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Effect of atomic recoil on the absorption spectrum of driven V-type atoms
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A numerical method is developedrf@ V system driven by two counterpropagating laser fields in a
momentum regime where a full quantum-mechanical treatment of the atomic variables is necessary. This
method is based on a transformation by which integral equations, reduced from steady-state optical-Bloch-type
equations involving the atomic center-of-mass momentum, can be transformed into inhomogeneous tridiagonal
vector recurrence equations. The effect of the atomic recoil on the momentum distribution in the absence of the
probe field, and, in particular, the absorption spectrum in a copropagating spectrum configuration is analyzed
and discussed. Special attention is given to the Rayleigh resonance of subnatural linewidth.
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PACS numbgs): 32.80.Pj, 32.76-n, 42.50-—p, 42.65-k

[. INTRODUCTION level system$6-9,11,12, our system does not allow a pho-
ton of one direction to be transferred, by stimulated pro-
An atom can experience a recoil during the absorptiorcesses, into a photon of opposite direction, a phenomenon
and emission of radiation as a consequence of the momeknown as coherent photon redistribution. Coherent photon
tum conservation. This atomic recoil plays an essential rolgedistribution is indeed forbidden iW systems driven by
in the laser cooling of atonfd]. Laser cooling and trapping counterpropagating . -and o _-polarized field423,24 in a
of atoms eventually led to the recent spectacular display otopropagating spectrum configuration. However, in these
Bose-Einstein condensation of gaseous atihs5]. Cold  studies, the pump fields are assumed to be far off resonance,
atoms enjoy much reduced Doppler and transit broadeninggnd the calculation is not fully quantum mechanical.
and, therefore, are ideal for nonlinear spectroscopy. The The “nearly resonant” requirement makes it difficult to
Lamb-Dick narrowing was observed by Westbragikal.[6]  apply adiabatic or secular approximations to simplify GOB-
in a fluorescence spectroscopic experiment involving coldype equations. In addition, we also leave the arbitrary laser
Na atoms in three-dimension@D) standing waves. Disper- intensity open, so that the results from the dressed-state
sionlike resonances of subnatural linewidth were reportedheory[25-27 may be tested for very cold atoms. For these
independently, by Grisoet al. [7] and Tabosat al. [8], in reasons, it is very difficult to carry out this study in an ana-
the absorption spectrum of cold cesium atoms in 3Dlytical manner. The numerical simulation at long time can be
magneto-optical traps. Effects similar to those in RE#s:8] ~ problematic[28]. In general, as the interaction time in-
were also demonstrated by Verkegkal. [9] and analyzed creases, on the one hand, one has to increase the sampling
by Courtois and Grynberd.0] in 1D laser cooling of cesium rate so that the narrow peaks in the momentum distribution
atoms under different polarization configurations. Recoil-caused by laser cooling are not smeared; on the other hand,
induced resonances, first predicted by Guo and co-worker@ne must increase the momentum domain to accommodate
[11,12, were later observed experimentally by Courtoisthe momentum diffusion by spontaneous emission. This will
et al. [13]. More recently, a collective-atomic-recoil laser inevitably lead to a large number of coupled equati¢ins
(CARL) was proposed by Bonifacio and co-workgt4d—16 the momentum spageat long time. If one simply takes a
in an effort to convert atomic kinetic energies into coherenthumerical integration of GOB equations to find the steady-
radiation. This has sparked a series of activities, both experftate solution, it will be very time consuming. In this paper,
mental[17,18 and theoretica]19—21], surrounding CARL. we follow Refs.[11,12,29,3) and approximate the transit
In this paper, we study the effect of atomic recoil on theprocess with a decay ratg (much smaller than any relevant
momentum distribution and, especially, the absorption sped-ateg and a momentum distributiow/(p), so that a steady-
trum of cold V atoms driven by nearly resonant counter-state solution can always be reached in abﬁm]t time. Un-
propagating pump fields. The absorption spectrum is calcuder such a circumstance, one can, in principle, obtain the
lated in a copropagating spectrum configuration in which thesteady-state solution by solving linear matrix equations.
probe induces the same atomic transition as the copropagatiowever since the dimension of matrices at long time, as
ing pump field. The study is intended to be fully quantumjust noted, can be large, one may encounter problems inher-
mechanical in the sense that quantization is performed oant from sparse matrices of large dimens|84]. One can
both the internal and external degrees of atomic freedomalso follow Refs.[29], [32] to reduce the coupled steady-
Such a treatment leads to the generalized optical Blocktate GOB equations into an integral equation involving a
(GOB) equation for the atomic variables involving the single unknown function, and to solve it by an iterative
center-of-mass atomic momentum. To justify this approachiethod based on the concept of perturbation. However, this
we follow Ref.[22] and limit our study to atoms that have approach has a low rate of convergence, especially at long
relatively narrow atomic lines and are precooled to withintime and with relatively large pump laser intensities.
several Doppler cooling limits. Compared to many multi- In this paper, we develop an alternative method to solve
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z dipole operatojx. We choose to work in a space spanned by
1 3 li, p), wherei is the index to the internal atomic energy level,
andp is the momentum eigenvalue of the atomic center-of-
mass momentum operator. In this space, the atomic Hamil-
tonian

2

HA:Z Jdp(ﬁﬂiz"‘ ;—M)|i,p><p,i|, 2

is diagonalized, wheré(),, is the energy of level relative
to the ground energy, while the interaction Hamiltonian,

H__a=— - F, under the rotational-wave approximation, is

FIG. 1. A schematic diagram of three-level V-type atoms drivenfeduced to
by two counterpropagating pump laser fiel@g®lid arrows and

probed by a weak fiel§dashed arrows |:|L_A: _f dp(ﬁElze—iw12t|1,p_ﬁk><p,2| +H.c) (3)

steady-state GOB-type equations. This method can be di-
vided into two stages. In the first stage, we basically follow
Refs.[29], [32] and derive a single integral equation from
the coupled GOB equations. In the second stage, we trans-
form the integral equation into an inhomogeneous tridiagnal
vector recurrence equation, and solve it by the method of
matrix continued fractiof33,34]. The method of(matrix)
continued fraction, although popular among the semiclassicathere  Eqi;= 1R 1524,  Egzp=pusF3)2h, and E,
laser-cooling studie§35,36, has, to our knowledge, never = usF /24 are the Rabi frequencies of the corresponding
been generalized to the spectroscopic calculation of atoms ifields. The time evolution of the atomic density-matrix op-
a full guantum-mechanical description. The virtue of thiserator,p’, in Schralinger’s picture, is governed by

method is that, no matter how large the momentum space,

the dimension of all the matrices involved is limited to the dp’
number of divisions within 2k, a subspace typically much dat
smaller than the relevant momentum space. This paper is

organized as follows. In Sec. II, we introduce our model andyhere @p’/dt);,. is the short-hand notation for random
present the GOB equations along with the absorption spegfyctuation and transit interaction. For simplicity, the transit
trum formula. Sections Il and IV are devoted to the redUC-proceSS is simulated with a decay ra&e sufﬁcienﬂy small
tion of steady-state GOB-type coupled equations into singl&g thaty, ! can be regarded as the interaction time resulting,
integral equations that are essential to the calculation of thg,, example, from atoms entering and leaving the interaction
atomic momentum distribution and absorption spectrum. Thggagion [11,12,29, and an external pumping rate to the
numerical method will be outllneq in Sec. V. Sectlon VI ground level,y,W(p), whereW(p) is the normalized atomic
presents and discusses the numerical results, with an emphdsmentum distribution in the absence of any coherent fields.
sis placed on recoil-related phenomena. A brief summary igg ysyal, the effect of random fluctuation is described by the

- J dp(Ege 3|3 p+Ak)(p,2/+H.c.

—J dp(ﬁEpe‘i“’pt|3,p+hk>(p,2|+H.c.), (4

sp’
dt

_%—[HA‘FHL-A,P']"‘ o 5

Inc

provided in Sec. VII. population decay rate from levelto 2,T,, the lifetime of
the levele, F;lz(ytﬂ“ez)*l, and the relevant dephasing

Il. THEORETICAL MODEL AND EQUATIONS rates yeo=v; +'ep/2 and yz1=y,+ (I'12+1'39)/2, wheree
OF MOTION =1 or 3. Following the concept of momentum family
37,29, we introduce a set of slowly varying density-matrix

Figure 1 shows a schematic diagram of a degenera
driven V system. The dipole allowed transitions are driven,
independently, by pump laser fields o_f frequendigs and p1a(p.t) = ply(p—tk,p—#k),
w12, Wave vectork and —k, and amplitude$ 3, andF 5.

In addition, a weak probe field of frequenay,, wave vector

k, and amplitude-, is applied between levels 3 and2;,,
Fs,, and Fj, are slowly-varying amplitudes of space and
time defined in the expansion for the total field,

lements:

p22(p7t):pé2(p7p)!
p3a(P,t) = pag(p+7ik,p+ik),

— ! —iwqot
(2= b(Ease 5 ey ot paa(p)=pin(p.p~ ke 1,

_ (6)
+é32Fpe_i“’pt+ik2)+H.C., (1) p2a(P.t) =para(p,p+hk) e 2,

where the fields are polarized in such a way tha, p1a(P.t) = pig(p—Tik,p+ik)e! (w12 wa,
=(3| - €372) and u1,= (1| ;- €1,]2) (along with their com- . o
plex conjugatesare the only surviving matrix elements of a pii(p,H)=pij(p,t) if i#],
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where pi’j(p,p’)=<p,i|f)’|j,p’). Equations(2)—(5) along neous emission, an excited atom of momentomg with
with the consideration of transit and random interactions reg<|7%k| has theN(q) probability of becoming a ground
sult in the following GOB equations: atom of momentunp, where
q 2
) } 9

d ) 3
mpll(pvt):_Flpll(p’t)+|[E12p21(p’t)_c-c-]' (79) N(Q):m 1+ 7K

d . assuming the emitted photons tode or o_ polarized 22].
g P3P = ~I'apaa(p,t) +i[Eaapoa(p,t) —C.C] To calculate the absorption spectrum of the probe field,
we follow the perturbative approa¢B38] by expanding

pij (P =pi(p) —i[Eppii’(p,A)e™
| |
PP =~ v1dP)psa P +Esd po PO~ pra(P.1)] ~Eppi(p.— )t (19

(70) correct to the first order in the amplitude of the probe field,
A, (o)) (7d) Wherepi(jo)(p) is the steady-state solution without the probe
Pz, field, andp{P(p,A)[ p{P(p,— A)=p{* (p,A)] is the probe
d induced modulation at the frequengy and in the unit of
apg,z(p,t): — V3 P)p3A P,t) FIE 3 pos(p,t) — p3a(p,t) ] —iE, (and hence is independent Bf). The equations for
(79 pP(p) andp{P(p,A) can be derived from Eq8) and are
left in Appendix A as references. The absorption spectrum in
_iE12p31(p’t)+iEpe_iAt[pZZ(pit)_p33(pit)]i (7f)  the context of this study shall be directly related to the mac-
roscopic polarization at positiorg, given by P3y(z,t)
d ) = uop5(z,t) +c.c., whereps,(z,t) is the density-matrix el-
gt P3(P.Y =~ v31(P)pai(P,t) +i[ Egopan(Pt) ement in the position space, and can be obtained by the
transformatior{11]

+i[Epe 4 pe(p,t) —c.c], (7b)

—iEgp13(p,t) —iEpe”

—Elpadp.t) ] HIE e Hpo(p,t), (79 )
, 1 ) (p'=pz| ,
d +1ik paAz,t)= Py dp dp’ ex = p3AP".P).
apzz(p,t)zrlzjihk daN(q)p1a(p+7ik+q,t) (11)
+1ik In this problem, because of the absence of the coherent pho-
+F32f daN(q) pss(p—7k+q,t) ton redistribution, and the assumption that the loaded atoms
K are distributed uniformly over the spagg,(p’,p) is non-
— yp2 P, )+ v W(p) zero only if p’=p+#Ak. This fact together with the defini-
. tions for the slowly varying density-matrix elements, allows
—i[Ep2(p,t)—c.C] us to arrive at
~I[Eapadpt) e PP’ P)=paPIe 1 UHS(p' —p—1ik).  (12)
—i[Epe "pos(p,t)—c.cl. (7h)

A polarization componeni,(z,A,t), given by
Here, in addition taA = w,— w3,, we have introduced 1
péz(Z,A,t): —iEpm e—iwpt—ikZ'

K fpélz)(p,A)dp
v12(P) = y12— 1 615(P), 914 P) = S12+ wP (8a)
is seen to oscillate at the frequency and travel along the
k direction of the probe field, when E@12) is inserted into
v32(P) = v32— 1 835(P), 934 P) = F32— M P Eq. (11) and ps,(p) is replaced with its perturbative expan-
8b) sion [Eqg. (10)]. In analogy with the absorption coefficient
introduced in the semiclassical theory, we define the absorp-

v31(P) = Y31~ i 851(P), 851(P) = 85 P) — 81 P), tion spectrum(at an arbitrary unjtas
(80)
—_ a(A)=ReU p“)(p,A)dp}. (13
vi(p)=vi(p)* if i#], (8d) .
where 51(p), 93)(p), and d3(p) are the Doppler-shifted lll. INTEGRAL EQUATION FOR  p{2(P)

laser detunings, anddi,;=w1,—Q,—w, and 3= w3,

—Q3,— w, are the laser detunings with respect to the recoil In this section, we seek to derive, from Ed#é1l), an
frequency shiftw, =#k2/2M. The atomic momentum redis- integral equation fop$y(p) along with the relations that can
tribution by spontaneous emission is summarized in the infacilitate its numerical implementation outlined in Sec. V.
tegrations in Eq(7h). Due to the randomness in the sponta-We begin by substituting{Y(p)[ p$3(p)1 and pQ(p)[ pY
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X(p)], obtained from Eqs(Alc) and (Ald) (together with R32(1“1+ Rip) —A(I';+A)

their complex conjugatésinto Eqgs.(Ala) and (Alb). This C32p = T+ Ry)(Tat Ry —AZ’ (21b
operation results in two contributions to the excited popula- St
tions. The first can be traced to the single-phofSf) pro-
cess. The effect of the SP process on the atomic populations
is represented by the SP absorptiemission rates:

Ri(p)=a1p) —A11(P), RsaAp)=azp)—Assp).
(22

212 2y32
a1(P)= a5 l1p,  AsAP)= g g2
1 Yi+op Y % Yoot 0% Finally, we combine EqgA1a), (Alb), and(A1f), and trans-

form the result with the help of Eq%20), into an integral

2 -
wherel ;,=|Ey,|* andl 3,=|E5;|® are the corresponding laser equation for a single unknown functig$?(p), in the form
intensities. The other is associated with the excited coher(—)f

encep{Y(p)[p{Q(p)]. To trace their origin, we solve Egs.

(Alc)—(Ale) together with their complex conjugates with Lk

the goal of expressingy(p)[ p{%(p)] in terms of the popu- Y W(p)=— 1“34 dgN(g)ca,
lation terms. This leads to ~hk

X (p—fik+q)p%Y (p—7fik+q)
( )= 2E32 P(zg)_P(n) P(zg)_P(sg) (14) -
& or L ve J FAPIPZ(P)~T1o f Maanaren,
—hk
where {31(p) = G3z1(p) —iSz(p), and < (p+k+Q) ( Ak, 23
p QP p q
| |
Gay(p) = yart 32Y12 12732 (15) where

2 7 2
Vit 815 ¥io+ 055

(D)= Lt 132815 - 11265, e A(p)=yt+T1C1(p) +T5C3AP).
1PI= 0 Vit 815 Vot 835

It is clear that oncep(o)(p) is determined, the rest atomic

0) . . variables can simply be obtained algebraically with the help
The fact thaps, (p) [Eq. (14)] is proportional to the product of Egs.(20) and(14), and additional relations in Eq6A1).
of the two field amplltudes suggests that the latter is the work

of two-photon(TP) process, and can, therefore, be described ©
by three TP absorptiofemission rates. They are, respec- IV. INTEGRAL EQUATION FOR  p5;,'(P,A)

tively, the net escaping rate of the atoms at level 1,
In this section, we follow the same steps in Sec. Il to

(Y3~ 612)Ga1t 21261,551 derive, from Eqs(A2), an integral equation fop’s(p,A),
A11(p) =2l 12l 37 (72, 0D2(Co 2 ; (17 and to establish equations necessary for the numerical calcu-
12 STt lation of p$5(p,A) and hence the absorption spectr{ify.
the net escaping rate of atoms at level 3, (13)] Note that in arI’IVIng at EinZ) we have introduced
and shall continue to use a notational convention: a new
(7%2— 513)631—2732552531 variable~f(p,A) is introduced if there exists such a function

Agy(p) =217l 3; (18

(y5+ 659)%(G5+S5) f(p) in Sec. Il thatf(p)=Tf(p,0). For example, the intro-
duction of a variabl&,,(p,A) [Eg. (A3d)] is based on the
and finally, the population exchange rate between levels fact thatv;,(p,0) equalsviy(p) [Eq. (8a)]. This convention

and 3, allows Eqgs.(A2) to be organized in a similar format to that
of Egs. (Al). Hence the solution tp{(p,A) can also be
(Y12Y32+ 012055) Ga1t (¥21815— Y12050) Sa1 handled in a “rate” equation approach. Here the quotation
A(p) =217l 3 2 12y 2 12\ (2 2 : marks serve as a reminder that the “rates” introduced below
(712t 612)(v3ot 632) (G5 +S59)

(19 do not have physical meanings, and, as matter of fact, are not
even real. The benefit, however, is that the solution to Egs.
With these preparations, we reduce Ef&la) and (Alb) (A2) can now be described in a language consistent with the
into steady-state rate equations, from which we express th@escription of the solution to Eq$Al). First we introduce
excited populations in terms of the ground population as two “SP rates”

P2 (P)=c1P)p ()P (D) =Cad PP (P), (20 101 101
" 1 e a(p,A)=lyp ~1;—21+7j—12 , Az p,A) =13 v_23+ T
where (24)
~ RiI'3+Rgp) —A(I'3+A) to account for the contributions by SP processes. Next, we

(21a

C12P)= (T1+Ry)(T3+ Ry —A?” trace the origin of the TP contributions to
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E§2 E12E§2 Pzz P(lll)
P (p,A)=—i ——p{¥+ — -
{13V12 {13 V12
(L) (1)
L PP
22 33 ' 25
V23
1 EL,
P (p.A) = =~ —pR—i ——[p}% ~p D]
{31 {13732
E..E* (1) (1) (1)
n iz 32 Pzz~ P11 +P22~ P33 . (26)
{31 V21 V32
where
[ I3
(P A) =Tgt =+ =, (274
Vo3  Vi2
~ - I I3
{31(p,A) =Tyt =——+ =—. (27b)
V32 V21
We then introduce three TP rates
~ 1 1
Ar(P,A)=laalag ———+ ———1, (283
| V12013 V51831)
- 1 1
Aga(P,A) =l gy ———+ ———1, (28b)
| V32031 V33l13]
1
A(p,A)=112l 3 T = (280
V1gV23l13 VorVada

to describe the TP contributions. Again, by solving the two

simultaneous rate equations, we connggt(p,A) and p&)

X(p,A) to pSH(p,A) by the following algebraic relations:

PiT(p.A)=Cig(p,A)+T1a(p,A)p55 (p,A), (298
PS5 (P, A)=Cao(p,A) +Taa(p,A)p55 (p,A), (29
where
6,(T 3+ Rap) + ,A
CrlpA)= —— = (303
(I'1+R)(I'3+Rgp) —A
0,(T 1+ Ryp) + 0,A
CaPA)=—— . (30D
(I'1+R)(I'3+Rgzp) —A
and
E* I32 E~’3<2E12
91(D,A)——l—(1——)9(1%)+~—~P(2(i)
V12 V12813 Vo1l
. E*IlZ
i —22 (- pD), (319
Vo1V32{31
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0. By

0p(p,A)=—plg +i —— = P21
Vo3Vi12l13 V3231
E3 I
—i— 1= ———|(p—p).  (31b
V32 V3231

Here,Ry,, Rap, T1o(p,A), andEay(p,A) [including A (p,A)

in Eq. (32)] can be obtained by a simple transformation:
placing a curly hat on every variable in the definitions for
these variables in Sec. Ill. For exampl&(p,A)
=a1(p,A) —Ayi(p,A) corresponds to Ryy(p)=aiAp)
—Aq1(p) [the first relation in Eq(22)]. In contrast,g,(p,A),
0,(p,A), cio(p,A), andcay(p,A) cannot find their analogs
in Sec. III, since they depend qi{”(p). By combining Egs.
(A2a), (A2b), and(A2i), and with the help of Eq429), we
finally arrive at an equation involving integrals of a single
unknown functionp$Y(p,A),

_Flclo(va)_T3C3O(paA)

+rk

1, daNarendp+ aka.0)
—hk
+hk

+Ta[ daN@cap— Akt a,8)

+hk
— | AN p— Rk .40 (P ik
+0,A)+A(p,A)ps(p,A)

+hk
—Flzf daN(q) oA p+7ik+0q,A)pS5 (p+7ik

+q,A), (32

in a format similar to Eq(23). Oncep$Y(p,A) is solved,
p32(p,A) can be obtained through various algebraic rela-
tions.

V. OUTLINE OF NUMERICAL METHOD

It is now clear that the key to the solutions to E¢a1)
and (A2) is to develop efficient algorithms for solving Eq.
(23) and (32). In this section, we show that E¢23) [Eq.
(32)] can be cast into an inhomogeneous tridiagonal vector
recurrence equation, and hence, can be solved by the method
of matrix continued fraction. To begin with, we divide
between—#k and +7k into L divisions and replace the
integrals in Eq(23), with the Simpson’s rul¢31]. This pro-
cess turns Eq23), into
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Ap 2 L, 0.14
YW(NAp)=—Tgz7- 2 by, N(ik+1Ap)ca(n 2 o2 o
0 0 § 0.10 I
+1)Ap)p} )((n+I)Ap)+A(nAp)p(22)(nAp) 3 i
0.08
5 [
T P bk 2 0091
- 3 004 -
4]
+1Ap)p3 (n+1)Ap), (33 E 002
wherep=nAp, by=4 if | is odd, ando,=2 if | is even, with = 0.00
the exception thab,=b, =1. Note that in arriving at the -30 30
form for the first integral in Eq(33), we have made the p/rk

transformation | —L—I| along with the conditionLAp

=2#k. Equation(33) can be put into a compact form FIG. 2. (8 W(p) and (b) p7(p) for a case of a low Rabi

frequency E, =0.1I' with additional parametersy,=0.21", v,
L =0.00T", 6,=-0.5I", andApp=10:k. p{Q(p) and p{Y(p) are
yW(nap)= 2 Al p O ((n+1)Ap), (34)  extremely small.

respectively, with A(p,A), T(p,A), Tsp,A), and
I'1€10(p,A) +ﬁ1“3030(p A) + Tipf ThkdaN(g) cio(p + ik
+0,4) + Taof ZHdaN(q) cao( p— ik +,A).

where

o_ Ap
AS=A(NAP)~T'1z 5~ N(~#K)C1AnAp)
VI. NUMERICAL SIMULATIONS AND DISCUSSIONS

~l'ar3-N(fik)Ca(nAp), To focus, we limit our study to symmetrical systems in
which I'1;='3=T", y1o= v3,=7, 012= 83,=6, E1o=Ex,
Ap =E,, andl,=I13=I, . In our simulationk is chosen to

=~z bIN(=Zk+1Ap)c((n+1)Ap)  if 1>0, e the unit for the momentum arddto be the unit for any
rates and frequencie®y(p) is assumed to be a normalized
Ap Gaussian function,
=—F32?b|+|_N(ﬁk+|Ap)C32((n+|)Ap) if 1>0.

. W(p) = ————g (PI4P0)", (36)
By using the standard procedJi], we transform Eq(34) V27 App
into an inhomogeneous tridiagonal vector recurrence equa-
tion whereApp, is the half-width at expf 1); the upper and lower
_ N momentum limits are set between four and eight times
Qn Cn-1tQnCnt QpCni1=rn, (85 +Apg depending on the momentum spread; the momentum

is sampled at a rate of ten divisions gek. Finally, we note

wherec,, andr,, are vectors of. dimension defined as a relation wp = kp/M = 2w, p/tik that might be implicitly

p(zg)((Ln)Ap) used to n_1ake conversions between the Doppler shjfand
©((Ln+1)Ap) the atomic momenturp. S
o= P2z . Figure 2 shows the momentum distributions produced un-
: der the condition that the pump fields have a low Rabi fre-
PR ((Ln+L—1)Ap) quency €, =0.1I") and are red detuned(=—0.5"), with
the rest parameters being=0.2" andy,=0.001". At such
»W((Ln)Ap) a low Rabi frequency,
| vWwLn+1ap)
and ry= : : [,y>ae(P)>Acdp),A(p) (e=1o0r3), (37

W((Ln+L-1)Ap) so that Egs(21) can be approximated &s,(p)~ae(p)/T"

<1. For this reason, the excited populatigiss. (20)] are
almost unobservable in Fig. 2. The ground momentum dis-
(QNi=Al-ItL (Q)ii=Al-I=L (Q,)i= , tribution [Fig. 2(b)], on the other hand, experiences a signifi-
" Atnri=1:(Qn L Alnvica cant change compared W(p) [Fig. 2@)] due to the mo-
with A'n:o if |I|>L. We can then solve Eq35) with the =~ mentum redistribution by absorption and spontaneous
matrix continued fraction methd®3,34. It is apparent that €missions. The number of absorption and spontaneous emis-

respectively, whileQ,’s are matrices of. XL defined as

the matrices involved all have the same dimendiprypi-  sion cycles in an interaction timg, * can be estimated by
cally much smaller than the total number of divisions. Theaj,(p)/y; under condition(37). a;5(p)/y; equals 200 ap,
same algorithm can be used to obtain the solution ta®2). =], |7k/2w,=1.25ik, where the atoms are on resonance

when A(p), ci(p), CsAp), and y,W(p) are replaced, with the atomic transitions, and equals 3pat 20 k. This
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FIG. 5. The absorption spectrum corresponding to the momen-
(0) (0) (0)
FIGf' 3.h(_a)hVé(pg_,f(b) p22(p)’_(19) p_lt#(pg(’j_?nd(?) p33(p)tfor ?h tum distributions in Fig. 3. The inset is an enlarged view of the
case of a high Rabi frequen&( =T" with additional parameters the Rayleigh resonance at=0.

same as in Fig. 2.

. ) ) this line gives way to the Rabi sidebands, as a result of the ac
difference, together with the Doppler effect, explains whystark shift. No exact formulas exist to locate the sidebands
the atoms around: p, are piled up aroung=0 while those  pecause the dressed states are now velocity dependent. How-
at large momentums are virtually untouched. Figure 3 disgyer, an inspection of Fig. 5 indicates that while the two
plays the momentum distributions produced with the sam&jdebands on the negative side are mixed, those on the posi-
parameters as in Fig. 2 except tat=I". At such a high tye side are located approximately at (I, +1,)Y%~
laser intensity,ae,(0)=2y1, /(y*+&,)~1.6I'>T, so that +15 and+2(I +1,)"2~+3T, in qualitative agreement
saturation develops as is supported by Figs) @nd 3d). In  with the prediction from the dressed-atom theory for the ho-
addition, the narrow peak aroupd=0 in Fig. 3b) is broader mogeneously broadened atoms driven by resonant pump
than its a counterpart in Fig. 2. This broadening is due to théields[25-27. Also evident in Figs. 4 and 5 is the Rayleigh
ac-Stark effect, which has been incorporated migp) [Eq.  resonance of subnatural linewidth. This resonance undergoes
(21)] via the two-photon rates.p) andA(p) [Egs.(17)—  a dramatic change as the laser intensity increases. Its shape
(19)]. Further, in Fig. 3, a significant heating is developed forhas evolved from pro-Lorentziaithe inset in Fig. #to dis-
the atoms of large momentums since there, although thgersionlike(the inset in Fig. Btype. The spectrum on the red
cooling force is small, the momentum diffusion by sponta-side of the Rayleigh resonance has changed from absorption
neous emission can still be quite large. In fact, the number ofo gain. Let us characterize the Rayleigh resonance with two
optical pumping cycles at the momentum as large dk326  parameters: a pedknaximum value and a width defined as
a12(20hKk)/y~30, still quite larger than 1. The use of the spectroscopic distance between the peak locatiomand
a;(p)/ vy, for the estimation is justified because at large mo-=0 (not as the peak to peak width since no minimum can be
mentums, inequality37) still holds. located if the resonance is shaped in a pro-Lorentzian type

Figures 4 and 5 are the absorption spectra correspondirigke the inset in Fig. % Figure 6 shows howa) the peak and
to the momentum distributions of Figs. 2 and 3, respectively(b) the width change with the pump Rabi frequerigy (with

In Fig. 4, an almost homogeneously broadened line shape &te rest parameters the same as in Fig. 4)0Bb6th the peak
the atomic transition frequencyQs;(A=—45=0.5") and width increase withE, up to a certain point, beyond
emerges from the Doppler-broadened profile of width which they begin to decrease. The width decreases at a much
=4I'(App=10ak). At a laser intensity as large as in Fig. 5,

— 0.0055
J0.005
0.0 1 b
30.0045
0.1 1
5 02 0.004 §
E 0.3 02 J0.0035 gj
% 04 { 03 10.003
0.4
0.5 { 4 0.0025
-0.5
-0.1 0.0 0.1
06 — - A +10.002
-10 5 0 5 10
AT

FIG. 4. The absorption spectrum corresponding to the momen- FIG. 6. The dependence () the peak andb) the width of the
tum distributions in Fig. 2. The inset is an enlarged view of theRayleigh resonance on the laser Rabi frequdficywith additional
Rayleigh resonance a@t=0. parameters the same as in Fig. 2.
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faster rate than the peak. Our simulatigrot shown indi- 0.15
cates that the Rayleigh resonance is more of Lorentzian type
at smallg, , where the peak and width experience a most
dramatic increase, and is more of a dispersionlike type at
largeE, , where the peak and width decrease.

To trace the origin of the Rayleigh resonance, we take the
approach[11,12,39 or first discussing the concept of
“closed” system. Letp{®?(p)=332_,p{0(p) and p{"(p,A)
=Ei3:1pi(i1)(p,A), respectively, be the total population and
total probe-induced population modulation of a momentum
group. If the Doppler width is much larger thark, the
atomic recoil can be ignored. Under this condition, one finds
from Eqgs.(Al) and(A2) that

0.10 -
(b)a,(_é).f

0054 ..

0.00

—_— e e —— e e

-0.05 - ©) o (D) e

-0.10 1 (a) o(A)

Various Absorption Coefficients (arb. units)

o " B 0.15 : : -
pr (P)=W(p) and py’'(p,A)=0. (38 -0.050 0.025 0.000 0.025 0.050

Equations(38) mean that both the total population and the ar

total probe-induced population modulation are conserved FiG. 7. The decomposition ¢8) a(A) into a recoil-induced part
within a specific momentum group, or, equivalently, that the(p) «,(A) and a background paft) a,(A) for the Rayleigh reso-
members of each momentum group form a closed systenmance corresponding to Fig. 5.

This is no longer the case when the atomic recoil is taken
into consideration. To illustrate this, we introduce the total

. _toey3
EOpUI;t'OngT(;)_f—wzizlp“(p’t)dp' It can be shown i, g \ve display several regp{M(p,A)] with different A
rom Egs.(8) that using the same parameters as in Fig. 5. First, the area under
— each curve is zero, in accordance with the second relation in
dpr(/dt==ypr(U+ % Eq. (39). Second, agA| increasesp{’)(p,A) diminishes
Clearly, at steady statg;(t)=1, which, together with Eq. quickly. This can be understood as follo8,23,24. The
(10), leads to two normalization conditions combined field of the probe and copropagating fields oscil-
lates at a beat frequenay. As a result, the population is
0y ) _ modulated with the same frequency. The modulation depth
__pr(p)=1 and | pr(p.A)dp=0, (39 of the total population of a momentum group is the ampli-
tude of p{*(p,A). This population gratingin the time do-
specific forp(”(p) andp$*(p,A). The functions satisfying main) contributes to the absorption spectrum by scattering
Egs. (39) are not necessarily same as those satisfying Eqd2art of the pump field into the component at the frequency
(39). In summary, our system is closed globally with regard@nd along the direction of the probe field. If the combined
to the atoms of all the momentum groups, but remains opefield oscillates much faster than the system can respond, the

The line shape of,(A) depends critically op{’(p,A). In

|A|>1/7, wherer characterizes the response time of the sys-
pP(p)#W(p) and piP(p,A)#0. (40  tem, the amplitude op$Y(p,A) will be small. The maxi-

mum response happens approximately aroyid~1/r.

The spectroscopic features, apart from the Rayleigh res®ince y, s viewed as the interaction time, we expect that
nance, can mostly be accounted for by the first inequality in
Eq. (40). For example, the nearly homogeneously broadened
line shape in Fig. 4 is a direct consequence;@f(p) being
different fromW(p) due to laser coolingFig. 2). The Ray-
leigh resonance, on the other hand, is the work of the second
inequality in Eq.(40). To illustrate this point, we divide,
according to Ref[39], a«(A) [Eq. (13)] into a recoil-induced
parta,(A) and a background pait,(A). The spectroscopic
terms proportional tOp(Tl)(p,A) are grouped intow,(A),
while the rest all go tay,(A). It is evident thate, (A) must

0.02 - (a) A=—0.004T"

0.01 4

0.00 7

-0.01 1

Real(p,(p'A)) (arb. units)

come from the atomic recoil sinqérl)(p,A) [consequently 20.02 - ™ (b) A=—0.2T

a,(A)] vanishes in the absence of the atomic recoil. Such a ———————————
division is carried out in Appendix B, and the results are -30-25-20-15-10 -5 0 5 10 15 20 25 30
summarized in Eqs(B5)—(B8). Figure 7 comparesy(A), p/hk

a,(A), and a,(A) for the Rayleigh resonance in Fig. 5. It
shows thatr,(A) [Fig. 7(b)] indeed determines the shape of  FiG. 8. The real part 05{”(p,A) as a function of momentum
the Rayleigh resonance white,(A) [Fig. 7(c)] serves as a for (a) A=—-0.004", (b) A=—0.2I', (c) A=—T, and (d) A
background offset to the total signa(A) [Fig. 7(@]. In fact, ~ =—2I". The rest of the parameters are the same as in Figr 3
this behavior holds for all the examples given in this paperFig. 5).
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0.06 APPENDIX A: STEADY-STATE EQUATIONS
1 0.05 p{"(p) satisfies the following set of coupled equations:
k- ] 004 Lo (p) =il E.n () — AL
5 = 111 (P)=i[Ep57(P)—cC.Cl, (Ala)
£ o003 &
E =
3 Joo2 T3p(p)=i[Espiy(p)—c.cl, (Alb)
1 0.01 _ ,
o : v1aP)pZ (P =IE 1 p (P) — piT (D)1= iE a3 (P),
-0.04 L | L I I 0 (A].C)
0 001 002 003 004 005 006
v/T . .
vaa(P)p5) (P)=iEsd p (P)— P53 (P) 1= iE1205) (D),
FIG. 9. The dependence @) the peak andb) the width of the (Ald)
Rayleigh resonance on the transit decay rgte The rest param-
eters are the same as in Fig(&® Fig. 5. v31(P) P (P) =i[E3p(p) — EXp (p,1)], (Ale)

in our systemr~! be proportional toy,. Consequently, as

. . . . . . nk
illustrated in Fig. 9, ag; increases, the widtfFig. 9b)] and O () =T f+ daN O (n+Ak+
peak[Fig. 9a)] of the Rayleigh line increase and decrease,%pzz(p) 12) ik aN(@par(p @
respectively. K
0)n_
VIl SUMMARY +F32f_ﬁkqu(Q)P33(p fik+q)+ »W(p),

In this paper, we have developed a numerical method by ) © ) ©
which V systems driven by nearly resonant counterpropagat- —i[E12p57(P) —C.C]—i[Esappz —C.C,
ing pump fields can be analyzed in the momentum regime (Af)
where a full guantum-mechanical treatment of the atomic
variables is necessary. This method consists of first reducing  p{?(p)=p{P* (p), if i#]. (Alg)

the steady-state GOB-type equations into a single integral
equation whose solution holds the key to the rest atomigrg oy
variables, second transforming the integral equation into an
inhomogeneous tridiagonal vector recurrence equation, and (1) _ 1) 1)
finally solving it by the method of matrix continued fraction. 1 1(A)P11'(P,A)=i[E1a057 (P, A) —ETppiz (p,A)],

This has the advantage of limiting the dimension of the ma- (A23)
trices to the number of divisions iiX, a subspace typically 5

much smaller than the entire momentum space. Equipped T'3(A)p5(p,A)=—pS(p)+i[Eap’y (p,A) — EXpSy
with this method, we have performed numerical studies of

the momentum distribution in the absence of the probe field, X(p,A)], (A2b)
and, in particular, the absorption spectrum in the copropagat-

ing spectrum configuration, with our research interest bein@.,,(p,A)pSt (p,A)=—iEXf p5(p,A)—pF(p,A)]
focused on recoil-related phenomena. The effect of the e ()

atomic recoil has been demonstrated with examples both at +iE5p57(p,A), (A2c)
low and relatively high pump laser intensities. In particular,

the origin of the Rayleigh resonance of subnatural linewidtti, ,(p, A)p{Y(p,A) = p'Q(p) +iE1d pS5(p,A) — pP(p,A)]
has been traced to the spectroscopic contribution associated

with the total probe-induced population modulation of a spe- - iE32p(1§)(p,A), (A2d)
cific momentum groupp+(p,A). However, we are unable to

obtain any analytical descriptions of the resonance, dug, . A)p(l(p,A)=—iE5{pSH(p,A)—pE(p,A)]

partly to the fact that, in the nearly resonant interaction, both

p(p) and p$y(p,A) have to be determined in a self- +IELP Y (p,A), (A2e)
consistent manner. For this reason, this study only gives a

limited view of the dependence of the Rayleigh resonance o# MoDp A =l02(p)— 2 HIiE-d oY (p. A
the atom-field parameters. In a future studies, we hope togz(p’ 103 (P.8) =133 (P) = P22 (P)I*1Ead P2z (P.A)
gain further insight into the formation of the Rayleigh reso- —pS(p,A)]—iE P (p,A),  (A2f)
nance of subnatural linewidth by developing asymptotic ex-

ressions that can give better guidance to numerical investi- ~ .
Dations. J J P1a(P.A)PE3(p,0)= ~I[ESP I (P.A) —Erpls (p.A)],

(A29)

pled equations fqrfjl)(p,A) are

. v31(P, p, = p +1 p, -
This work was supported by a grant from Research Cor- . pa1 P2 221 1232
poration. X(p,A)], (A2h)
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T(A)pSs (p,A)=pS3(p) —i[E1an57(p,A) — Efply
X(p,A)]—i[Egp5s (p,A) — EdpSy

+hk
X(p,A>]+r12f_hk N(q)piy'(p+7k

.
+0,0000+ 5| N(@) o (b ik

+q,A)dq, (A2i)

where
Ty (A)=—iA+Ty, (A3a)
T3(A)=—iA+T5, (A3b)
F(A)=—iA+y, (A30)
V1AP,A) = v~ i[A+ 51(P)], (A3d)
V3P, A) = y3—i[A+ 53(p)], (A3e)
V31(p,A) = yar—i[A+ 53(p)], (A3f)
Pii(p.A)=y;—i[A=dj(p] if i#j. (A3g)

APPENDIX B: DERIVATION OF ag(A) AND ag(A)

As a first step, we replaqésll)(p,A) in Eq. (A2f) with Eq.
(26), and solve forp$y)(p,A), with the result

Il

1
PS5 (p,A)=— (1—
V3o

P21
{31V32 V32§31
_iﬂ(pg <1>)+|E (1— '12)
{31V32V21 V32 {31732
X(p%s — p53). (B1)

Next, we insert Eqs(29) into the definition forp(l)(p,A)
=33 pM(p,A) to obtain

C10tCao
14+T,+Cgp 14T+ Ta P

Y(p,A),
(B2)

P53 (p,A) =~
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which, together with relationg9), leads to

C1o(1+T3) —CaeCa2 Ci2 1

pll(p A) 1+’612+’632 + 1+'612+'632pT (pnA);
(B3)

pB(p A):Cso(1+512)_010532 Ca2 pD(p.A).

3Py 1+Ty,+ Ty 14+T15+Cay ’

(B4)

By inserting Eqs(BZ)—(B4) into Eq.(B1) and separating the
terms proportional t(p(T (p A) from the rest, we find that
pS(p.A)=p5P(P.A)b+ PS5 (P.A), . where

1) 1
2 (p.A)p=——| 1

V32

Ei
)<p<°> 2+ —pf}

5 31V32 V32§ 31

(C1ptC30)(1+Cqp)
1+T4ot 7Ty,

| 12E32

{31V3V21

(C101C30)(1+TCg3p)

2317/32>

(B5)

and

Es
V3 1+C15+Cyo)

P55 (p.A) =—ip(p,A) (1

{31V21

—1)(1—632)].

Accordingly, the absorption spectrum is divided int¢A)
=ap(A)+ «,(A), where

~Tip)+ <~ = (B6)

{31V3

ap(A)= f ps (p,A)pdp, (B7)

ar(3)= [ o(p.2),dp, (B8)
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