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Phase-dependent nonlinear optics with double-L atoms

E. A. Korsunsky and D. V. Kosachiov*
Institut für Experimentalphysik, Technische Universita¨t Graz, A-8010 Graz, Austria

~Received 27 May 1999; revised manuscript received 2 August 1999!

We present a theory of a continuous-wave light propagation in a medium of atoms with a double-L
configuration of levels. This is a configuration with a closed cycle of radiation-induced transitions. An inter-
ference of excitation channels in such closed-loop systems leads to a strong dependence of the atomic state on
the relative phase and the relative amplitudes of applied electromagnetic waves. Therefore, the medium re-
sponse may be controlled by the phases. On the other hand, the phases themselves change during the propa-
gation. Thus the state of the medium and all the field parameters are tightly coupled to each other in the present
problem. We consider the propagation of four-frequency laser radiation through the double-L medium for two
situations. At resonant or near-resonant excitation of atoms, both the medium and the field evolve into a
nonabsorbing state. This state implies specific coherent superposition for atoms~‘‘dark state’’!, and particular
relations for the field phases, amplitudes, and frequencies. In this way, the propagation results in the phase,
amplitude, and frequency matching of the laser waves. In the second case, oneL system in double-L atoms is
excited resonantly, while the secondL system is far off resonance. Such an excitation scheme ensures the
preparation of atoms in the nearly dark state throughout the medium. Therefore, the total light energy is
dissipated very weakly, whereas each individual laser wave can vary considerably along the propagation path.
We have found that the resonant fields change as much as the far-detuned ones. The intensities oscillate
sinusoidally with the optical length, with the energy being transferred back and forth between two waves in
each frequency pair, resonant and far detuned. This gives the possibility for an almost lossless amplification of
two of the laser waves, or an even generation of one of them.@S1050-2947~99!04412-1#

PACS number~s!: 42.50.Gy, 32.80.Qk, 42.50.Hz
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I. INTRODUCTION

Nonlinear optics has recently gained a new impetus w
the introduction of the effects of quantum interference a
atomic coherence into the field. The interference of exc
tion channels in quantum systems~atoms! composing a me-
dium allows one to modify and control optical properties
this medium. It has been found, for example, that in mu
level schemes interference can be destructive for linear
ceptibility ~absorption and refractive index!. A strong reduc-
tion of the resonant absorption has given the na
‘‘electromagnetically induced transparency’’~EIT! to the
group of effects using quantum interference in nonlinear
tics @1#. Especially promising is the use of EIT in nonline
optical wave-mixing processes, because the reduction of
linear susceptibility may be accompanied by an enhancem
of the nonlinear susceptibility, leading to a dramatic e
hancement of the frequency conversion efficiency@2–10#.
Moreover, the generated field components can posses
most perfect noise~including quantum noise! correlations,
since the resonant absorption and associated noise proc
are strongly suppressed@5,11#.

A useful interpretation of the EIT phenomenon is given
terms of the so-called ‘‘dark state,’’ which is an atomic sta
superposition not excited by the radiation. The preparatio
atoms in this superposition~the process referred to as ‘‘co
herent population trapping’’~CPT! @12#! eliminates the ef-
fect of the medium on a propagating beam of electrom

*Permanent address: Tyumentransgas Co., 627720 Yug
Russia.
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netic ~e.m.! radiation. In fact, the dark state is created v
destructive quantum interference, which requires spec
conditions on the interaction parameters such as laser
quencies, phases, and Rabi frequencies of involved tra
tions. In many situations, however, the dark state may e
for any ~mean! field phases and intensities. The only nece
sary condition is a multiphoton resonance of the ato
radiation interaction. As long as the laser fields do n
change or change adiabatically, the dark state can be alw
found, and atoms can be prepared in this state by opt
pumping in the continuous-wave~c.w.! regime or by adia-
batic following in the pulsed regime.

The present paper deals with EIT in the medium of fo
level atoms in a double-L configuration ~Fig. 1!. This
scheme is a closed-loop system in which atomic transiti
form a closed cycle. A peculiarity of such systems is t
dependence of the atomic state on the relative phase an
relative amplitudes of applied e.m. fields@13,14#. In particu-
lar, only at some specific values of the relative phase

sk,
FIG. 1. Double-L system.
4996 ©1999 The American Physical Society



th
b

.
ct
ti
fe

o

y

w
a

o
t
iu

gh
se
is
fo
rp
e
T

iu
p

d
se
an
on
th
.
o

r
s
n
te
th
-

o
as
if
un

m
ri
in
n
P

f t
m

rre
in

n
on

m

ing
ere
er

um.
er-

nsi-

ports
ar-
re,
he
ed.

uffi-
m
of
ly
ary-
far-
oi-
g
fre-

to
ncy
en-

the
de
ma-
rk

ary
pli-
er-

of
-
VI
and

ncy

za-
cy

-
n

that

PRA 60 4997PHASE-DEPENDENT NONLINEAR OPTICS WITH . . .
amplitudes may the dark superposition exist. Therefore,
response of atoms to the e.m. radiation may be controlled
phases and relative amplitudes of the multifrequency field
has been suggested, for example, that closed-loop intera
schemes can be used for the phase control of photoioniza
@15#, of nonadiabatic losses in coherent population trans
process@16#, of spontaneous emission@17#, and of subrecoil
laser cooling and localization of atoms@18#. Laser light
propagation in an optically dense medium consisting
closed three-level atoms was theoretically investigated
Ref. @19#. Experimentally, phase-sensitive population d
namics was observed in three-@20,21# and four-level@22,23#
closed-loop systems. Recently, the phase-dependent EIT
demonstrated with optically dense sodium vapor excited
double-L atoms@24#.

In this paper we focus our attention on the propagation
a c.w. laser light in the double-L medium. We show tha
both absorptive and dispersive properties of such a med
range from regular ‘‘two-level’’ to typical ‘‘EIT’’ character
depending on the relative phase and amplitudes of the li
The medium is almost transparent to the field when pha
amplitudes, and frequencies of input field components sat
specific conditions corresponding to the CPT conditions
double-L atoms. For other input parameters neither abso
tion nor refraction vanish, so that the field intensities as w
as the phases are changing in the course of propagation.
leads to a change of the optical properties of the med
and, in turn, to a change of the very character of the pro
gation. Thus we face a problem where laser phases an
tensities are entangled with each other through the clo
loop atomic medium. Solution of this problem requires
explicit consideration of the self-consistent set of equati
including amplitude and phase Maxwell equations, and
density matrix~Bloch! equations for atoms in the medium

Here we consider two practically important schemes
the excitation of double-L atoms. In the first one, all fou
frequency components of the laser field are tuned on re
nance or near resonance with corresponding atomic tra
tions. In this case, the total energy of the field is dissipa
by the medium if the CPT conditions are not satisfied for
input field. The optical length variation of individual compo
nents depends on the frequency relations. The phases d
change, and the intensities decay rapidly to zero when l
detunings in eachL system differ considerably. However,
the frequency differences are in the narrow range aro
two-photon resonance~in ‘‘transparency window’’ range!,
then the phases vary with the length, and the amplitudes
be either amplified or attenuated. We find that these va
tions always proceed toward establishing a nonabsorb
state for both the medium and the field. After a sufficie
long propagation length the medium is prepared in the C
state, and the field frequencies, phases, and amplitudes
come matched. This also occurs for the case when one o
frequency components is absent at the entrance to the
dium, and it is generated in the medium – the case refe
to as resonant four-wave mixing. The propagation of light
a double-L medium was studied earlier in Ref.@25# with
respect to amplification without inversion. The authors co
sidered the case of complete resonance and the CPT c
tions initially fulfilled, and found the possibility of amplifi-
cation of one of the frequency pairs when there is so
e
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population in excited states created by additional pump
mechanism. Here we are interested in a situation wh
double-L atoms are excited only by a four-frequency las
field with arbitrary parameters at the entrance to the medi

The second case corresponds to the ‘‘maximum coh
ence medium’’ or ‘‘phaseoneum’’@9,26#. Here one pair of
frequency components is single photon resonant with tra
tions in oneL system of the double-L atom, and the other
pair is far detuned from the excited state in a secondL
system. The resonant pair creates a dark state and sup
atoms in this state everywhere in the medium, while the f
detuned field may only weakly disturb the CPT. Therefo
the total light energy is dissipated very weakly during t
propagation even when the CPT conditions are not satisfi
Nevertheless, a small disturbance of the dark state is s
cient to produce a parametric instability in the mediu
which leads to considerable amplification or attenuation
individual frequency components. It turns out that not on
the far-detuned waves, but also the resonant waves, are v
ing to the same degree and with the same rate as the
detuned fields. We find that the intensities oscillate sinus
dally with the optical length, with the energy bein
transferred back and forth between two waves in each
quency pair — resonant and far detuned. This allows us
use such an excitation scheme for very efficient freque
conversion. We calculate the case of a new frequency g
eration, and analytically find the optimum conditions.

The paper is organized as follows. In Sec. II we derive
coupled set of Maxwell-Bloch equations including amplitu
and phase propagation equations and the atomic density
trix equations. In Sec. III an explicit expression for the da
state in a double-L system is obtained, as well as necess
conditions for the relative frequencies, phases, and am
tudes of transitions. Section IV is devoted to optical prop
ties of the medium and to the light propagation in the case
resonant excitation of double-L atoms. The frequency con
version in phaseoneum is considered in Sec. V. In Sec.
we discuss assumptions made in the present treatment,
summarize the main results of the paper.

II. BASIC EQUATIONS

We consider a transmission of the beam of four-freque
laser radiation propagating along thez axis:

E~z,t !5 (
s53,4

(
m51,2

esmEsm~z,t !
1

2
exp@2 i „vsmt2ksmz

1wsm~z,t !…#1c.c. ~1!

in a medium of double-L atoms~Fig. 1!. Here Esm, wsm,
andesm are the amplitude, the phase, and the unit polari
tion vector, respectively, of the laser wave with frequen
vsm and wave numberksm5vsm/c. Both the amplitudes
Esm and the phaseswsm are regarded as slowly varying func
tions of time and coordinate, i.e., they vary little within a
optical period and an optical wavelength. We assume
each field component with frequencyvsm interacts with one
atomic transitionus&-um& only, as depicted in Fig. 1.
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The response of the medium, neglecting higher harm
ics, is given by the polarization, which can also be rep
sented as a sum of four frequency components with slo
varying amplitudes:

P~z,t !5 (
s53,4

(
m51,2

esmPsm~z,t !exp@2 i „vsmt2ksmz

1wsm~z,t !…#1c.c. ~2!

The Maxwell equations then yield the following set of equ
tions for the slowly varying amplitudesEsm(z,t) and phases
wsm(z,t) of the optical field components@27,19#:

]Esm

]z
1

1

c

]Esm

]t
524pksm Im~Psm!, ~3a!

]wsm

]z
1

1

c

]wsm

]t
52

4pksm

Esm
Re~Psm!. ~3b!

Usually, the medium polarization componentsPsm do not
depend on the laser phases. Therefore, Eq.~3a! is completely
decoupled from Eq.~3b!, and it is often sufficient to conside
the propagation problem with Eq.~3a! only, which gives the
behavior of the laser intensityI sm5cEsm

2 /8p. For the closed-
loop light-atom interaction schemes, however, the rela
phase of the e.m. field determines the state of atomic sys
and hence, of the medium polarization. Thus, the refrac
of the medium~change of the light phase! directly deter-
mines the absorption in this case, and one has to solve
complete set of Eqs.~3!.

The macroscopic polarization of the medium,P(z,t), is a
sum of atomic dipole moments induced by laser light
optical transitions, averaged over an ensemble of doublL
atoms:

P~z,t !5NactTr~ d̂r̂ !

5NactE
2`

1`

dvz (
s53,4

(
m51,2

dmsrsm~vz!w~vz!1c.c.,

~4!

whereNact is the density of active atoms,d̂ is the electric-
dipole moment operator, andr̂ is the atomic density matrix
An ensemble averaging is carried out quantum mechanic
over atomic states, and over the atomic velocities with
distributionw(vz), wherevz is thez projection of the atom
velocity. In Eq.~4!, the matrix elementsdms andrsm are in
the basis of bare atomic statesun&, n51, 2, 3, and 4:dms

[^mud̂us&, and rsm[^sur̂um&. From Eqs.~2! and ~4! we
obtain ~with the rotating-wave approximation being used!

Psm5Nactuesmdmsus̃sm, ~5!

with

s̃sm5E
2`

1`

dvz ssm~vz!w~vz!, ~6!

where
n-
-
ly

-

e
m,
n

he

lly
e

ssm5rsmexp@ i ~vsmt2ksmz1xsm!#, ~7!

and the phasexsm is the sum of the laser phasewsm and the
phasehsm of the atomic dipole momentdms5udmsueihsm:
xsm5wsm1hsm.

It is more convenient to consider light propagation pro
lems in terms of dimensionless variables: a dimension
field amplitude~Rabi frequency! gsm5uesmdmsuEsm/2\g31,
where g31 is the spontaneous decay rate in a channelu3&
→u1&; a dimensionless optical lengthz5kz; and a dimen-
sionless timet5ckt with the ~absorption! coefficient k
52pNactv31ud13u2/c\g31. The Maxwell equations~3! re-
duce then to the following set:

]gsm

]z
1

]gsm

]t
52

udmsu2

ud13u2
vsm

v31
Im~ s̃sm!, ~8a!

]wsm

]z
1

]wsm

]t
52

udmsu2

ud13u2
vsm

v31

1

gsm
Re~ s̃sm!. ~8b!

In the present paper we concentrate on a regime of l
propagation in the continuous-wave limit, that is, we sh
assume that the characteristic time of a change in the fi
amplitudes and phases, and the interaction time of ato
with the light, are much longer than the characteristic time
a change in the internal state of an atom. Then the polar
tion components can be found by using the steady-state
ues of the density-matrix elementsssm. The density-matrix
equations can be reduced to the following forms@14#:

ṙ115 ig31~s312s13!1 ig41~s412s14!1r331~g41/g31!r44,

ṙ225 ig32~s322s23!1 ig42~s422s24!1~g32/g31!r33

1~g42/g31!r44,

ṙ3352 ig31~s312s13!2 ig32~s322s23!2~g32/g3111!r33,

r44512~r111r221r33!,

ṡ3152
@g32 i ~D312k31vz!#

g31
s311 ig31~r112r33!1 ig32s21

2 ig41s34,

ṡ3252
@g32 i ~D322k32vz!#

g31
s321 ig32~r222r33!1 ig31s12

2 ig42s34e
2 iF, ~9!

ṡ4152
@g42 i ~D412k41vz!#

g31
s411 ig41~r112r44!

1 ig42s21e
2 iF2 ig31s43,

ṡ4252
@g42 i ~D422k42vz!#

g31
s421 ig42~r222r44!

1 ig41s12e
iF2 ig32s43e

iF,
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ṡ1252
@G1 i „D312D322~k312k32!vz…#

g31
s121 ig31s32

2 ig32s131 i ~g41s422g42s14!e
2 iF,

ṡ3452
@g31g41 i „D412D312~k412k31!vz…#

g31
s341 ig31s14

2 ig41s311 i ~g32s242g42s32!e
iF,

s i j 5s j i* .

Here ṡ i j [(]s i j /g31]t),

s125r12exp@~v312v32!t2~k312k32!z1x312x32#,

s345r34exp@~v412v31!t2~k412k31!z1x412x31#.

The following notations are used in Eqs.~9!: Dsm5vsm
2(Es2Em)/\ are the laser frequency detunings from tran
tions us&-um& (s53 and 4;m51 and 2!; En is the eigenen-
ergy of the atomic bare stateun&; gsm are the spontaneou
relaxation rates for transitionsus&-um& (s53 and 4;m51
and 2! ~see Fig. 1!; and gs5(gs11gs2)/2(s53 and 4).
The rateG represents the decay rate of the atomic cohere
s12 determined by uncorrelated laser fluctuations, atom
collisions and other random phase disturbing processes.
relative phaseF is given by

F5Dvt2Dkz1F0 , ~10!

with the multiphoton detuning

Dv5~v312v32!2~v412v42!, ~11!

the wave-vector mismatch

Dk5~k312k32!2~k412k42!, ~12!

and the constant~initial! phase

F05~x312x32!2~x412x42!. ~13!

We observe from the density-matrix equations~9! that
there is a steady state in the closed-loop atomic system
if the multiphoton resonance condition is satisfied,Dv50,
and that this steady state is determined by the relative p
F0.

In what follows, we will always assume the conditio
Dv50 to be satisfied. Moreover, we suppose that all fo
laser frequencies are close to each other in the magni
uvsm2v rnu!(vsm1v rn). Such a situation occurs, for ex
ample, at the excitation of doubleL system onD lines of
alkali-metal atoms, where the statesu1& and u2& are the
ground hyperfine sublevels@8,24#. We therefore can neglec
the dispersion of the medium induced by far-detuned ato
states not belonging to the double-L system. Hence we ne
glect the ‘‘usual’’ phase mismatch, and always haveDk
50.
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III. DARK STATES IN DOUBLE- L SYSTEM

The double-L scheme provides a very rich spectrum
phenomena based on atomic coherence. This is due to
manifold interference of the excitation channels in such
system. Coherent population trapping@12# is the most promi-
nent and famous effect. The basic feature of CPT is the
ation, through quantum interference, of a specific superp
tion uNC& of atomic states which is not excited by the las
field. Mathematically, this requires a condition

V̂uNC&50, ~14!

whereV̂ is the interaction operator in the interaction pictur

V̂52\g31 (
s53,4

(
m51,2

gsmexp@2 i ~Dsmt2ksmz

1xsm!#us&^mu1H.c. ~15!

One can easily prove that under the conditions

g31

g32
5

g41

g42
, ~16!

F52pn ~n50,1,2, . . . !, ~17!

and

D322D315D422D4150, ~18!

there are two superposition states which are not excited,
which satisfy Eq.~14!:

uNC&g5
g32/g31

A11g32
2 /g31

2
u1&2

1

A11g32
2 /g31

2
u2&, ~19!

uNC&e5
g42/g32

A11g42
2 /g32

2
u3&2

1

A11g42
2 /g32

2
u4&. ~20!

This means that, under conditions~16!–~18!, the four-level
double-L system is effectively reduced to the two-level sy
tem uC&g-uC&e ~the statesuC&g and uC&e are orthogonal to
uNC&g and uNC&e), and two statesuNC&g and uNC&e not
coupled by the laser radiation. The stateuNC&e is unstable
since it is a superposition of the radiative unstable statesu3&
andu4&. In opposite, the ground-state superpositionuNC&g is
stable, and spontaneous emission feeds this superpositio
that most of the atomic population is trapped inuNC&g after
some optical pumping time. The degree of imperfection
CPT is determined by the relaxation rateG of the coherence
between statesu1& andu2&. The rateG should be sufficiently
small in order to allow the population trapping inuNC&g .

The stationarity of the dark state requires, as we discus
in Sec. II the multiphoton resonance condition

Dv5~v312v32!2~v412v42!50. ~21!

This condition also impliesDk50 for close values of the
laser frequencies. Thus we have, from Eq.~17!,
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F5F05~x312x32!2~x412x42!52pn, ~n50,1,2, . . . !.
~22!

The CPT conditions~16! and~22! are specific for the closed
loop interaction schemes. In other schemes, for example
three-levelL system, only the two-photon resonance con
tion @similar to Eq.~18!# is required. Therefore, the closed
loop systems have a resonant behavior not only with res
to the laser frequency, but also with respect to the laser
tensity and the phase. Nonlinear properties of the med
consisting of ‘‘closed-loop atoms’’ may, therefore, be mo
fied in a very dramatic way by a change of either phase
intensities of input laser fields.

IV. PHASE-DEPENDENT EIT
WITH RESONANT EXCITATION

We start our analysis with the simplest situation of a co
plete one-photon resonance:Dsm50; equal Rabi frequencie
of input laser fields:gsm[g; and equal spontaneous rela
ation rates:gsm[g ~for all s53 and 4 andm51 and 2!. In
this case, an analytical solution of the density-matrix eq
tions ~9! can be obtained. The optical off-diagonal densi
matrix elementsssm responsible for the medium polarizatio
have the following form~for zero atomic velocityvz):

v315v325v415v425
2g2~12cosF!1Ḡ

16g3~12cosF!18g
, ~23!

u3152u3252u415u425
2g2sinF1Ḡ

16g3~12cosF!18g
, ~24!

wherevsm[Im(ssm), usm[Re(ssm), Ḡ5G/g, and the CPT
conditions Ḡ!1, g2@Ḡ are assumed to be satisfied. T
ground-state coherenceu12[Re(s12), indicating the CPT
state of the medium, is

u1252
1

2

~11cosF!~12Ḡ/2!

4g3~12cosF!12
. ~25!

These simple expressions show that both the absorp
and the refraction of laser radiation depend critically on
phaseF. For F52pn the absorption coefficientsvsm are
very small, and the steady-state Maxwell equation

dg

dz
52

Ḡ

8g
~26!

gives the linear attenuation of the laser intensity with a v
gentle slope:I}g2(z)5g2(z50)2(Ḡ/4)z. Such a depen-
dence is typical for the light transmission through the m
dium prepared in the CPT state@28#. If the relaxation of the
ground-state coherence is negligibly small,G50, then the
medium does not absorb light at all. We note that
ground-state coherence is maximum at this phase,uu12u
>1/2, which means that atoms are in the dark state. In c
trast, for F5p(2n11) the absorption becomes similar
the case of two-level atom,vsm5g/(8g212), which gives
exponential attenuationg2(z)5g2(z50)exp(2z) at small
intensitiesg2!1 ~famous Beer’s law!, and linear attenuation
a
-

ct
n-
m

or

-

-
-

on
e

y

-

e

n-

g2(z)5g2(z50)2z/4 for the saturationg2@1 @29#. There
is no coherence between the ground states at the phasF
5p(2n11): u1250. Note that for initialF52pn and F
5p(2n11) the refraction coefficients are very small, s
that the change of phases during transmission may be
glected.

Thus one can control optical properties of the doubleL
medium by the phaseF. Figure 2 demonstrates the fre
quency dependence of absorption and refraction coefficie
We see that for the phaseF5p(2n11) both absorption and
refraction have a ‘‘two-level’’ frequency dependence, wh
for F52pn both curves acquire typical ‘‘CPT shape’’: th
absorption coefficient has a sharp narrow dip at the tw
photon resonance~‘‘black line’’ or ‘‘transparency win-
dow’’ !, and the refraction coefficient steepens and chan
the sign near the resonance as compared to the two-level
@27#. For the phasesF not equal to 2pn or p(2n11), the
absorption and refraction have some ‘‘intermediate’’ fr
quency dependence, which can be quite unexpected. Fo
ample, the absorption coefficient forF5p/4 in Fig. 2~b! is
negative at some frequency range, which means amplifi
tion of the wave with frequencyv42 at expense of the othe
waves.

Also important is the fact that at intermediate initi
phases the refraction coefficients are not negligibly sm
even at exact two-photon resonance. Therefore, the ph
wsm, and correspondingly, the phaseF change during the
transmission, thus leading to the change of absorption
refraction. The general trend in the resonance case is
same for different initial conditions: the phaseF tends to the
value 2pn, and the field amplitudeg decreases until it

FIG. 2. ~a! Real and~b! imaginary parts of the atomic densit
matrix elements42 as a function of the Raman detuningd125D32

2D315D422D41 for different phases:~1! F5p, ~2! F50, and~3!
F5p/4. Dependencies for other optical coherencesssm are simi-
lar. Parameters are as follows: atom velocityvz50, Rabi frequen-
cies gsm[g50.6, spontaneous relaxation rates:gsm[g ~for all s

53 and 4 andm51 and 2! and Ḡ51023, and detuningsD31

5D4150. The inset in~a! shows the Raman detuning dependen
of the ‘‘absorption coefficient’’y for the phaseF: y5(u31/g31)
2(u32/g32)2(u41/g41)1(u42/g42).
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reaches some steady-state value~if G50) corresponding to
the ‘‘CPT phase’’F52pn. Thereafter, both the phaseF
and the amplitudeg do not change anymore — the mediu
becomes transparent. The numerical calculations of
propagation equations~8!, taking into account the Dopple
broadening of the medium and nonzero relaxation rateG, are
shown in Fig. 3. In Fig. 3, a small intensity decrease after
phase has reached zero is due to the presence of the r
ation G, in accordance with Eq.~26!. Thus the net phaseF
of the four-frequency laser radiation goes to the value 2pn
after a sufficiently long propagation length; that is, the la
waves become phase matched.

Along with the phase matching, a correlation of the la
frequencies occurs in the double-L medium. Corresponding
to the calculations presented in Fig. 2, we may expect
phase dependence in the light propagation only when
laser frequencies lie in the range of the black line. The in
in Fig. 2 shows the frequency dependence of the ‘‘absorp
coefficient’’ for the phaseF: y5(u31/g31)2(u32/g32)
2(u41/g41)1(u42/g42). This quantity is different from zero
only in the black line range. At the same time, the ‘‘norma
absorption coefficientsvsm are very small in this range onl
for the phaseF52pn. Figure 4 demonstrates that the las
frequency components outside the black line range
extinguished, while the resonant component survives:
phase decays to zero in the black line range, and there
both the intensities and the phase propagate unaltered. T
fore, the laser frequencies also become matched after
transmission.

It turns out that the amplitudes are also matched by
double-L medium in such a way that the condition~16! is
satisfied. When Rabi frequencies of input laser fields are

FIG. 3. Transmission of radiation in a double-L medium at
resonance:Dsm50, equal Rabi frequencies of input fieldsgsm[g

51 ~for all s53 and 4 andm51 and 2! andḠ51023 for different
phasesF. Here and all following transmission calculations, t
averaging over atomic velocities,@Eq. ~6!# is carried out with the
assumption that the medium is a sodium vapor kept at tempera
410 K and interacting with light on theD1 line. ~a! Light intensity
I 42 ~z! ~in arbitrary units!. Optical length dependences for las
waves with other frequencies are the same.~b! Optical length de-
pendence of the phaseF(z).
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all equal@so that condition~16! is not fulfilled# and the phase
F52pn, one pair of the waves (E31 and E42 in Fig. 5! is
exponentially amplified, while the other pair~fields E32 and
E41 in Fig. 5! is exponentially attenuated. The short period
exponential changes is followed by saturation on the le
corresponding to condition~16!. The total light energy is
dissipated at the initial transient stage of this process, an
is almost conserved when condition~16! is satisfied. The

re

FIG. 4. Transmission of radiation in a double-L medium as a
function of the Raman detuningd12 for D315D4150, equal Rabi
frequencies of input fieldsgsm[g51 ~for all s53 and 4 andm

51 and 2!, Ḡ51023, and initial phaseF (z50)52p/3. ~a! Light
intensity I 42(z) ~in arbitrary units!. The optical length dependence
for laser waves with other frequencies are almost the same.~b!
Optical length dependence of the phaseF(z).

FIG. 5. Optical length dependence of the light intensitiesI sm(z)
in a double-L medium ~in arbitrary units! at resonance:Dsm50;
initial phase F(z50)50; Rabi frequencies of input fieldsg31

5g4151, g3250.84, andg4250.32@condition~16! is not satisfied#,

and Ḡ51023.
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phaseF52pn does not change. A similar effect of the am
plitude correlation was reported in Ref.@30#, but for the
pulsed laser radiation propagating in the double-L medium.

In the case when the phase is initially not equal to 2pn
and condition~16! is not fulfilled, both laser intensities an
the phaseF first decay until the phase reaches the va
2pn. Afterwards, the wavesE31 andE42 are amplified and
the fieldsE32 and E41 are attenuated and reaching a stea
state corresponding to condition~16!, while the phase doe
not change anymore.

Such an amplitude matching occurs even in the case
initial phase F5p(2n11), although in a quite specific
way: one of the intensities~the smallest one, is that of th
waveE42 in example of Fig. 6! decays at initial stage to zero
The phaseF stays unaltered, equal top(2n11), at this
stage, and then it becomes undetermined at the point w
I 4250. From this point on, a four-wave-mixing proce
starts which generates the waveE42 in such a way that finally
the laser wave amplitudes satisfy condition~16!: g42
5g41g32/g31 ~Fig. 6!. The total light energy is dissipated i
the resonant four-wave mixing even though the two wa
E31 and E42 are amplified initially. The waveE42 is gener-
ated with a frequency corresponding to the Raman detun
belonging to the black line range. The phase of the gener
waveE42 is immediately matched to the phases of other la
waves, so that the phaseF is equal to zero throughout th
whole generation process.

However, the four-wave-mixing generation process
comes much more complicated as soon as at least one o
‘‘pump’’ wavesE31, E32, or E41 is slightly detuned from the
corresponding one-photon transition. Figure 7 shows
generation process for such a case. The main differenc
compared to the complete resonance case is that the pha
the generated wave is matched to other phases only a
steady state, when the system reaches a nonabsorbing
This means, in particular, that in real experiments the ph
matching is not granteda priori; one has to use media whic
are optically dense enough. We should note that depende
of the generated wave intensity on different laser detuni
are quite complicated. For example, the maximum gen
tion occurs not necessarily at zero detunings. Our numer
calculations reveal several resonances whose position
intensity, and even number, depend on the relative intens
of all the waves at a given propagation length. We belie
that this is due to different manifestations of the quant
interference in the double-L system. It has been shown, fo

FIG. 6. Optical length dependence of the light intensities in
double-L medium~in arbitrary units!. Parameters are the same as
Fig. 5, except for the initial phaseF(z50)5p.
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example, that some other decoupled states, different f
those given by Eqs.~19! and ~20!, may appear at particula
relations between the detunings and the Rabi frequenc
different from Eqs.~16! and ~18! @31# ~these states contai
some admixture of one of the excited statesu3& or u4&, and
are therefore not absolutely dark!. The appearance of add
tional peaks in a spectrum of the generated wave due
interferences between dressed states in the double-L system,
and due to interference of light from different veloci
groups of atoms, was found in Ref.@32#. Nevertheless, a
more detailed investigation, including the propagation
fects, seems to be necessary.

Several experiments on the four-wave mixing by use
c.w. resonant or near-resonant excitation of the doubleL
atoms have been performed in last few years@4,6–8#. The
experiments were motivated by the fact that for continuo
frequency conversion at comparatively low pump intensiti
a high nonlinear susceptibility is necessary, which is poss
by tuning to resonances. The use ofL or double-L atoms as
a medium with induced atomic coherence should allow o
to enhance the efficiency of the generation due to the can
lation of the resonant absorption and elimination of the
fractive index by CPT. The enhancement of the genera
efficiency was indeed demonstrated in the experiments.
fortunately, no investigations have been performed on
propagation effects, which could be of vital importance f
the generation, as we have shown above. Our calculat
also indicate that the conversion efficiency of the reson
four-wave mixing cannot be very large: the process alw
includes the irreversible absorption of the pump fields, wh
leads to the establishment of a steady state. This is in c
trast to the ‘‘maximum coherence’’ case, where absorptio
very small at any stage of the process so that almost
energy can be transferred to the generated fields; see Se

V. FREQUENCY CONVERSION IN PHASEONEUM

Recently, nonlinear optical effects in the ‘‘medium wit
maximum coherence’’~or ‘‘phaseoneum’’ @26#! have at-

a

FIG. 7. Resonant four-wave-mixing generation in a doubleL
system. Spontaneous relaxation ratesgsm[g ~for all s53 and 4
and m51 and 2!; Rabi frequencies of input fieldsg315g325g41

51, andg4250; and detuningsD3150, d1250, D41/g51; andḠ
51023. ~a! Light intensitiesI sm(z) ~in arbitrary units!. ~b! Optical
length dependence of the phaseF(z).
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tracted a great deal of attention. It has been shown b
theoretically and experimentally that such a medium is
pable of high-efficiency nonlinear frequency conversion a
generation@9,10#. For example, Jainet al. @9# reached a blue
to UV conversion efficiency of 40% with atomic Pb vapo
The idea behind is to create and support a CPT medium
strong pair of laser-radiations, and then to probe such a
dium with a relatively weak, far-detuned laser beam. T
atoms prepared in the CPT state may be viewed as a st
atomic local oscillator. The spectral components of a pro
beam beat with the local oscillator, and are converted t
corresponding spectrum of sum or difference frequencies
the same time, the problems associated with resonant ab
tion, phase shifts, and unwanted nonlinearities are avo
for the most part because the atoms are in the nonabsor
CPT state.

One of the schemes which allows maximum-cohere
nonlinear processes is a double-L system where one of th
laser pairs~fields E31 andE32) is resonant with correspond
ing transitions (D315D3250), while the other pair is far
detuned from the excited state u4&:D415D42
@ksmvz ,gsm,gsmgsm,gsmgs8m8gsm. A very similar scheme
was also used in the experiment Ref.@9#. Since the second
pair is far detuned, one would intuitively expect that its i
fluence on the internal dynamics of double-L atoms is neg-
ligibly small, so that the atoms are pumped by the first p
E31 andE32 into a dark state which may hardly be disturb
by the second pair even if CPT conditions@Eqs. ~16! and
~17!# are not satisfied. At first glance, therefore, one m
expect a quite boring propagation dynamics: the far-detu
fieldsE41 andE42 are simply attenuated weakly in a mann
similar to the CPT case with nonzero relaxationG—see Eq.
~26! and the upper curve in Fig. 3~a!—while the fieldsE31
andE32 are almost not depleted. It turns out, however, t
this first intuitive idea is not absolutely correct. We ha
found that intensities of the far-detuned fieldsE41 and E42
oscillate with the optical length. Moreover, the resona
‘‘driving’’ fields E31 andE32 change in the same manner a
with the same rate as the ‘‘probe’’ fieldsE41 andE42. This
occurs because the optical susceptibilities for all four wa
are of the same order at resonance. Figure 8 demonstrate
optical susceptibilities as a function of the Raman detun
for the phaseF5p/2. At frequencies out of the black lin
range, both the refraction and absorption coefficients for
fieldsE31 andE32 are quite large since they are almost res
nant and atoms are not in the dark state, while those for
far-detuned wavesE41 andE42 are almost zero because mo
of the atomic population circulates in theL system
u1&-u3&-u2&, so that stateu4& is not excited. At the two-
photon resonance, however, the absorption of the reso
waves is strongly reduced~atoms are in the CPT state!, but
not to zero. The imperfection of the absorption cancellat
is caused by the action of the far-detuned fields wh
slightly disturb the CPT if either of conditions~17! and~16!
is not satisfied. On the other hand, the~imperfect! reduction
of the resonant fields absorption allows stateu4& to be ex-
cited, thus leading to the absorption~or amplification! of the
far-detuned fields. The order of all optical susceptibiliti
becomes the same at the two-photon resonance, and is d
mined by the detuningD415D42. Therefore, it is not correc
to consider the nonlinear processes in phaseoneum with
th
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assumption of undepleted resonant fields. One may ex
from the above consideration that the maximum attenua
~amplification! occurs at the phaseF5p, the worst for CPT.
Surprisingly, this appears not to be true. It is possible
derive an analytical solution for the present case. This sho
in particular, that the most interesting situation occurs for
phases not equal to zero andp.

Solution of the density-matrix equations~9! for vz50 and
G50, equal spontaneous relaxation ratesgsm[g ~for all s
53 and 4 andm51 and 2), and detuningsD315D32
50 and D41/g5D42/g[D@1,gsm,gsmgs8m8 gives, to the
first order in (1/D),

v315
g32g41g42

g0
2D

sinF,

v3252
g31g41g42

g0
2D

sinF,

v4152
g31g32g42

g0
2D

sinF, ~27!

v425
g31g32g41

g0
2D

sinF,

u315
g32

D

g41g42~g32
2 2g31

2 !cosF1g31g32~g41
2 2g42

2 !

g0
4

,

u3252
g31

D

g41g42~g32
2 2g31

2 !cosF1g31g32~g41
2 2g42

2 !

g0
4

,

FIG. 8. ~a! Real and~b! imaginary parts of the atomic densit
matrix elementsssm as a function of the Raman detuningd12

5D322D315D422D41 for the ‘‘maximum coherence’’ case. Pa
rameters are as follows: atom velocityvz50; spontaneous relax

ation ratesgsm[g ~for all s53 and 4 andm51 and 2! and Ḡ
51024; Rabi frequenciesg315g325g4251, andg4152; detunings
D3150 andD41/g5100; and phaseF5p/2.
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u415
g32

D

g31g42cosF2g41g32

g0
2

,

~28!

u425
g31

D

g32g41cosF2g42g31

g0
2

.

The populations of the ground states arer115g32
2 /g0

2

1O(1/D), andr225g31
2 /g0

21O(1/D), and the ground-state
coherence isu1252g31g32/g0

21O(1/D) and v125O(1/D),
whereg0

25g31
2 1g32

2 . Thus the atoms are really in the near
dark~‘‘gray’’ ! state, and the term ‘‘maximum coherence m
dium’’ is indeed valid:us12u'Ar11r22. It is wrong, however,
to say that the ground-state coherence is fixed for all
medium, and that it should beu12'20.5 for phaseoneum
As we will show below, the Rabi frequencies of the reson
fields change along the propagation path, so that even
caseuu12u!1 is possible at some points. However, the co
dition us12u'Ar11r22 is always satisfied and the atoms a
always in a gray state — the internal state of atoms follo
the spatial change of the fields. This situation closely
sembles the case of adiabatic population transfer, where
internal ~gray! state of the atom adiabatically follows th
temporal change of the fields@34#.

We see from Eq.~27! that absorption vanishes for phas
F50 andp. It vanishes to all orders in (1/D) for F50, if
G50 and condition~16! is satisfied, since atoms are dark f
all laser waves~see Sec. IV!, and there is absorption propo
tional to the second order in (1/D) for F5p. For all other
phases wavesE31 and E42 are attenuated~amplified!, and
wavesE32 and E41 are amplified~attenuated! for 0,F,p
(2p,F,0). The maximum effect occurs atF
56p/2. In order to understand why the phaseF56p/2,
not the intuitiveF56p, is optimum, it is useful to conside
the classical model of the phaseoneum as a medium
atomic dipoles all oscillating at frequencyv312v325(E2
2E1)/\ with the same phase (w312w32) ~suppose for sim-
plicity that all the atomic phaseshsm50). When the Raman
field (E41,E42), with the phase (w412w42) and frequency
v412v425(E22E1)/\, propagates in phaseoneum, the tot
energy flow along the direction of propagation~Poynting’s
vector! consists of two parts: a contribution from the incide
Raman field alone and a contribution from the interferen
between the incident field and the field radiated by the
poles~see, e.g., Ref.@35#!. For the plane e.m. wave, a mod
of a dipole sheet is appropriate, radiation from which
known to be shifted in phase byp/2 with respect to the
dipole oscillations~Appendix A in Ref.@35#!. Therefore, the
interference term is proportional to sin„(w312w32)2(w41
2w42)5F…, and it vanishes atF50 and F5p. For the
relative phasesFÞ0,p the Raman field is amplified or at
tenuated. At the same time, the dipole oscillations are for
by the Raman field (E41,E42). Therefore, its amplification
~attenuation! leads to an increase~decrease! of the dipole
oscillation amplitude, that is, to attenuation~amplification!
— remember thep/2 shift — of the resonant ‘‘driving’’ field
(E31,E32).

The problem of the field propagation can be solved a
lytically in the present case. The relevant Maxwell equatio
take the following forms:
-

e

t
he
-

s
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t
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d

-
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dg31

dz
52

g32g41g42

g0
2D

sinF,

dg32

dz
5

g31g41g42

g0
2D

sinF,

dg41

dz
5

g31g32g42

g0
2D

sinF, ~29!

dg42

dz
52

g31g32g41

g0
2D

sinF,

dF

dz
5

g41
2 g42

2 ~g31
2 2g32

2 !1g31
2 g32

2 ~g42
2 2g41

2 !

g31g32g41g42g0
2D

cosF

1
g31

2 2g32
2 1g42

2 2g41
2

g0
2D

.

The above equations are typical for nonlinear wave-mix
processes in lossless media@36#. The particular example o
Eqs. ~29! describes thex (3) process. This coincidence wit
well-known problems of nonlinear optics is not accidental,
course. In fact, the energy-level schemes in media used
the nonlinear wave mixing are all the closed-loop schem
We believe, therefore, that many of the effects described
this paper may be observed under some conditions in ‘‘
ditional’’ nonlinear materials.

We solve the set of Eqs.~29! by use of the method devel
oped in seminal paper by Armstronget al. @36#. First of all,
from the first four of Eqs.~29!, one obtains the conserve
quantities

g31
2 1g32

2 5g0
2[C1 ,

g31
2 1g41

2 5C2 , ~30!

g31
2 2g42

2 5C3 ,

which are equivalent not only to the conservation of to
power flow in the lossless medium~constantg0

21C22C3),
but also to the conservation of power flows for each Ram
field: resonant field (E31,E32) ~constantg0

2) and probe field
(E41,E42) ~constantC22C3) separately. These three con
stants reduce the problem to solution of the set consistin
the first and last of Eqs.~29!. The first term in the right-hand
side of the last of Eqs.~29! can be transformed to the fol
lowing form by use of first four of Eqs.~29!:

g41
2 g42

2 ~g31
2 2g32

2 !1g31
2 g32

2 ~g42
2 2g41

2 !

g31g32g41g42g0
2D

cosF

5
cosF

sinF

1

g31g32g41g42

d~g31g32g41g42!

dz
.

Therefore, the equation for the phase can be rewritten a
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dF

dz
5

cosF

sinF

d

dz
„ln~q1q2q3q4!…1

q1
22q2

21q4
22q3

2

D
,

~31!

which can immediately be integrated to give the fourth co
stant of motion,

q1q2q3q4cosF5P1 1
4 ~q1

41q2
41q3

41q4
4!, ~32!

where we have introduced new variables:q15g31/g0 , q2
5g32/g0 , q35g41/g0, and q45g42/g0. The value of the
constantP can be determined from the known values ofqi
andF at the entrance to the medium,z50. Expression~32!
is used then to express sinF5A12cos2F in terms of the
conserved quantityP, and substitute it, together with th
constants given in Eqs.~30!, into the first of Eqs.~29!. This
gives the equation for the quantityy15q1

25g31
2 /g0

2 :

dy1

AAy1
21By11C

5d~z/D!, ~33!

with coefficients

A54„a1b~11a!…2~11a1b!222~11a21b2!28P,

B524ab1~11a1b!~11a21b2!14P~11a1b!,

C52
1

4
~11a21b2!224P222P~11a21b2!, ~34!

a5C2 /g0
2 ,

b5C3 /g0
2 .

Equation~33! can now be solved easily. The value of th
integral *dy1(Ay1

21By11C)21/2 depends on the sign of
quantity D54AC2B2. One can show thatD,0 always.
Therefore, the integral is *dy1(Ay1

21By11C)21/2

52(1/A2A)arcsin@(B12Ay1)/(A2D)#, so that the genera
solution is

y152
1

2A
XB2A2DsinS f2

A2Az

D D C, ~35!

and q2
2512y1 , q3

25a2y1, and q4
25y12b, with the con-

stantf and coefficients~34! determined from the condition
at z50. The solution indicates that as the optical leng
increases, energy is transferred back and forth between
waves E31,E42 and E32,E41 with a period (2pD/A2A).
This behavior is very similar to the case of ‘‘traditional
nonlinear wave mixing in a dielectric@36#, where solution is,
in general, given by periodical Jacobi elliptic functions.

We now consider two specific examples of boundary c
ditions. The first case of interest is a situation when all fo
waves are present at the entrance to the medium, and
CPT condition for the phase is not satisfied. Correspond
to the discussion above, we choose the input phaseF0(z
50)5p/2, and equal input Rabi frequencies of all fo
waves. For this case we have:a51, b50, andP521/4.
The solution is then
-

he

-
r
the
g

y15 1
4 „22A2sin~A2z/D!…

which gives, for the laser intensities,

g31
2 ~z!5g42

2 ~z!5
g0

2

4
„22A2sin~A2z/D!…,

g32
2 ~z!5g41

2 ~z!5
g0

2

4
„21A2sin~A2z/D!…,

and, for the phase,

cosF5
12cos2~A2z / D!

11cos2~A2z/D!
.

Thus the intensities of both far-detuned and resonant pair
radiation oscillate over the optical length with the same
riod A2pD and amplitudeg0

2/2A2. We note that the period
is much longer than the characteristic length scale of
intensity changes in the resonant case~sinceD@1), and that
the intensities oscillate betweeng0

2(22A2)/4 and g0
2(2

1A2)/4 so that it is not possible to transfer all the energy
one wave to the other in the present case. The phaseF is
also a periodical function of the optical length—it oscillat
betweenp/2 and2p/2.

The situation becomes more complicated if we take i
account in Eqs.~27! and ~28!, the terms to second order i
(1/D), nonzero coherence decay rateG, and averaging over
atomic velocities. Figure 9 shows the results of numeri
calculations of the propagation dynamics in this case, w
detuningD is larger than the Doppler widthksmvz /g of each
single-photon transition. One sees that the intensity osc
tions persist but the period of oscillations is not const
anymore—it decreases slightly with the optical length, a
the total energy is exponentially dissipated with the r

FIG. 9. Transmission of radiation in a double-L medium in the
‘‘maximum coherence’’ case. Rabi frequencies of input fieldsgsm

[g51 ~for all s53 and 4 andm51 and 2!; Ḡ51024; initial phase
F(z50)5p/2; and detuningsD3150, d1250, andD41/g5100.
~a! Light intensitiesI sm(z) ~in arbitrary units!. ~b! Optical length
dependence of the phaseF(z).
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}(1/D)21Ḡ. Also, the inclusion of the relaxationG leads to
slightly different behavior for the intensities in each con
gated pair:g31

2 (z)Þg42
2 (z) andg32

2 (z)Þg41
2 (z).

Nevertheless, we see that a medium with a nearly m
mum coherence is indeed capable of an exchange of a
siderable amount of energy between two pairs of laser wa
even in real situations when all possible relaxation proces
are taken into account. We note that this exchange oc
between the pairs (E32,E41) and (E31,E42), but not between
resonant and far-detuned pairs. All this suggests that
possible to convert a large amount of energy to one initia
very weak seed wave~say E42) or even generate it, with
(E32,E41) being strong pump waves and the waveE31 being
arbitrarily small.

We now consider such a case of generation of a new e
wave by the use of phaseoneum@9#. This corresponds to a
zero input intensity of one of the far-detuned probe wav
g42(z50)50. As one can see from Eq.~32!, the solution
does not depend on the phases of input fields in this c
which is also clear from a physical point of view: the beha
ior of the system does not depend on the phases if the t
sition loop is not closed@14#. However, as soon as the ge
eration of the fourth wave starts, the interaction syst
becomes closed and the phases start to influence the pro

For simplicity, we suppose equal input intensities of t
pump wavesE32 and E41: g32

2 (z50)5g41
2 (z50) ~detailed

analysis shows that this is also the situation which gives
maximum conversion efficiency!. We then have:a51, P
52(224b13b3)/4, and a solution can be express
through the constantb5g31

2 (z50)/g0
2 :

y15g31
2 ~z!/g0

25
1

423b
„22b222~12b!2

3cos~A4b23b2z/D!….

Intensities of other waves are given as

g32
2 ~z!5g41

2 ~z!5g0
2 12b

423b
„22b12~12b!

3cos~A4b23b2z/D!…,

g42
2 ~z!5g0

2 2~12b!2

423b
„12cos~A4b23b2z/D!…. ~36!

The intensity of the generated wave reaches its maximu

g42
2 ~max!5g0

2 4~12b!2

423b
, ~37!

at the optical lengthzmax5pD/A4b23b2. The efficiencyh
for conversion of power from the pump wavesE32 andE41 to
the waveE42 can be defined by

h5
g42

2 ~max!

g32
2 ~z50!1g41

2 ~z50!
.

We see that both the intensity of the generated wave@Eq.
~37!# and the conversion efficiency,
i-
n-

es
es
rs

is
y

.

:

e,
-
n-

ess.

e

,

h5
2~12b!

423b
, ~38!

depend on the input intensity of theE31 wave, and are maxi-
mized at b!1: g42

2 (max)'g0
2(125b/4) and h'0.5(1

2b/4). Thus we have arrived at the somewhat surpris
result that the maximum conversion efficiency in phas
neum is achieved when one of the resonant waves is take
be weak at the entrance to the medium. This implies that
coherenceuu12u'g31g32/g0

2!1, which is in contrast to the
intuitive requirementuu12u'0.5 for phaseoneum taking plac
at g31

2 'g32
2 . We recall, nevertheless, that the far-detuned

citation of the secondL system, considered here, ensur
that us12u'Ar11r22, and that atoms are in the gray sta
everywhere in the medium even atg31

2 !g32
2 . We also note

that this takes place only if the frequency difference of t
resonant waves is in the black line range, as follows fr
calculations in Fig. 8. At the same time, the generated w
may be tuned in a quite wide range: at a fixed optical len
zmax it remains within 50% of its maximum@Eq. ~37!# over a
frequency range of the order ofDg ~of the order of few GHz,
for example, Fig. 10!.

The results of numerical simulation of the frequency co
version in phaseoneum are presented in Fig. 10. The in
ence of the ‘‘real situation’’ parameters — finite detuningD,
coherence relaxationG, and the Doppler broadening — i
similar to the calculations in Fig. 9. The oscillation perio
decreases slightly with the length, and the total e.m. ene
is exponentially dissipated with the rate (1/D)21Ḡ. There-
fore, we have to correct expression~37! for the generated
intensity to

g42
2 ~max!5g0

2 4~12b!2

423b
expS 2

pD@~1/D#21Ḡ !

A4b23b2 D ,

FIG. 10. Frequency conversion in a double-L system in the
‘‘maximum coherence’’ case. Rabi frequencies of input fieldsg31

50.45, g325g4152.0, andg4250, Ḡ51024 and detuningsD31

50, d1250, andD41/g5200. ~a! Light intensitiesI sm(z) ~in arbi-
trary units!. ~b! Optical length dependence of the phaseF(z).
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and expression~38! for the conversion efficiency to

h5
2~12b!

423b
expS 2

pD„~1/D!21Ḡ…

A4b23b2 D . ~39!

These two expressions indicate that decrease of the i
intensity of theE31 wave leads not only to an increase of t
‘‘ideal’’ efficiency @Eq. ~38!#, but also to an increase ofzmax
and, therefore, to an increase of losses. Hence there i
optimum for D and b which is determined by a particula
experimental situation—by relaxation rateG, Doppler width,
and energy-level spacing in real atoms. In the example
Fig. 10, the double-L medium is assumed to be a gas of N
atoms at a temperature 430 K with densityNact53
31011 cm23, excited on theD1 line. The generated wav
reaches a maximum atz52050, which corresponds to
density-length product of 2.531012 cm22 and a gas cell
length of 8 cm. At this optical length, the conversion ef
ciency is h'0.465 from numerical results, andh'0.485
calculated from Eq.~39!, which does not take into accoun
the Doppler broadening.

We note finally that the behavior of the phase in F
10~b! is a bit different from that in Fig. 9~b!. We observe
that, as soon as the generation starts, the phaseF acquires
some value different from zero. Then it rapidly approache
value close top, and remains unchanged for quite a lo
optical length. However, when the generated wave
proaches its maximum~and the pump waves their min
mum!, the phase varies very rapidly to change the sign. T
means that the phase of the generated wave will be ha
locked to the phases of other waves, because any s
change in the optical length aroundzmax, or even its fluctua-
tion ~e.g., due to gas temperature fluctuation! would lead to a
considerable change of the phase. Therefore, the correla
of the phases in the present scheme seems problematic

VI. SUMMARY AND CONCLUSIONS

We should note and comment on some assumpt
which have been made in the treatment.

~1! Only the case when all four laser frequencies are cl
to each other in the magnitude is considered. Significa
different laser frequencies may lead to two important effe
not accounted for in this paper. First, dispersion of the m
dium, induced by the interaction with far-detuned sta
other than those of the double-L system, may give differen
changes of the wave vectorsksm. Hence the phase mismatc
DkzÞ0, even if the multiphoton resonance condition~21! is
satisfied. However, as has been shown theoretically and
perimentally@9#, the phase mismatch can be compensated
by a small two-photon detuningd12 which is in the range of
the black line. The second effect of different frequencies
nonzero Doppler width of the Raman transitionu1&-u2&
which adds to decay of the ground-state coherence. Th
fore, the Rabi frequencies of the laser waves should exc
this Doppler width in order to establish CPT in the mediu
Thus, the processes considered here can be observe
double-L media with different laser frequencies, with an a
propriate change of input laser intensities and detunings

~2! Only copropagating waves are considered. For non
linear propagation, the phase mismatchDkz as well as the
ut
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Doppler broadening of theu1&-u2& transition will appear,
which could be compensated for, as noted above, by t
photon detuning and a higher input intensity, respective
An interesting regime of the nonlinear generation was fou
in Ref. @33# for counterpropagating light waves excitin
double-L atoms — a large parametric gain and mirrorle
oscillation within a very short optical length.

~3! The transversal profile of the laser beams is not ta
into account. This would not influence the results as long
the profiles of all four frequency components are the sa
However, new features in the light propagation through
double-L medium may appear for distinct input profiles. F
example, we can expect the matching of the profiles at re
nant excitation and long optical length. At small length
rebuilding of the profiles should occur, which may allo
their control by the phases of input fields. Also, the proc
of self-focusing should be substantially modified as co
pared to both two- and three-level media, and should al
the phase control. These issues will be addressed in ou
ture investigation.

The following conclusions summarize the theory pr
sented here. We have theoretically investigated the prop
tion of c.w. laser radiation through the medium of doubleL
atoms. A coupled set of Maxwell-Bloch equations has be
derived and solved both numerically and analytically f
some situations where the effects of quantum interfere
play an important role. The interference of closed-loop ex
tation paths in the double-L system may be either construc
tive or destructive depending on the specific relations
tween the phases and amplitudes of applied e.m. waves.
latter case, realized under conditions~16! and ~17!, leads to
the appearance of a superposition of atomic ground sta
@Eq. ~19!#, not excited by the laser light, and to pumping
the population into this dark state. This results in a stro
reduction of light absorption by atoms. Such an absorpt
reduction for specific light phases, amplitudes, and frequ
cies is a basic feature of the process.

We have considered two cases of the laser excitation
double-L medium. In the first one, all four frequencies of th
laser field are tuned on resonance or close to resonance
corresponding atomic transitions. Here the medium is tra
parent and not refractive for the laser light when conditio
for the amplitudes@Eq. ~16!#, phases@Eq. ~17!#, and frequen-
cies@Eq. ~18!# are satisfied at the entrance to the medium
any of these conditions is not initially fulfilled, then the las
energy is dissipated during transmission through the m
dium, and field amplitudes, and phases are changed.
amplitudes of individual laser waves may be either amplifi
or attenuated in the process. The general trend is, howe
always the same: the changes proceed in a direction tow
establishing CPT conditions@Eqs. ~16! and ~17!#, and loss-
less propagation afterwards. This process can be unders
in terms of the ‘‘dressed fields’’@37,30#: the CPT componen
of the field which implies conditions~16!–~18! propagates
without absorption, while other field components are damp
out by the medium. Thus, after some transient regime, b
the atomic medium and the laser field arrive at the non
sorbing state. In the case of conventional EIT, only a parti
lar relation between field frequencies~two-photon resonance!
is required for such a nonabsorbing state. In fact, both
pulse matching@37# and fluctuation correlation@38# found



er
o
f

rta
c

of
n
th
se
nd
de

in

p
um
th
th
fu
av
u
a

fa
ge
th
bi
e
lifi
o

ex-
ves
.
ing
to
ne

d, it
the
en-

um-
he
ith

e-
in a
ith
rge
ion
r
ser

rk
der

5008 PRA 60E. A. KORSUNSKY AND D. V. KOSACHIOV
for conventional EIT are due to the extinction of Fouri
components of the laser field which do not satisfy the tw
photon resonance condition. In contrast, specific relations
the field amplitudes, phases, and frequencies are impo
for EIT in closed-loop media. Therefore, the resonant ex
tation of double-L atoms yields an efficient preparation
the medium in a coherent state, and complete correlatio
the laser fields not only in the pulsed regime, but also in
c.w. regime. This effect can be used, for example, for la
phase locking, for amplitude matching, for amplitude a
frequency stabilization of c.w. radiation, and for amplitu
and phase fluctuation correlation.

Another mode of the light-atom interaction investigated
the present paper is a resonant excitation of oneL system,
and far-off-resonance excitation of the secondL system in
double-L atoms. Such an excitation scheme ensures pre
ration of atoms in a nearly dark state throughout the medi
Therefore, the total energy of laser waves propagating in
coherent medium is dissipated very weakly, even when
CPT conditions for the amplitudes and phases are not
filled. Nevertheless, the change of each individual laser w
along the propagation path can be dramatic. We have fo
that both the far-detuned waves and resonant waves
changing. There are two important consequences of this
First, the state of the medium, while always dark, chan
along the propagation path since it follows the change of
resonant fields. Second, such changes provide the possi
of an efficient transfer of energy from one pair of laser wav
to another, which could be used for almost lossless amp
cation of two of the laser waves or generation of one
them. Our calculations show that maximum generation~e.g.,
b
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of the waveE42) takes place when the conjugated waveE31
is weak, and intensities of the strong pump wavesE32 and
E41 are of the same order in magnitude. Then one may
pect an almost complete transfer of energy from the wa
E32 andE41 to E42 andE31 at some predefined optical length
Advantages of this scheme over resonant four-wave mix
include the much larger efficiency of the generation due
very weak total energy dissipation, and the possibility to tu
the frequency of the generated wave. On the other han
requires quite large optical densities, and the phase of
generated wave is not stable with respect to the optical d
sity fluctuations.

Recent experiments have demonstrated that quant
interference-induced nonlinear optical effects with t
double-L excitation scheme can be realized not only w
atomic@9,4,8,24# and molecular@7# gases, but also with solid
media @6,21#. These processes provide highly efficient fr
quency conversion and generation of coherent radiation
wide frequency range, for very low input pump powers, w
nearly ideal quantum noise properties as they combine la
nonlinearity with substantially reduced spontaneous emiss
noise@5,11#. All this leads one to expect a bright future fo
coherent media in many areas of optics, atomic and la
physics, and quantum control.
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