 2kW22kW1 as the delay time between the tw
pulses was varied through zero. In the weak-field limit, th
showed@12# that the turn-on time of the FWM signal con
sisted of two components. The time scale of the fast com
nent is the inverse of the~inhomogeneous! Doppler width of
the absorption line, while for the second it is the laser-pu
durationtp . For intense fields, they showed that the lifetim
of the excitation memory is given approximately bytc , the
correlation time of the field fluctuations, which can be mu
shorter than the effective interaction time@16#.

There are few theoretical analyses valid for arbitrary
tensities of each of the input pulses. Friedberg and Hartm
@17# and Tche´nio et al. @14# developed a diagrammatic tech
-
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nique for calculating the response of two-level atoms to
herent or incoherent laser fields, suitable for the analysis
time-delayed four-wave mixing. Finkelstein and Berm
@18,19# reported calculations of FWM by broadban
correlated pulses. In Ref.@18#, the first two pulses were in
tense and overlapping in time, while the third pulse w
weak, delayed~i.e., td.tp), and uncorrelated with the firs
two pulses. Their work showed that many spatially distin
beams can be created for strong input fields, and that
energy of these various signals can be comparable to
another. The low-order signals can exhibit a peak attd50
whose width is approximately given bytc . They also
showed that higher-order signals can exhibit an asymme
dependence on the delay time. In Ref.@19#, the authors con-
sidered a case similar to the experiments using two in
pulses described above. They showed that in this case
signal generated by the coherent interaction can also ex
a narrow peak of widthtc , as long as the Doppler width o
the nonlinear system is sufficiently narrow.

Four-wave mixing in the forward-beam geometry in
two-level atomic system by broadband continuous wave~cw!
laser fields was studied by Vemuri and co-workers@20,21#
by numerically integrating the optical Bloch equations for
two-level atomic system. They considered Gaussian fie
~random complex amplitude fluctuations! @20# and phase dif-
fusion fields~random phase–frequency fluctuations! @21#. In
all cases they calculated that the FWM signal initially d
creases with increasingtd . For high intensities and nearl
Lorentzian laser spectra, they reported that the FWM sig
reaches a local minimum, after which it increases towar
fixed intensity-dependent value. In the case of the phase
fusion model~PDM! field, they observed a slight modulatio
of the amplitude of the FWM signal as a function oftd at the
Rabi frequency of the interaction.

Phase-conjugate four-wave mixing~PCFWM!, as repre-
sented in Fig. 1~b!, by incoherent fields has received far le
attention over the years. In PCFWM, a forward and a ba
ward pump beam propagate exactly antiparallel to one
other, and a weak probe field is incident in a direction ma
ing a small angleu with respect to the forward pump beam
These input fields are all at the same frequencyvL . The
interaction with the nonlinear medium produces a fou
field component, also at the frequencyvL , which propagates
back on the incident probe beam. This field is called
phase-conjugate field, since it can be shown that its w
fronts are exactly reversed from those of the probe fie
Examples of PCFWM with broadband fields include sing
shot measurements of four-wave mixing spectra in a fla
@22#, PCFWM with incoherent pulses of near-resonant lig
in a sodium vapor cell@23#, and resonant four-wave mixing
in the OH radical in a methane-air flame@24#. Nonresonant
four-wave mixing with broadband fields was consider
theoretically in Ref.@25#.

A related phenomenon of optical absorption and gain o
weak cw PDM probe beam by a two-level atomic syste
driven by an intense time-shifted cw PDM laser field h
also been studied theoretically@26# and experimentally@27#,
with very close agreement between the two. The gain in
system displayed features similar to those we observe in
present work.
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Each of the experimental studies of FWM in the forwa
geometry@1,2,5–13,15,16# and FWM in the phase-conjugat
geometry@22–24# quoted above have been carried out
condensed phase or Doppler-broadened vapor-phase m
using the amplified spontaneous emission of a hig
pumped gain cell or a misadjusted mode-locked laser. W
there has been good overall agreement between theory
experiment, it is our goal to provide a more stringent tes
the theoretical techniques and results by performing a se
of experimental measurements under conditions which be
isolate the effects we seek to study. In the present report
discuss our detailed measurements of degenerate ph
conjugate four-wave mixing with partially coherent field
Our nonlinear medium is an atomic two-level system w
negligible collisional effects and minimal Doppler broade
ing. The laser field for our studies is derived from the c
output of a frequency-stabilized dye laser, onto which
impose random frequency and phase fluctuations. Thus
can control and characterize its statistical properties wit
the context of the fully quantitative phase diffusion fie
model. We measure the spectrum of the FWM signal as
tune the frequency of the pump and probe field through
atomic resonance frequency, as a function of the laser b
width, the intensity of the pump beam, and the delay ti
between the pump and probe components. We determine
peak signal strength relative to the FWM signal generated
narrow-band fields, as well as the spectral width and as
metry of the signal. We discuss our measurements in de
in Sec. II. We present our experimental results in Sec. III
this section we also present the results of a numerical an
sis of the peak signal strength of this interaction. We de
details of this analytical technique to the Appendix. We clo
with a brief conclusion in Sec. IV.

II. EXPERIMENT

In this section we discuss the experimental techniques
use for measurements of phase-conjugate four-wave mix
We show the geometry of the interaction in Fig. 1~b!. Our
primary objectives in setting up the experimental configu
tion were to define the nonlinear medium as a closed, t
level atomic system in a collision-free environment w
minimal Doppler broadening; to assure uniform intensity
the pump beam in the interaction region; and to use a la
field whose phase and frequency fluctuations are well c
acterized and controllable.

The experimental setup, shown schematically in Fig. 2
very similar to that which we have previously reported@28#,
except for additional provisions for superimposing phase
frequency fluctuations prescribed by the phase diffus
model onto the pump and probe laser fields. A compreh
sive discussion of this noise simulation methodology w
presented in Ref.@29#. For this system, we use voltage noi
generated by a commercial shot-noise diode source~which
produces Gaussian noise with a relatively flat noise sp
trum! to drive a voltage-controlled oscillator, producing
constant amplitude, fluctuating frequency rf signal. We lim
the bandwidth of the noise from the noise source to 6 M
to stay within the optimal operating range of the acous
optic modulator. We separately impose high-frequency ph
dia,
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~6–200 MHz! fluctuations onto the laser beam using
electro-optic modulator. The reasons for using a hyb
modulation technique of frequency modulation for low
frequency noise and phase modulation for high-freque
noise lie in the technical advantages offered by each in t
respective frequency ranges. These noise spectra are s
posed on well-stabilized~bandwidth;250 kHz! continuous-
wave-generated pump and probe beams.

The PDM is characterized by a constant amplitudeE0 but
fluctuating frequencyḟ(t)5df(t)/dt,

E~ t !5E0 exp$2 i @vLt1f~ t !#%. ~1!

The fluctuating phasef(t) is a random Gaussian variab
whose dynamics are analogous to those of the position
particle undergoing Brownian motion. The net result is th
for the spectrum of the Gaussian noise we employ, the
quency fluctuations are exponentially correlated,

Rḟ~t !5^ḟ~ t !ḟ~ t1t!&5bb exp~2butu!, ~2!

whereb21 is the correlation time of the fluctuations, andb is
the spectral density of the frequency fluctuations. The po
spectrum of the frequency fluctuations is Lorentzian
shape, with a 3-dB cutoff frequency ofb/2p. In the limit of
fast, low-amplitude frequency fluctuations~i.e., b@b), the
power spectrum of the optical field is nearly Lorentzian
shape,

PE~v!5
E0

2

2

2b

~v2vL!21b2
, ~3!

with a full width at half maximum~FWHM! of 2b. The
correlation time of this field istc5b21. We consider only
this limit in the present work, in whichb/2p5100 MHz and
2b/2p is 9.0, 14, or 24 MHz.

FIG. 2. Schematic diagram for the phase-conjugate four-wa
mixing experiment. Abbreviations in this diagram are used for
scanning Fabry-Perot interferometer~SFP!, the acousto-optic
modulator~AO!, the electro-optic modulator~EO!, the roof prism
~RP!, single-mode optical fibers~OF!, photomultipliers~PMT!, a
personal computer~PC!, polarizers~pol!, and quarter-wave retard
ers (l/4).



s

g

so

e

n
is
e

gl
a

b
he
ea
g

gl
wi
m
e
e

ion
io
t

f
s
i

he

e
id

th
se

a
am
nd
a
c

n
ak
ou

nl
n

pa-
d di-
ut
ut
e
-in

nal
ge

nd
be
the
e-
he

e
is

r-
hile

be
at
m
s

four
ser
ar-
ery
out

cy
ser
the

mp
sing
ve

les
lting

.

PRA 60 511PHASE-CONJUGATE FOUR-WAVE MIXING WITH . . .
We chose atomic sodium~specifically, we use theD2
transition atl5589.0 nm! as our nonlinear medium for thi
work, and use standard optical pumping techniques@30# to
produce a true closed, two-level atomic system consistin
the 3s 2S1/2,F52,mF52 ground state and the 3p 2P3/2,F
53,mF53 excited state. The saturation intensity at re
nance for this transition isI sat

0 56.33mW cm22, whereI sat
0 is

defined as

I sat
0 5

e0c\2g12G0

2um12u2
, ~4!

g12 is the transverse relaxation rate,G0 is the population
decay rate, andm12 is the transition dipole moment. Th
laser beam~labeled the preparation beam in Fig. 2! which
drives the sodium into the two-level system also serves
recover the atoms initially in theF51 ground state, helps to
collimate the atomic beam, and provides an error sig
which we use to control the frequency of the laser. We d
cuss the complete details of the preparation beam in R
@28#. The sodium atomic beam, generated using a sin
chamber effusive oven (300°), has a density in the inter
tion region of 2.73108 atoms per cm3. The atomic trans-
verse velocity distribution has a width~FWHM! of 300 cm/
sec, corresponding to a Doppler width of about 5 MHz.

In the interaction region, we cross the pump and pro
fields with the atomic beam at right angles to minimize t
Doppler broadening effects. The pump beam and probe b
are collimated, and nearly parallel to one another, crossin
an angle ofu;10 mrad. We vary the delay timetd between
the pump and probe beams by replacing one of the sin
mode optical fibers through which each beam passes
one of a different length. We produce the backward pu
beam by reflecting the forward pump beam back on its
after it exits from the vacuum chamber. The round trip tim
required for the pump beam to travel from the interact
region to the external reflector and back to the interact
region is;2 nsec. The beam radius~defined as the radius a
which the intensity drops toe22 of its on-axis intensity! of
the pump beam~1.42 mm! is four times larger than that o
the probe beam~0.34 mm!, assuring that as the beams cro
in the interaction region, the intensity of the pump beam
uniform to within 15% where the probe intersects it. At t
atomic beam density of our experiments, there are 1.53105

atoms within the volume of the interaction region, as defin
by the cross-sectional area of the probe beam and the w
of the atomic beam (;3 mm!.

We measure the weak-field absorption spectrum of
sodium beam in order to monitor the alignment of the la
beams, the alignment of the magnetic dipoles, the collim
tion of the atomic beam, and the density of the atomic be
We cancel the Earth’s magnetic field to within 10 mG, a
impose a field of about 0.5 G along the direction of prop
gation of the pump field. The width of the absorption spe
trum is typically 12.5–14.5 MHz, only slightly larger tha
the 10-MHz natural linewidth of the transition. The pe
absorption of the intensity by the sodium beam is ab
12%.

The phase-conjugate beam generated through the no
ear action of the atoms propagates counter to the directio
of
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the incident probe beam. We use polarization optics to se
rate the phase-conjugate beam from the probe beam an
rect it toward a photomultiplier. The photomultiplier outp
is amplified in a lock-in amplifier, with the reference inp
~at ;160 Hz! to the lock-in amplifier being generated by th
beam chopper of the probe beam. The output of the lock
amplifier is recorded by a laboratory PC using an exter
A/D converter, which concurrently records the scan volta
which indirectly tunes the laser frequency@28#.

For each value of the pump laser power, delay time, a
spectral width of the field, we scan the pump and pro
frequency together through the resonance frequency of
sodium D2 transition, and record the power of the phas
conjugate signal as a function of the optical frequency. T
intensity of the probe beam is held constant at 0.17I sat

0

(2-mW power!. Two typical spectra are shown in Fig. 3. Th
intensity of the pump beam for these two spectra
29 mW/cm254.6 I sat

0 . The data points shown as circles co
respond to the case where the laser noise is turned off, w
the 3 ’s correspond to a laser bandwidth~FWHM! of 24
MHz and delay time between the pump and pro
29.9 nsec520.31T2. Overall, we measure FWM spectra
five different values of the pump intensity ranging fro
0.07 I sat

0 to 12 I sat
0 , and at three different laser bandwidth

9, 14, and 24 MHz. For each measurement, we record
spectra, two with the laser noise on and two with the la
noise off. The FWM spectra with the laser noise on are ch
acterized by a broader width and lower peak value in ev
case. Each scan is of length 100 MHz, and requires ab
100 sec to accumulate.

The spectra often display a dip on the high-frequen
side, especially for large pump powers and narrow la
bandwidths. A moderate example of this can be seen in
narrow peak of Fig. 3. We believe this is a result of the pu
beam heating the transverse velocity of the atoms, decrea
the number of atoms available to contribute to the four-wa
mixing signal@28#.

FIG. 3. Typical FWM spectra. The data points shown as circ
correspond to the case where the laser noise is turned off, resu
in a laser bandwidth of;250 kHz, while the3 ’s correspond to a
laser bandwidth~FWHM! of 24 MHz at a delay time of -9.9 nsec
The pump beam intensity is 29 mW/cm254.6 I sat

0 for both.
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We have covered the entire range of pump intensi
which yield an acceptable signal-to-noise ratio for the pha
conjugate~signal! beam. The most significant source of noi
is laser light scattered from the windows of the vacuum s
tem. For pump intensities less than 0.07I sat

0 , the signal is
detectable, but very weak. For pump intensities greater t
12 I sat

0 , the signal strength is decreasing due to satura
effects, and we also observe an instability in the signal wh
makes it difficult to measure the FWM intensity accurate
We do not have an explanation for this instability, but inte
to study it in detail in a future work. For our beam densi
the maximum phase-conjugate reflectivity for narrow-ba
fields is ;1024, so that our 2-mW probe beam produces
0.2-nW phase-conjugate beam. The weakest signals we
tected were as small as 10 pW. From spectra like th
shown in Fig. 3, we determine the peak signal strength,
frequency width of the peak, and the asymmetry of the pe
We will present and discuss these results in Sec. III.

III. RESULTS AND DISCUSSION

In Figs. 4, 5, and 6, we show plots of the peak FW
intensity as a function oftd , the delay time between th
pump and probe beams. The curves shown in the three
ures are given for different laser bandwidths,b/p524, 14,
and 9 MHz ~FWHM!, respectively. The experimental da
for five different pump-laser intensities are shown in ea
figure by the diamond symbols (L). In these figures we also
present the results of a numerical computation of this in
action, represented by the solid lines. We present esse
details of these computations in the Appendix. For la
bandwidths ofb/p524 and 14 MHz, the intensities we us
are I /I sat

0 512, 4.6, 2.3, 0.46, and 0.185. The correspond
Rabi frequenciesV5@(I /I sat

0 )g12G0#1/2 at each of these

FIG. 4. Normalized FWM signal strength vs the delay time b
tween the pump and probe beams,td , for a laser bandwidth
~FWHM! of b/p524 MHz. The experimental measurements a
shown as diamonds, while the numerical results are given by
solid lines. The laser intensities (I /I sat

0 ) and Rabi frequencies
(V/2p) for the five figures are~a! 12 and 24 MHz,~b! 4.6 and 15
MHz, ~c! 2.3 and 11 MHz,~d! 0.46 and 4.8 MHz, and~e! 0.185 and
3.0 MHz, respectively.
s
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pump intensities areV/2p524, 15, 11, 4.8, and 3.0 MHz
respectively. As a point of reference, the natural linewidth
theD2 transition in sodium is 10 MHz. For the 9-MHz lase
linewidth data shown in Fig. 6, we use the same values
the pump beam intensity except for the lowest intens
which is 0.07 I sat

0 , corresponding to a Rabi frequency of 1
MHz. There are no adjustable parameters in the experime
or computational results shown in Figs. 4, 5, and 6. All of t

-

e

FIG. 5. Normalized FWM signal strength vs the delay time b
tween the pump and probe beams,td , for a laser bandwidth
~FWHM! of b/p514 MHz. The experimental measurements a
shown as diamonds, while the numerical results are given by
solid lines. The laser intensities (I /I sat

0 ) and Rabi frequencies
(V/2p) for the five figures are~a! 12 and 24 MHz,~b! 4.6 and 15
MHz, ~c! 2.3 and 11 MHz,~d! 0.46 and 4.8 MHz, and~e! 0.185 and
3.0 MHz, respectively.

FIG. 6. Normalized FWM signal strength vs the delay time b
tween the pump and probe beams,td , for a laser bandwidth
~FWHM! of b/p59 MHz. The experimental measurements a
shown as diamonds, while the numerical results are given by
solid lines. The laser intensities (I /I sat

0 ) and Rabi frequencies
(V/2p) for the five figures are~a! 12 and 24 MHz,~b! 4.6 and 15
MHz, ~c! 2.3 and 11 MHz,~d! 0.46 and 4.8 MHz, and~e! 0.07 and
1.9 MHz, respectively.
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PRA 60 513PHASE-CONJUGATE FOUR-WAVE MIXING WITH . . .
experimental measurements and the theory are in very g
qualitative agreement, and in many cases good quantita
agreement as well. In order to account for any variations
alignment, we report our results as the ratio of the pe
height of the FWM spectra with the laser noise turned on
the peak height taken with the narrow-band laser.

In each case, the FWM signal reaches a maximum va
when the delay timetd is small and negative. As the dela
between the pump and probe increases in the positive d
tion, the FWM signal decreases rapidly, with the slope
this decrease being the greatest for largeV and large laser
bandwidth. Similar behavior was observed in measurem
of fluctuation-induced gain in a weak phase-diffusing pro
beam interacting with a two-level system driven by a tim
delayed correlated phase-diffusing pump beam@26,27#, and
in numerical calculations of four-wave mixing in a forwar
beam geometry@20,21#. We have examined the maximum
slope of the unnormalized numerical curves, and find it p
portional toV2. For large delay~positive or negative!, the
pump and probe beams are largely uncorrelated, and
FWM signal approaches a long-delay-time value. The lo
delay-time value is;0.5 for largeV, but drops off signifi-
cantly for smallV. In many cases the FWM intensity reach
a minimum before rising to the long-delay-time value,
seen in both the numerical results and in the experime
results. At low pump intensities, there is no local minimu
in the figures, as the atomic coherence decreases mono
cally to reach the long-delay-time value. The signal stren
reaches this value bytd52T2, whereT2532 nsec, in nearly
every case. For delays longer than 2T2, the phase of the
atomic dipole set up by the pump is uncorrelated with
phase of the probe. The FWM signal for broadband lo
intensity fields is very small compared to the narrow-ba
case, as can be understood in terms of the spectral ove
between the laser spectrum and the atomic absorption li

Because of the complexity of the statistical properties
the field and of the evolution of the atomic system driven
this fluctuating field, we find it very difficult to develop
clear qualitative physical picture for this interaction whi
adequately describes the asymmetry of these peaks bet
positive and negative delay times. Our standard picture
the Bloch vector precessing about the electric-field vecto
obscured by the fact that only part of the dipole momen
phase matched to radiate into the phase-conjugate beam
evolution of this component of the dipole moment, which w
label s21

(21) , does not follow such a simple model. We c
gain some insight into this interaction, however, using o
numerical methods~described in the Appendix! to determine
the magnitude of the phase-conjugate four-wave-mixing
nal when the system is driven by a cw laser field wh
undergoes a single-phase jump of magnitudeDf. We con-
centrate our efforts on the time evolution of the real a
imaginary amplitudes ofs21

(21) . We allow the probe beam to
be delayed with respect to the pump beam bytd , consistent
with the experiments and calculations described above
the phase diffusion field. With the laser field turned on a
the phase at its initial value, the Bloch vector quickly reach
a steady-state condition, producing a phase-conjugate b
of constant amplitude. As the phases of the incoming pu
and probe field jump, however, the Bloch vector must c
verge on a new equilibrium value, with the phase of the n
od
ve
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dipole moment term also shifting by preciselyDf. In re-
gions of the standing wave pattern where the local Rabi
quency is large@2V cos(kW f•rW).T2

21#, the dipole undergoes
damped rapid oscillation, and the trajectory of the comp
dipole moment depends sensitively on the delay between
pump and probe beams. Even a difference in delay time
T2/10 produces a radically different response. From the
spect of attempting to understand the phase-conjugate s
as a function of delay, then, it is fortunate that the pha
conjugate signal is dominated by the contributions where
local Rabi frequency is small@2V cos(kW f•rW).T2

21#, where the
trajectories are, by comparison, very simple. At these int
sities, we observe that the initial response of the dipole m
ment, us21

(21)u, is always toward smaller magnitudes. This
illustrated in Fig. 7, where we show the calculated magnitu
us21

(21)u as a function of time for four different values oftd .
The local Rabi frequency for these curves is 0.97T2

21. After
the initial decrease, the dipole moment rises back to the e
librium value on a time scale of severalT2. There is no rapid
oscillation of the dipole term at these locations since
Rabi frequency and the decay rate are of approximately
same magnitude. We calculate that the decrease in the d
moment is greatest when the probe beam is delayed btd
.T2/2 ~the dashed line in Fig. 7!, or longer with respect to
the pump beam. Similarly, the decrease in the magnitud
the dipole moment is the smallest for slightly negative d
lays. In Fig. 7 the solid line corresponds to a delay time
td52T2/10. This behavior is similar to what we observe
the phase-conjugate signal for the phase-diffusing laser fi
With the phase-diffusing field, or course, the dipole term
constantly out of equilibrium with the laser field, as th
phase shifts for this field are random and continuous. No
theless, the tendency for phase jumps of the optical phas
suppress the magnitude of the dipole might still reasona
carry over to the phase-diffusing field, lending some level
understanding to this observation.

The peak FWM intensity is only a weak function of th
laser bandwidth,b, at high intensities. In this case the rap

FIG. 7. The magnitude of the phase-matched dipole momen
time for a laser field undergoing a single-phase jump of magnit
Df5p/10. The four curves correspond to delay times oftd5
2T2/10 ~solid line!, 0 ~dotted line!, 1T2/10 ~dot-dashed line!, and
1T2/2 ~dashed line!.
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oscillation of the system at the Rabi frequency domina
V@b,G0 ,g12, and the normalized FWM signal for smalltd
approaches unity, i.e., the fluctuations of the laser affect
signal strength only minimally.

We consider the experimental data shown for the high
pump intensity and the lowest pump intensity to be the le
reliable because of the smaller signal size and, in the for
case, the instability of the signal. There is some discrepa
between the normalized FWM signal strength for theory a
experiment for large delay times, as seen for example in
4~a!. Since the experimental values of the normalized FW
signal appear to approach the same value for large neg
and large positive values oftd , we have confidence in thei
reliability. Possible causes for the disagreement include~1!
the 2-nsec delay between the forward and backward pu
beams in the experiment,~2! the finite bandwidth (;250
kHz! of the narrow-band laser field,~3! the effect of the
transverse velocity distribution of the atomic beam, and~4!
small deviations between the synthesized laser spectrum
that of the phase diffusion model. None of these factors
included in the numerical simulations. We have previou
observed that the third of these plays an important role in
FWM signal strength for narrow-band fields@28#, but it is
not clear to us how the Doppler broadening effects may
different for narrow-band and broadband excitation.

Our experimental measurements show that the bandw
of the FWM signal is relatively independent of the del
time between the pump and probe fields. However, the ba
width of the FWM spectrum is a strong function of the las
bandwidth and the laser intensity. In Fig. 8, we show
mean of the FWM signal bandwidth as a function of las
intensity. Data are shown in this figure for laser bandwid
of 24 MHz (s), 14 MHz (*), and 9 MHz (h), and with the
external noise off (L). The solid line in this figure is the
result of the theory of Abrams and Lind@31#, as given in Eq.
~A9!, valid for excitation by a narrow-band laser field. Ov
the range of our measurements, the bandwidth of the FW
spectrum is a few MHz larger for the 14-MHz laser than
the 9-MHz laser. The bandwidth of the spectra for the 2

FIG. 8. Bandwidth~FWHM! of the FWM spectrum vs the in
tensity of the pump laser. Data are shown for laser bandwidth
24 MHz (s), 14 MHz (*), and 9 MHz (h), and with the external
noise off (L). The solid line is the result of the theory of Abram
and Lind@32# for monochromatic laser fields, as given in Eq.~A9!.
s,

e

st
st
er
cy
d
g.

ive

p

nd
re
y
e

e

th

d-
r
e
r
s

M
r
-

MHz laser is larger than that for the monochromatic laser
;20 MHz.

Although the widths of the spectra do not vary signi
cantly with delay, we do observe a strong dependence of
shapeof the FWM spectra on the delay time. For large las
intensity, large laser bandwidth, and small positive delay,
FWM spectra become very asymmetric. The peak FWM
tensity still occurs nearD50, whereD5vL2v21 is the de-
tuning of the laser frequency from the resonance freque
of the atomic transition,v21. The signal strength forD.0 is
enhanced, while forD, 0 it is depleted. In Fig. 9 we show
the peak asymmetry as a function oftd for b/p524 MHz
and I /I sat

0 54.6. We define the asymmetry of the peak
(D11D2)/2, whereD1 (D2) is the detuning of the laser o
the high- ~low-! frequency side of the peak at which th
FWM signal strength is decreased to one-half its peak va
We did not compute any FWM spectra for comparison w
the experimental data shown in Figs. 8 and 9, because o
excessive computation time required for this calculat
which would provide results of only secondary interest. W
consider the peak FWM signal to be of primary interest, a
therefore concentrated our computational efforts in that
rection.

IV. CONCLUSIONS

In this work we have explored the role of the partial c
herence of the laser field on phase-conjugate four-wave m
ing. By use of time-delayed pump and probe fields which
derive from the same source, the field statistics become n
Markovian, and complex correlations between the field co
ponents which drive the system become very important
the limit of a large pump intensity and short delays, the e
lution of the system at the Rabi frequency dominates
behavior, and the signal is relatively unaffected by the flu
tuations of the frequency and phase of the laser. As the d
time increases, however, the FWM signal rapidly decrea
due to opposing effects on the system evolution by the pu
and probe fields. For low intensities, we understand our
servations in terms of the spectral overlap of the laser sp

of

FIG. 9. Asymmetry of the FWM spectrum vs the delay timetd .
The spectral width of the pump and probe fields is 24 MHz, and
pump-beam intensity isI /I sat

0 54.6 (V/2p515 MHz!.
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trum and the natural linewidth of the atomic sodium used
the measurements. While the computational and experim
tal results are in reasonable agreement, we hope that t
experiments will stimulate the development of analytic
techniques and other theoretical efforts into the coheren
teraction of quantum systems with non-Markovian fields.
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APPENDIX: THEORY

In this appendix, we discuss our numerical analysis of
nonlinear interaction of a two-level quantum system with
phase-diffusing laser field which leads to the pha
conjugate four-wave mixing signal. The goal of this analy
is to determine the peak PCFWM intensity for comparis
with our experimental results. We integrate the optical Blo
equations for this system to determine the time evolution
the density matrix of the system. We evaluate these elem
for an arbitrary field strength of the pump laser, but we
strict the probe laser field to values much less than that
quired to saturate the transition. Our approach allows u
easily identify the terms which are properly phase matc
to radiate in the direction of the signal beam. This analy
has much in common with that presented in Ref.@28#, in
which we considered the effect of Doppler broadening
PCFWM with monochromatic fields.

The net field incident upon the atomic medium is given

EW~rW,t !5 ê$Ef cos„kW f•rW2vLt2f~ t !…

1Eb cos„2kW f•rW2vLt2f~ t !…

1Ep cos„kW p•rW2vL~ t2td!2f~ t2td!…%.

~A1!

5
1

2
$EW ~rW,t !e2 ivLt1EW * ~rW,t !eivLt%, ~A2!

where

EW ~rW,t !5 ê$Efe
ikW f•rW2 if(t)1Ebe2 ikW f•rW2 if(t)

1EpeikW p•rW1 ivLtd2 if(t2td)%. ~A3!

The field amplitudes of the forward pump, backward pum
and probe fields are given byEf , Eb , andEp , respectively.
We usekWb52kW f in Eq. ~A1! to represent counterpropagatio
of the forward and backward pump beams. All three bea
are degenerate at a frequencyvL , and the delay time be
r
n-
se

l
n-

s
e
l

ch

e

e

-
s
n
h
f
ts
-
e-
to
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n

,

s

tween the pump beam and the probe beam is given bytd .

The polarization of the laser field isê, and EW * (rW,t) is the

complex conjugate of the field amplitudeEW (rW,t). The for-
ward and backward pump beams form a standing-wave
tern in the medium, and are of nearly the same amplitu
(Eb.0.98Ef). We letEb5Ef in our analysis, and we do no
include the effect of the 2-nsec delay between the forw
and backward pump beams.

The temporal evolution of the quantum state of the atom
system is described by the equations of motion of the den
matrix,

ṙ2152 iv21r212
i

\
V21~r112r22!2

r21

T2
,

ṙ1152
i

\
$V12r212V21r12%1

r22

T1
, ~A4!

ṙ2252 ṙ11,

where the diagonal elements of the density matrix repres
the probability of occupation of the excited and grou
atomic levels~of energy\v2 and\v1, respectively!, and the
off-diagonal elements include the complex oscillatory dipo
moment, i.e. the coherence, of the system. The term\v21
[\(v22v1) represents the energy difference between
atomic states. The components of the interaction energy
trix are Vi j 52mW i j •EW(rW,t), where mW 5erW is the transition
electric dipole moment. The elements of the density ma
are a strong function of position because of the standi
wave pattern created by the counterpropagating pu
beams. The decay of the population of the upper state h
lifetime T15G0

21, while the coherence has a lifetimeT2

5g12
21 . Moving into a rotating frame through the substitutio

r215s21e
2 ivLt and r i i 5s i i and keeping only the term

which evolve at frequencies much less than optical frequ
cies, allows one to write

ṡ215S iD2
1

T2
Ds212

i

2\
mW 21•EW ~rW,t !W,

~A5!

Ẇ5
2W21

T1
1

i

\
$mW 21•EW ~rW,t !s122mW 12•EW * ~rW,t !s21%.

The population probability difference is given byW5r22
2r11, and since the atomic system is effectively closed~i.e.,
the atoms must be in one state or the other!, we user11
1r2251. The detuning of the optical frequencyvL from the
resonant transition frequencyv21 is given byD5vL2v21.
We next expand the dipole moments21(rW,t) and the popu-
lation differenceW(rW,t) in a power series of the factoreikW p•rW

from the probe field,

s21~rW,t !5s21
(0)~rW,t !1s21

(1)~rW,t !eikW p•rW1s21
(21)~rW,t !e2 ikW p•rW,

~A6!

W~rW,t !5W(0)~rW,t !1W(1)~rW,t !eikW p•rW1W(21)~rW,t !e2 ikW p•rW.
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When we gather terms from these equations according to common powers ofeikW p•rW, we arrive at a set of six coupled equation

S d

dt
1

1

T2
2 iD Ds21

(0)~rW,t !52 i @V~ t !cos~kW f•rW !W(0)~rW,t !1Vp~ t2td!W(21)~rW,t !/2#,

S d

dt
1

1

T2
2 iD Ds21

(1)~rW,t !52 i @V~ t !cos~kW f•rW !W(1)~rW,t !1Vp~ t2td!W(0)~rW,t !/2#,

S d

dt
1

1

T2
2 iD Ds21

(21)~rW,t !52 iV~ t !cos~kW f•rW !W(21)~rW,t !,

S d

dt
1

1

T1
DW(0)~rW,t !5 i @„2V~ t !cos~kW f•rW !s21

(0)* ~rW,t !1Vp~ t2td!s21
(1)* ~rW,t !…

2„2V* ~ t !cos~kW f•rW !s21
(0)~rW,t !1Vp* ~ t2td!s21

(1)~rW,t !…#2
1

T1
,

~A7!

S d

dt
1

1

T1
DW(1)~rW,t !5 i @„2V~ t !cos~kW f•rW !s21

(21)* ~rW,t !1Vp~ t2td!s21
(0)* ~rW,t !…22V* ~ t !cos~kW f•rW !s21

(1)~rW,t !#,

S d

dt
1

1

T1
DW(21)~rW,t !5 i @2V~ t !cos~kW f•rW !s21

(1)* ~rW,t !2„2V* ~ t !cos~kW f•rW !s21
(21)~rW,t !1Vp* ~ t2td!s21

(0)~rW,t !…#.
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The s21
(21)(rW,t) term represents the amplitude of the dipo

moment which radiates the phase-conjugate beam, as
cated by Eq.~A6!. V(t)5mW 21• êEfe

2 if(t)/\ is the Rabi fre-
quency of the Bloch vector due to the interaction of an at
with one pump beam, and Vp(t2td)5mW 21

• êEpe2 if(t2td)/\ is the Rabi frequency due to the intera
tion with the probe beam.

We simulate the phase diffusion laser field in our analy
using an algorithm developed by Foxet al. @32#. Their pro-
cedure uses a random number generator to produce a
quence of values for the laser frequency. We have evalu
the correlation function of the laser frequency and of
laser field, and find them to be in good agreement with
expected correlation functions.

Our analysis of the intensity of the four-wave mixing si
nal is carried out by numerically integrating Eqs.~A7!. We
let the transverse relaxation timeT2 be equal to twice the
population decay timeT1, consistent with the collision-free
trajectories of the atomic sodium beam. We choose the t
increment in the integration to beT2/1000. Initial conditions
for the Bloch vector ares21(0)50 andW(0)521 , i.e., all
the population is in the lower state, and the dipole momen
zero. We turn on the field and let the atomic system evo
for 3T2 in order to reach equilibrium with the fluctuatin
optical field. The pump field creates a standing-wave pat
in the medium, so the evolution of the atomic system
pends upon its location within the field. The FWM sign
intensity is proportional to the square of the sum ofs21

(21) ,
where the summation extends over the length of the inte
tion region. Since the field pattern is periodic, we carry o
the temporal integration at 41 different locations within t
standing-wave pattern, spaced byl/80 and extending from
one antinode of the field to the adjacent antinode, and s
di-

s

se-
ed
e
e

e

is
e

rn
-

l

c-
t

m

these dipole moments. The transverse intensity profile
pump beam is not a factor in these calculations, since in
experiment we use a probe beam whose diameter is s
compared to that of the pump. Within the dimensions of
probe beam, the intensity variations of the pump beam
small.

In order to determine the FWM signal intensity and
uncertainty, we compute the average signal for each 3T2
time interval. This integration time is long enough that t
average signal within one interval is statistically uncorrela
with the average signal over the previous or following inte
val. We compute the mean and the standard deviation of
mean using the values produced over the successive
vidual 3T2 intervals. The numerical integration continue
until the relative uncertainty of the FWM intensity decreas
below a value of 1% of the FWM intensity in the absence
noise, or until the interval of integration reaches 600T2,
whichever comes first.

One check on the validity of the expansion in Eqs.~A6!
and of this computational technique is to determine the a
plitude and bandwidth of the FWM signal under conditio
of excitation by a monochromatic source, i.e., with the la
frequency and phase noise turned off. We can then use
results of Abrams and Lind@32# for a direct quantitative
comparison. We showed these results in Ref.@28#. In the
limit of a small ~field amplitude! absorption coefficienta0 in
the medium of lengthL, and with the forward and backwar
pump beams of equal intensity, one can show that
Abrams and Lind theory yields

I FWM~D50!5~a0L !2
~2I /I sat

0 !2

~112I /I sat
0 !3

I p ~A8!

and
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DvFWHM5
2

T2

A~A3 221!~114I /I sat
0 !, ~A9!

for the intensityI FWM and spectral widthDvFWHM of the
phase-conjugate signal. Our numerical results are in ex
lent agreement with the analytic expressions of Eqs.~A8!
and ~A9!. We start to see some anomolies in our results
the pump intensity approaches 60I sat

0 , but this value is well
in excess of the intensities we can achieve in our exp
ments.
ys

. B
l-

s

i-

Using this technique, we have calculated the peak,
D50 FWM intensity, as a function of the delay time,td .
We normalized these intensities by dividing by the FW
intensity calculated for monochromatic fields. The results
these computations are shown in Figs. 4, 5, and 6. We
not compute any FWM spectra using this technique. T
numerical computations we have described require a g
deal of computer time, and we consider the peak FWM s
nal to be of greater interest than the spectra. Should FW
spectra be of interest, they could, of course, be determi
by numerical integration of Eq.~A7! for varying values ofD.
o-

er,

J.

v.

d

. A
@1# R. Beach and S. R. Hartmann, Phys. Rev. Lett.53, 663~1984!;
R. Beach, D. DeBeer, and S.R. Hartmann, Phys. Rev. A32,
3467 ~1985!.

@2# S. Asaka, H. Nakatsuka, M. Fujiwara, and M. Matsuoka, Ph
Rev. A 29, 2286 ~1984!; H. Nakatsuka, M. Tomita, M. Fuji-
wara, and S. Asaka, Opt. Commun.52, 150 ~1984!.

@3# Norio Morita and Tatsuo Yajima, Phys. Rev. A30, 2525
~1984!.

@4# P. Ye and Y. R. Shen, Phys. Rev. A25, 2183~1982!.
@5# M. Fujiwara, R. Kuroda, and H. Nakatsuka, J. Opt. Soc. Am

2, 1634~1985!.
@6# J. E. Golub and T. W. Mossberg, J. Opt. Soc. Am. B3, 554

~1986!; Opt. Lett.11, 431 ~1986!.
@7# N. Morita, K. Torizuka, and T. Yajima, J. Opt. Soc. Am. B3,

548 ~1986!.
@8# M. Tomita and M. Matsuoka, J. Opt. Soc. Am. B3, 560

~1986!.
@9# T. Hattori, A. Terasaki, and T. Kobayashi, Phys. Rev. A35,

715 ~1987!.
@10# K. Kurokawa, T. Hattori, and T. Kobayashi, Phys. Rev. A36,

1298 ~1987!.
@11# G. L. Huang and H. S. Kwok, J. Opt. Soc. Am. B9, 2019

~1992!.
@12# M. Defour, J.-C. Keller, and J.-L. Le Goue¨t, J. Opt. Soc. Am.

B 3, 544 ~1986!.
@13# M. Defour, J.-C. Keller, and J.-L. Le Goue¨t, Phys. Rev. A36,

5226 ~1987!.
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