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Microscopic theory of spatiotemporal multiwave mixing
in broad-area semiconductor laser amplifiers

Edeltraud Gehrig* and Ortwin Hess†

Theoretical Quantum Electronics, Institute of Technical Physics, DLR, Pfaffenwaldring 38-40, D-70569 Stuttgart, Germany
~Received 11 March 1999!

We investigate the interplay of multiwave-mixing processes with the microscopically coupled spatiotempo-
ral light field and charge carrier dynamics in broad-area semiconductor laser amplifiers. Our theoretical de-
scription is based on extended spatially resolved Maxwell-Bloch equations including on the microscopic level
spatiotemporal multiwave-mixing processes. Performing a third-order expansion in terms of the microscopic
carrier distribution, we include in our description both the effects of population pulsations of the total carrier
density at the beat frequency and the spatiospectral interactions of the light fields leading to gain nonlinearities
as well as spatial and spectral hole burning. Our simulations show that in a broad-area semiconductor laser
amplifier, spatiotemporal wave-mixing processes occur in both transverse and propagation directions of the
multifrequency optical beams employed in a typical excite-probe configuration.@S1050-2947~99!05312-3#

PACS number~s!: 42.55.Px, 42.65.Sf, 78.20.Bh
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I. INTRODUCTION

The physical effects associated with wave mixing in no
linear optical media have been in the center of interes
recent years, both experimentally@1–6# and theoretically
@7–14#. In the field of lasers, it is, in particular, the wav
mixing in semiconductor optical amplifiers which offers
variety of applications in optical communication and spe
troscopy and has thus attracted particularly strong attent
Most theoretical works on wave mixing in semiconduc
media have been based on the assumption of a thin~in di-
rection of light propagation! and transversely spatially homo
geneous sheet of semiconductor media. Notably, many
perimental configurations may very efficiently b
approximated on this basis. However, this is certainly
longer the case in a broad area or tapered semicondu
laser amplifier where, indeed, dynamically migrating opti
filaments as well as longitudinal self-structuring and se
pulsations may be the dominating phenomena@15,16#. More-
over, the spatiotemporal dynamics has as a consequence
the microscopic properties of the active semiconductor m
dia and the complex macroscopic light field dynamics
intrinsically coupled@17,15,16#. A consistent theoretical de
scription of wave-mixing processes in broad-area semic
ductor laser amplifiers thus should self-consistently inclu
this spatiotemporal interplay of microscopic and mac
scopic effects and thereby automatically comprise, e.g., n
linear spatiotemporal waveguiding, gain saturation and c
rier transport. At the same time, various dissipative proces
have a significant influence on these phenomena. Am
those are, in particular, the spatiotemporally varying carr
carrier and carrier-phonon relaxation and scattering. To d
however, in most theoretical descriptions those nonlineari
in the gain, index changes, and propagation are only tre
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within a perturbative calculation. In particular, spatial var
tions and counterpropagating effects are usually disrega
@18,19#.

It is the aim of this work to present a theoretical a
numerical description which includes on a microscopic le
~spatiotemporal! wave-mixing effects as well as the transpo
and thermal properties of semiconductor laser amplifiers
cussed in@16#. In our theory we specifically include th
~counter-!light-propagation and a light-matter interactio
considering all frequency components within the gain cu
of the semiconductor laser amplifier. For specificity, we
cus on the mixing and nonlinear interaction of a strong pu
field with a detuned weaker probe beam within the act
area of a broad-area semiconductor laser amplifier. We
extend and complement our previous studies on the prop
tion of two picosecond pulses in the optical resonator o
diode laser amplifier@20#. In that case, the formation of
trapped pulse reminiscent of a spatial optical soliton
caused by a combination of nonlinear index changes, s
focusing, and dynamic wave-mixing effects. In conce
these effects are the reason for a modified spatiotemp
dynamics of the optical field.

In the theoretical description of a ‘‘strong’’ and direc
wave-mixing process of various light field components o
curring inside semiconductor lasers, a different approac
necessary. To date one generally resorts to a separatio
two distinct regimes involving the extreme cases of mixi
processes which are~i! slow and~ii ! fast in comparison to
the carrier lifetime.

In the first case, i.e., for detuning frequenciesdv
,1 GHz, the productdvtsp,1 spatial modulations cause
by a local interaction of the light fields lead to modulatio
in the carrier density at the beat frequencydv. The effects of
such a wave-mixing experiment can be observed in semic
ductor lasers with small mode distances produced by, e.g
external cavity. With the modulations exceeding the G
regime, the carrier density can no longer follow the fast d
namics due to the relatively large carrier lifetime. In the se
ond case, with large detunings in the GHz to THz regim

-
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5036 PRA 60EDELTRAUD GEHRIG AND ORTWIN HESS
~where the product dvtsp.1), a second class o
mechanisms becomes relevant: The carrier-carrier
carrier- phonon-scattering processes occurring on a comp
tively fast time scale in the order of several hundred fem
seconds within the bands of the semiconductor can resp
to the beat frequency generated by the interplay of
waves. This modulation of the distribution of electrons a
holes over the different energy states of the bands can
observed, e.g., in short cavity semiconductor lasers w
large frequency differences between the modes.

In the case of wide transverse-section lasers such as
broad-area laser, however, both types of regimes and, in
ticular, the intermediate regime between the two extrem
may be relevant. It thus becomes necessary to include
the modulation of the spatiospectrally dependent intrab
dynamics of the carrier distributions and the modulation
the macroscopic spatiotemporally varying carrier density.
circumvent the usual artificial separation into the two
gimes, we perform a direct expansion of the microsco
Wigner distributions of electrons and holes as well as
interband polarization in terms of the unperturbed carrier d
tribution. This allows us to apply our wave-mixing theory
the whole range from 50 fsec to 5 nsec. Thereby the mo
interactions due to the slow population pulsations~nanosec-
ond regime! at the beat frequency of the participating bea
on the one hand and the spatial and spectral interact
leading to gain nonlinearities and mode competition via s
tial and spectral hole burning on a picosecond time scale
the other hand are simultaneously and self-consistently
tured by our theory. It is then via the dynamically varyin
interband polarizations that these microscopic coupl
mechanisms are dynamically transformed to the wave m
ing of the light fields.

In this work, we will specifically investigate the spa
tiospectral wave-mixing processes in a broad-area semi
ductor laser amplifier into which a strong pump beam an
weaker probe beam having a different frequency are injec
In Sec. II we will present and discuss the theoretical mo
which is the basis for the numerical results presented in S
III. Section IV concludes the paper.

II. MULTIWAVE MAXWELL-BLOCH EQUATIONS
FOR SPATIALLY INHOMOGENEOUS

SEMICONDUCTOR LASERS

In the following, we present a theoretical description
the microscopic multiwave spatiotemporal dynamics of s
tially inhomogeneous semiconductor lasers. For specific
we will concentrate on typical III-V semiconductor materi
systems, i.e., choosing the relevant parameters for
GaAs-AlxGa12xAs system. Although we will focus here on
simple setup involving an inverted semiconductor laser a
plifier with injection of a strong pump wave and a weak
probe wave, a generalization to the description of a m
complex situation involving the interaction of a multitude
coexisting optical fields in the active area will be straightfo
ward.

The microscopic dynamics of the carrier distributions
electrons~e! and holes~h! f e,h(k,r ,t) and the interband po
larization is governed by the semiconductor Bloch equati
@16#:
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]

]t
f e,h~k,r ,t !5g~k,r ,t !2ge,h~k,N!

3@ f e,h~k,r ,t !2 f eq
e,h~k,r ,t !#

2ge,h
LO~k,N!@ f e,h~k,r ,t !2 f eq,l

e,h ~k,r ,t !#

1Le,h~k,r ,t !2Gsp~k,r ! f e~k,r ,t ! f h~k,r ,t !

2gnr f
e,h~k,r ,t !,

~1!

]

]t
pnl

6~k,r ,t !52@ i v̄~k!1tp
21~k,N!#p6~k,r ,t !

1
1

i\
dcv~k!E6~r ,t !@ f e~k,r ,t !1 f h~k,r ,t !#

with

g~k,r ,t !52
1

4i\
dcv~k!@E1~r ,t !p1* ~k,r ,t !

1E2~r ,t !p2* ~k,r ,t !#1
1

4i\
dcv* ~k!

3@E1* ~r ,t !p1~k,r ,t !1E2* ~r ,t !p2~k,r ,t !#.

~2!

Thereby the interband polarization consists of a line
pl(k,r ,t), and a nonlinear part,pnl(k,r ,t), where the linear
part is given by

pl~k,r ,t !5
dcv~k!

\

1

v̄~k!2 i tp
21~k!

E6~r ,t !. ~3!

In Eq. ~1!, k denotes the carrier-momentum wave numb
r5(x,z) represents the lateral and longitudinal direction,
spectively. f eq

e,h(k,r ,t) is the carrier distribution in therma
equilibrium within the electron-hole plasma,f eq,l

e,h (k,r ,t) is
the carrier distribution in thermal equilibrium with the lattic
given by the corresponding Fermi function, andE6(r ,t) are
the counterpropagating optical fields in the active area. T
relaxation rates of spontaneous emission,Gsp(k,r ), nonradi-
ative recombination,gnr , the microscopically calculated
rates ge,h„k,N(r ),t… for the carrier-carrier scattering pro
cesses andge,h

LO
„k,N(r ),t… for the carrier-~longitudinal-

optical! phonon scattering @17#, and tp
21

„k,N(r ),t…
5@ge(k,N(r ),t)1gh„k,N(r ),t…# as well as the frequency
detuningv̄(k,Tl) between the cavity frequencyv and the
transition frequency pertain to the optical probe field.e,h is
the microscopic pump term anddcv is the optical dipole
matrix element@16#.

In order to describe a particular experimental setup,
which a strong optical pump field~wave numberk0) and one
or two additional weak beams~e.g., a probe beam, with wav
number k15k01Dk, and the generated conjugate sign
with wave numberk25k02Dk) are counterpropagating
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within the active layer of a semiconductor laser, the to
optical field is partitioned according to

E6~r ,t !5E0
6~r ,t !1E1

6~r ,t !eidvt1E2
6~r ,t !e2 idvt. ~4!

To derive equations describing the response of the carrie
the interaction of the various light fields, we use an ana
expansion for the Wigner distributions of the carriers and
interband polarization:

f e,h5 f 0~k,r ,t !1 f 1
e,h~k,r ,t !eidvt1 f 2

e,h~k,r ,t !e2 idvt,

pnl5pnl0
~k,r ,t !1pnl1

~k,r ,t !eidvt1pnl2
~k,r ,t !e2 idvt.

~5!
fo

n

r

l

to
g
e

Therebyf 0(k,r ,t) andpnl0
(k,r ,t) denote the carrier distribu

tion and the interband polarization, respectively, in the
sence of the additional fields,E1 andE2, anddv5v12v0

5v02v2 is the detuning between pumpE0 ~at frequency
v0) and probe field. Note that it is the fact that these exp
sions are performed on the microscopic level which—via
microscopic dynamics of the carrier distributions and the
terband polarization—will automatically lead to a se
consistent inclusion of the mixing and interaction of the o
tical fields as well as the modulation and response of
carriers to the light field dynamics. Inserting Eq.~4! into Eq.
~1! leads to the following expression for the spatiospec
dynamics of the total carrier distribution:
]

]t
@ f 0

e,h~k,r ,t !1 f 1
e,h~k,r ,t !eidvt1 f 2

e,h~k,r ,t !e2 idvt#

52
1

4i\
dcv$@E0

1~r ,t !1E1
1~r ,t !eidvt1E2

1~r ,t !e2 idvt#@p0
1* ~k,r ,t !1p1

1* ~k,r ,t !e2 idvt1p2
1* ~k,r ,t !eidvt#

1@E0
2~r ,t !1E1

2~r ,t !eidvt1E2
2~r ,t !e2 idvt#@p0

2* ~k,r ,t !1p1
2* ~k,r ,t !e2 idvt1p2

2* ~k,r ,t !eidvt#%

1
1

4i\
dcv$@E0

1* ~r ,t !1E1
1* ~r ,t !e2 idvt1E2

1* ~r ,t !eidvt#@p0
1~k,r ,t !1p1

1~k,r ,t !eidvt1p2
1~k,r ,t !e2 idvt#

1@E0
2* ~r ,t !1E1

2* ~r ,t !e2 idvt1E2
2* ~r ,t !eidvt#@p0

2~k,r ,t !1p1
2~k,r ,t !eidvt1p2

2~k,r ,t !e2 idvt#%

2ge,h~k,N!@ f 0
e,h~k,r ,t !1 f 1

e,h~k,r ,t !eidvt1 f 2
e,h~k,r ,t !e2 idvt2 f eq

e,h~k,r ,t !#1Le,h~k,r ,t !2Gsp~k,r !@ f 0
e~k,r ,t !

1 f 1
e~k,r ,t !eidvt1 f 2

e,h~k,r ,t !e2 idvt#@ f 0
h~k,r ,t !1 f 1

h~k,r ,t !eidvt1 f 2
e,h~k,r ,t !e2 idvt#

2ḡnr@ f 0
e,h~k,r ,t !1 f 1

e,h~k,r ,t !eidvt1 f 2
e,h~k,r ,t !edvt#. ~6!
ity
Finally we obtain to second order the following equations
the time-dependent light-field driven carrier dynamics~for
notational simplicity, thek, r , and t dependence have bee
omitted!:

]

]t
f 1

e,h52
1

4i\
dcv@~E1

1p0
1* 1E0

1p2
1* 2E1

1* p0
12E0

1* p2
1!

1~E1
2p0

2* 1E0
2p2

2* 2E1
2* p0

22E0
2* p2

2!#

2Gges
e,h f 1

e,h ,

]

]t
f 2

e,h52
1

4i\
dcv@~E0

1p1
1* 1E2

1p0
1* 2E0

1* p1
12E2

1* p0
1!

1~E0
2p1

2* 1E2
1p0

1* 2E0
2* p1

21E2
1* p0

1!#

2Gges
e,h f 2

e,h , ~7!

where we have approximated the spontaneous emission
with

Gsp~ f 0
ef 1,2

h 1 f 1,2
e f 0

h!'Gspf 0
h,ef 1,2

e,h . ~8!

Integration of Eq.~7! assuming only slowly varying field
amplitudes leads to
r

ate

f 1
e,h5

1

idv1Gges
e,h S 2

1

4i\ D @~E1
1p0

1* 1E0
1p2

1* 2E1
1* p0

1

1E0
1* p2

1!1~E1
2p0

2* 1E0
2p2

2* 2E1
2* p0

2

2E0
2* p2

2!#,

f 2
e,h5

1

2 idv1Gges
e,h S 2

1

4i\ D @~E0
1p1

1* 1E2
1p0

1* 2E0
1* p1

1

2E2
1* p0

1!1~E0
2p1

2* 1E2
2p0

2* 2E0
2* p1

2

2E2
2* p0

2!#, ~9!

with

Gges
e,h 5ge,h1gnr1Gspf

h,e. ~10!

Equation ~ 9! describes the changes in the carrier dens
originating from the additional light fields,E1 and E2, and
their interaction with the main field,E0.
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TABLE I. Fundamental material and device parameters of the broad-area (GaAs/AlxGa12xAs) semicon-
ductor lasers.

L ~cavity length! 750 mm
d ~thickness of active layer! 0.15 mm
nc @refr. index of the cladding layers (GaxAl12xAs)# 3.35
nl @refr. index of active layer~GaAs!# 3.59
l ~laser wavelength! 815 nm
R1 ~front facet mirror reflectivity! 1024

R2 ~back facet mirror reflectivity! 1024

tnr ~nonrad. recombination time! 5 ns
a0 ~exciton Bohr radius! 1.24331026 cm
m0 ~mass of the electron! 9.1093879310231 kg
me ~effective electron mass! 0.067m0

mh ~effective hole mass! 0.246m0

Eg(0) ~semiconductor energy gap atT50 K) 1.519 eV
Dp ~diffraction coefficient! 1831026 m
h i ~injection efficiency! 0.5
G ~confinement factor! 0.55/0.54
aw ~absorption! 30 cm21

vsr ~surface recombination velocity! 106 m/s
ns
e
n

za
ve
iza

he
i

ave
nd
ity.
ca-

car-
tal
er-
The
emi-

n
-
al
rier

ic

in

pli-
ari-
les
The expressions for the total carrier distribution functio
f e,h5 f 1

e,heidvt1 f 2
e,he2 idvt, can now be introduced into th

equation for the nonlinear part of the microscopic interba
polarization:

]

]t
~pnl0

6 1pnl1
6 eidvt1pnl2

6 e2 idvt!

52@ i v̄1tp
21#~pnl0

6 1pnl1
6 eidvt1pnl2

6 e2 idvt!

1
1

i\
dcv~E0

61E1
6eidvt1E2

6e2 idvt!@ f 0
e1 f 1

eeidvt

1 f 2
ee2 idvt1 f 0

h1 f 1
heidvt1 f 2

he2 idvt#. ~11!

An analytical expression for the coefficientspnl1
6 andpnl2

6 can

be obtained by considering Eq.@11# in adiabatic elimination,

pnl1
52

dcv

\

1

v̄12 i tp

@~ f 0
e1 f 0

h!E11~ f 1
e1 f 1

h!E0#,

pnl2
52

dcv

\

1

v̄22 i tp

@~ f 0
e1 f 0

h!E21~ f 2
e1 f 2

h!E0#, ~12!

which can be inserted in the full dynamical equation@11# for
the total interband polarization. The macroscopic polari
tions, which are related to the three optical fields, are gi
by the summation over the respective interband polar
tions,

Pi~r ,t !5
2

V (
k

dcvpi~k,r ,t !, ~13!

whereV is the volume of the active layer. They enter t
wave equations which describe the spatiotemporal dynam
of the counterpropagating optical fields~c.f. @16#!:
,

d

-
n
-

cs

6
]

]z
E0,1,2

6 ~r ,t !1
nl

c

]

]t
E0,1,2

6 ~r ,t !

5
i

2

1

Kz~l!

]2

]x2
E0,1,2

6 ~r ,t !2S a

2
1 iD DE0,1,2

6 ~r ,t !

1
i

2

G

nl
2e0L

P0,1,2
6 ~r ,t !. ~14!

Kz(l) contains the wavelength dependence of the w
numberKz, a denotes the linear absorption coefficient, a
D models the passive waveguiding structure of the cav
The spatiotemporal varying carrier density is at every lo
tion given by

N~r ,t !5(
k

f e,h~k,r ,t ! ~15!

and thus includes every modulation and response of the
riers, i.e., the interband dynamics without change in to
density and also the density modulation via the slow int
band dynamics, each with their respective time scale.
material and structural parameters of the broad-area s
conductor lasers amplifiers are summarized in Table I.

The set of equations, Eq.~1! with Eq. ~9! together with
Eqs.~14! and~15!, is the basis for our numerical simulatio
and in the following will be applied to model typical pump
probe situations. Additionally, the spatiotempor
temperature-related dynamics of the nonequilibrium car
distributions is considered on the basis of hydrodynam
equations derived from the Boltzmann equation@16#. Spe-
cifically, we analyze the situation schematically depicted
Fig. 1, where a strong pump beam at frequencyv0 and a
positively (v15v01dv) or negatively (v25v02dv) de-
tuned weak probe beam are injected into a broad-area am
fier. The consideration of the spatial dependence of all v
ables generally allows modeling arbitrary injection ang
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and beam profiles. As examples, we will pick the followin
cases: parallel injection of both beams with small (dvtsp
,1) and strong (dvtsp.1) negative detuning, parallel in
jection with small positive detuning, as well as the situati
of a weakly negatively detuned probe beam at oblique in
dence.

III. SPATIOSPECTRAL WAVE MIXING
IN BROAD-AREA LASERS

Figure 1 illustrates the typical wave-mixing configuratio
in a broad-area semiconductor laser amplifier~here with
length L5750 mm, width w5100 mm, and central wave-
length ofl5815 nm): A strong pump fieldE0 ~here consid-
ered as a Gaussian beam with a full width at half maxim
of 50 mm and total power of 5 mW! whose central frequenc
v0 lies within the gain curve of the~antireflectivity-coated!
semiconductor laser amplifier is injected from one side. N
to the forward-propagating wave~i.e., in the direction of the
injection!, a counterpropagating wave of equal frequency
excited by the interaction of the light field with the activ
medium: The spatiospectral carrier dynamics leads to s
tially varying density distributions which via the induced r
fractive index act as a diffraction grating for the forwar
propagating wave. The immediate response of the ac
medium to the incoming wave is thus a backward travel
wave which from there on coexists with the former. Ev
though the second wave is in comparison to the forwa
propagating wave of considerably lower intensity, its ex
tence is important for the spatiotemporal behavior of
device—in particular in a wave-mixing situation which du
to the microscopic coupling of the light fields reacts rath
sensitively to spatiospectral variations.

The second light beam injected into the laser, markedE1
in Fig. 1, is a probe beam of relatively low intensity (5mW)
at frequencyv02dv (dv being the pump-probe detuning!
which may be injected in parallel to the pump beam or w
oblique incidence. The nonlinear interaction between
pump field and the probe field~which also consists of for-
ward and backward traveling field contributions! and in par-
ticular their microscopic coupling via the active medium c
ates a third wave atv01dv. Depending on the beam an
material characteristics, geometrical configuration, as we
frequency detuning, the three optical waves can spatiot
porally develop quite differently.

The microscopic approach discussed above allows
principal an analysis of small frequency detunings~MHz re-
gime! as well as large detunings~GHz regime!, since the

FIG. 1. Scheme of the wave-mixing setup: a strong pump be
and a weak probe beam of different frequency are optically injec
into a broad-area semiconductor laser amplifier.
i-

t

s

a-

e
g
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r

e
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physical mechanisms responsible for the energy transfe
each frequency and corresponding time regime are each
sidered with their respective time scale. These are, in part
lar, the fast intraband carrier-carrier and carrier-phonon s
tering processes in the case of small frequency detunings
the slow population pulsations of the carrier density in t
case of the large detuning. With the spatial transport
charge carriers occurring on a picosecond (10 ps,. . . ,5 ns)
time scale and the energy transfer via various carrier-pho
scattering processes also spanning the whole time reg
from picoseconds to nanoseconds, it is thus important to c
sider all these effects in their full spatiospectral depende
and, in particular, their coupling in the microscopic and ma
roscopic domain.

In the following we will discuss two representative e
amples with frequency detunings of 100 MHz and 3 GH
and compare the parallel beam propagation with the confi
ration involving a probe beam which is injected at an an
of 25 °. In addition, we will visualize the difference betwee
the low- and high-frequency injection of the probe bea
with respect to the pump beam arising from band struct
and carrier occupation effects. Since the microscopic dis
butions give more complete information and a better insi
into the spatiospectral interactions than the macrosco
fields ~such as intensity or density!, we will in the following
particularly use the microscopic Wigner distributions of t
electrons and the interband polarization in our discussion
the spatiotemporal wave-mixing situation.

For the case of two beams propagating in parallel, F
2–5 display snapshots of the nonequilibrium Wigner dis
butions of the electronsd f e5 f e(k,x5w/2,z,t i)2 f eq

e (k,x
5w/2,z,t i) as well as the real and imaginary parts of t
nonlinear interband polarization,pnl8 5pnl8 (k,x5w/2,z,t i) and
pnl9 5pnl9 (k,x5w/2,z,t i), respectively. Note that for reason
of visualization only their dependence on the longitudinal~z!
direction, i.e., the direction of propagation, is displaye
while the full space dependencer5(x,z) is considered in the
simulations. In the case of oblique incidence, we will sho
the transverse dependence~Fig. 6! at three longitudinal po-
sitions pnl8 5pnl8 (k,x,z50,L/2,L) and pnl9 5pnl9 (k,x,z)
50,L/2,L) ~front facet, middle, back facet! while the longi-
tudinal distributions in our example are qualitatively ve
similar to the case of the parallel propagation~since for in-
jection of the probe beam at a lateral position near the pu
beam and the rather large lateral extension of the bea
both lead to a permanent spatiospectral overlap of the l
fields!.

A. Spatiospectral holeburning

The nonequilibrium Wigner distribution of the electron
is visualized in Fig. 2 in dependence on the propagation
rection~z! and frequency~in units of the exciton-Bohr radius
a051.29531026 cm) for a frequency detuning of 100 MH
and an injected probe beam~5 mW! at v052pc/l0 with
l05815 nm and a probe beam atv5v02dv(5 mW). The
unperturbed contribution displayed in Fig. 2~a! shows the
typical spatiospectral hole—representing local stimulated
herent emission—which during propagation of the pum
beam spectrally broadens. At the same time, carriers are
cumulated by the carrier-phonon coupling at neighboring f

m
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quencies leading to energy transfer in the frequency dom
Figure 2~b! displays the sum of the changes created by
propagation and interaction of the three optical fieldsE0 ,
E1, andE2 in the Wigner distribution of the electrons. Du
to the relatively small detuning, their contributions sp
tiospectrally overlap close to the central frequencyv0 form-
ing a spatiospectral trench which adds to the unpertur
distribution of Fig. 2~a!. Due to the different amplitudes o
E0 , E1, andE2, this trench appears spectrally slightly asym
metric.

With the complex interband polarizationpnl being directly
related to the microscopic susceptibility, its real and ima
nary parts can be used to visualize the combined spatial
spectral changes in the microscopic generation rate an
the carrier-induced refractive index. The complex interba
polarization pnl thus contains information on the dynam
variation of the spatiospectral distribution of both the ga
and the refractive index.

B. Small detuning

The left column of Fig. 3 displays the contributions of th
real part of the nonlinear polarization belonging~a! to the
pump fieldE0 , pnl8 at v0, ~b! to the probe field,pnl18 at v0

2dv, and ~c! the conjugate contribution,pnl28 at v01dv,
which has been created via the interaction of pump

FIG. 2. Wigner distribution of the electronsf e(k,z,t)
2 f eq

e (k,z,t) ~a!, and sum of the contributionsf 1
e(k,z,t) and

f 2
e(k,z,t) in the case of parallel injection of the pump beam~5 mW!

and the probe beam (5mW) of lower frequency, respectively. Th
frequency detuning is 100 MHz.
in.
e

-

d

-

i-
nd
in
d

d

probe beams in the medium. They visualize the depende
of the fields on propagation (z axis! and on frequency~scaled
in multiples of the exciton-Bohr radiusa051.295
31026 cm). In Fig. 3 the frequency detuning between t
pump and probe wave is 100 MHz. The right column of F
3 displays the respective imaginary contributions in the
larization. The real part of the pump and probe contributi
Figs. 3~a! and 3~b!, respectively, shows the formation of
spatiospectral trench which increases in the propagation
rection. This can be understood on the basis of carr
induced changes in the nonlinear frequency-dependent
fractive index which increase during propagation. T
distributions show distinct changes in sign in both frequen
and space domain. With the real part of the polarization
ing related to the inverse of the carrier-induced refract
index, one can detect a typical dispersion form. The rat
moderate injection current leads during propagation to
transition from absorption to gain, visualized by the chan
in sign. The imaginary part displayed in Fig. 3 for the pum
~d! and the probe wave~e! can be understood as a sp
tiospectral gain distribution. The positive values at the fro
facet (z50) reveal absorption, which is the cause of an a
cumulation of heated carriers at high-frequency values. T
change towards negative values during the propagation
the other hand, visualizes the carrier depletion near the b
gap being related to gain. Since the amplifier current w
only slightly above the threshold value, the polarization
the absorption and gain regime is of similar magnitude. T
pump-probe detuning is rather small compared to typical a
plifier gain curves, which are spectrally rather broad
('50 nm). Thus, the spectrally dependent gain and in
changes affecting the pump and the probe wave are qua
tively the same. The respective trenches which are forme
the interband polarization distributions thus are also of si
lar shape. For higher amplifier currents, the carrier deple
caused by the two modes and their interaction leads t
higher gain for the main field and a damping of the seco
injected field.

The modulation of the interband carrier dynamics at
beat frequencydv of the pump and the probe wave no
leads to the formation of an optical field atv1dv, which
can be seen in Figs. 3~c! and 3~f! for the real and imaginary
parts of the interband polarization, respectively. The trans
of carriers and energy occurs due the carrier-carrier
carrier-phonon interactions in the space and frequency
main. They happen on a psec tomsec time scale and can thu
respond to the interaction and beating of the light fiel
Since the amplitude of this third field is very weak, the ove
all gain is more strongly reduced by the pump and pro
field so that the amplitude of the conjugated waveE2 is
reduced.

If the injection of the probe beam occurs on the hig
frequency side of the pump beam, as displayed in Figs. 4~a!–
4~f!, we see a qualitatively similar behavior. Thus the carr
and energy transfer in space and frequency domain ca
principle occur towards higher as well as lower energy v
ues. However, the corresponding density of states in the
lence and conduction bands as well as the occupation of
bands described by the semiconductor Bloch equations
to an asymmetry in distributions of the gain and the induc
refractive index caused by an asymmetric transfer of carr
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FIG. 3. Wigner distribution of
the real part of the nonlinear inter
band polarizationpnl8 (k,z,t) ~left
column! and the imaginary part of
the nonlinear interband polariza
tion pnl9 (k,z,t) ~right column! for
the situation of parallel injection
of a pump beam~5 mW! and a
probe beam (5mW) of lower fre-
quency. The frequency detuning i
100 MHz.
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and energy. Comparing the amplitude ofpnl1
in Fig. 4~b!

with the amplitude ofpnl2
in Fig. 3~c!, one can verify that,

indeed, this asymmetry leads to an increased amplitud
pnl1

for the transfer fromE2 with v5v1dv to E1 with v

5v2dv, i.e., from higher towards lower frequencies.

C. Large detuning

At first glance, the distribution of the real@Figs. 5~a!–
5~c!# and imaginary parts@Figs. 5~d!–5~f!# of the nonlinear
interband polarization in the situation of strong detuning
hibits a very similar behavior to the case of small detun
discussed above~Fig. 3!. However, since the spectral dis
placement of the resonant frequencies of the three waves
changed, the overall gain and refractive index change of
in

-
g

as
e

waves is altered. The wide distance in frequency dom
leads to a decrease in the efficiency of the light-field–ma
interaction@see Eq.~13!# and thus to a weaker coupling i
comparison to the situation of the small detuning discus
above. Thus the spectrally dependent carrier inversion
gain of the injected probe beam is less reduced by the in
ence of the pump beam~i.e., its finite phase relaxation an
spectral carrier depletion and the resulting carrier relaxa
and scattering!, and the amplitude of the real part and th
imaginary part of the nonlinear interband polarization
higher than in the case of the small detuning, although
injected power is the same (5mW). In addition, a small
frequency drift can be observed during the propagation of
probe beam. It is caused by the nonlinear interaction of th
two beams, which increases during propagation due to
increased power. The polarizationpnl2 of the conjugate wave
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FIG. 4. Longitudinal depen-
dence of the Wigner distribution
of the real part of the nonlinea
interband polarizationpnl8 (k,z,t)
~left column! and the imaginary
part of the nonlinear interband po
larization pnl9 (k,z,t) ~right col-
umn!. The pump beam~5 mW!
and the probe beam (5mW) are
strongly detuned (dv53 GHz).
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shows a lower amplitude in both the real and imagin
parts, since the rather weak coupling of the pump-probe
teraction keeps the amplitude of the conjugate wave a
strongly damped level. At the same time, the conjugate w
is spectrally situated within the absorption regime, efficien
preventing an induced change from absorption towards g

D. Oblique incidence

The spatiotemporally resolved calculation of the prop
gating fields in the active area allows one to investigate
namic spatiospectral changes in the Wigner distributions
arise from different beam properties or injection conditio
Thus one can vary not only the power and wavelength of
pump and probe beam but also the beam width as we
y
-
a
e

y
in.

-
-

at
.
e

as

injection angle and lateral position of injection, which
concert lead to different dynamic spatiospectral overlap d
ing propagation. As an example, we will consider a situat
where the pump beam propagates perpendicular to the f
and back facets of the amplifier while the probe beamv
5v2dv, dv53 GHz) is injected at an angle ofa525 °,
20 mm below the center of the amplifier. Due to the rath
large spatial overlap of the two beams during their propa
tion ~each having a beam waist of 50mm), the longitudinal
dependence of the Wigner distributions shows a qualitativ
very similar behavior. In the following, we thus focus on th
transverse dependence of the Wigner distribution of the
terband polarization of the probe beam,pnl1, displaying the
distributions at three longitudinal positions. Figure 6 visu
izes the real part,pnl18 , in the left column@Figs. 6~a!–6~c!#,
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FIG. 5. Wigner distribution of
the real part of the nonlinear inter
band polarizationpnl8 (k,z,t) ~left
column! and the imaginary part of
the nonlinear interband polariza
tion pnl9 (k,z,t) ~right column! for
the situation of parallel injection
of the pump beam~5 mW! and the
probe beam (5mW) of higher
frequency at small detuningdv
5100 MHz.
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and the imaginary part of the polarization of the probe bea
pnl18 @Figs. 6~d!–6~f!#, in the right column. Figures 6~a! and
6~d! shows typical snapshots at the front facet, atz50, i.e.,
right after the optical injection. Due to the oblique inciden
of the probe beam, a phase modulation can be observe
the lateral dependence. One can see from the amplitud
the distribution that the light field is injected laterally di
placed with respect to the center of the facet. In the middle
the amplifier, atz5L/2, as displayed in Figs. 6~b! and 6~e!,
the probe light field has already propagated towards the
ter increasing the spatiospectral overlap with the pump be
,

in
of

f

n-
m.

This is also verified in Figs. 6~c! and 6~f!, in the real@Fig.
6~c!# and imaginary@Fig. 6~f!# part of the nonlinear inter-
band polarization of the probe field. An interesting effe
which has already been observed in@20#, is that the propa-
gation of the probe beam inside the semiconductor plas
significantly deviates from the path projected by geometri
optics. The increased intersection area in Figs. 6~b! and 6~e!
leads to a trapping of the weak probe beam caused by
spatio-spectral gain, thus staying more or less in its late
position when advancing from the situation displayed
Figs. 6~b! and 6~e! to z5L displayed Figs. 6~c! and 6~f!.
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FIG. 6. Lateral cuts of the
Wigner distributions of the rea
part of the nonlinear interband po
larization pnl18 (k,x,t) ~left col-
umn! and the imaginary part of
the nonlinear interband polariza
tion pnl19 (k,x,t) ~right column! of
the probe beam. The pump bea
~5 mW! is propagating in a direc-
tion perpendicular to the facets o
the amplifier facets and the prob
beam (5mW) is injected 20mm
below the middle of the facet at a
injection angle of 25 ° with re-
sepct to the surface normal.
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IV. CONCLUSION

In conclusion, we have theoretically investigated the d
namic spatiospectral propagation and wave mixing of opt
fields within the active area of a broad-area semicondu
laser. In a novel theoretical description of spatiospec
wave mixing based on Maxwell-Bloch equations for sp
tially inhomogeneous semiconductor lasers, we show th
microscopic treatment involving a third-order expansion
terms of the carrier distributions unites and bridges two p
viously distinct limits. This allows us to consistently includ
various relevant interactions and physical mechanisms w
-
l

or
l

-
a

-

th

time constants ranging from the subpicosecond to the na
second regime. Those are, in particular, microscopic s
tiospectral interactions of the light fields leading to gain no
linearities and spatial and spectral hole burning as well
nonequilibrium dynamics of the carrier temperatures, car
transport, population pulsations, optical self-focusing, a
diffraction. It is the combined consideration of these effe
within our microscopic treatment which allows an investig
tion of small ~MHz! and large~GHz to THz! detunings as
well as detunings in the intermediate regime~MHz to GHz!
of the propagating light fields. It thus offers a new detail
analysis of wave-mixing phenomena in nonlinear media
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which the lateral and longitudinal dependence as well
counterpropagation effects are taken into account.

Results obtained from extensive numerical simulatio
demonstrate that the Wigner distributions of the electr
and the interband polarizations reveal—due to their simu
neous dependence on frequency, space, and time—the
evant spectral and spatial time scales involved in the ca
and light-field dynamics. In particular, they visualize d
namic spatiospectral carrier and energy transfer, mode c
petition within the bandwidth of the amplifier with its depe
dence on the detuning, spatiospectral hole burning,
induced gain and index variations. It could thus be dem
strated that in spatially inhomogeneous semiconductor
dia, those processes determine the spatial and spectral
ki,

.

s

s
s
-

rel-
er

m-

d
-

e-
op-

erties of the light fields along with their way of propagatio
As a result, radiation may be guided or even trapped by
carrier plasma in the semiconductor medium.

Generally, the theoretical description may be applied, e
to spatiotemporal pump-probe situations with short opti
pulses providing information of the temporal and spat
pulse shape, dynamic frequency changes, nonlinear
tiospectral gain saturation, or the investigation of mate
properties and calculation of relevant time scales. Thus
microscopic theory of dynamic spatiospectral wave mixi
provides the basis for a theoretical description and anal
of a whole class of pump-probe experiments and allows
identification and quantification of the underlying physic
interactions.
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