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High-resolution laser spectroscopy of diamagnetic helium in the chaotic regime
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We measured a series of spectra of diamagnetic helium under fixed classical conditions. We varied the
scaled energy fronz =—0.40 to —0.26 in steps of 0.02, which corresponds to a gradual increase of the
number of chaotic orbits in classical phase space. The classical dynamics of the system is studied using
closed-orbit theory. The high resolution of the experiment allows for an investigation of the evolutiomdf the
orbit and its repeated traversals. Taking only this stable orbit into account, we reconstruct the most pronounced
peaks in the energy spectrum recorded=at—0.36. The accuracy of our experiment, confirmed by agreement
with quantum helium calculations of action spectra up to scaled action 25, provides a good testing ground for
recently developed uniform semiclassical approximations in closed-orbit tH&#§50-2947@9)07412-Q

PACS numbgs): 32.60:+i, 05.45—a, 03.65.Sq, 32.80.Rm

[. INTRODUCTION —0.12 spectrum an exotic orbit turned up before its classical
bifurcation energy ok =—0.115. However, due to experi-
The diamagnetic Rydberg atom, a quantum-mechanicahental uncertaintiesde =0.005) this peak could not be at-
system with chaotic dynamics in the semiclassical limit, is atributed unambiguously to a so-called ghost orbit. In the
prototype system to investigate “quantum chaofl,2]. regular regime ghosts of rotator orbits were observed in sev-
Classically, irregular motion arises when the spherical Coueral experiments, for the first time by van der Veddial.[7].
lomb term in the Hamiltonian becomes of the same order oComparison of recurrence amplitudes showed that closed-
magnitude as the cylindrical diamagnetic term, a situatiororbit theory predicts unphysical divergences at bifurcation
which can easily be created in an experiment with Rydbergnergies. Uniform semiclassical approximations provide a
atoms. The scaling properties of Rydberg atoms can be usesrrection of these amplitudes for orbits close to their bifur-
to perform experiments under fixed classical conditions. Incation[8,9]. In addition to the correction for the unphysical
such experiments the field strenggh (y=B/2.35x10° T) divergences in the recurrence spectra the repaired closed-
is adapted to the laser frequency exciting the Rydberg atororbit formulas also give a description of ghost orbits.
(excitation to energ)E) in order to keep the scaled energy  The resolution of hydrogen experiments was not sufficient
e=Ey %3 constant[3]. In the field-free caseg=—x), to investigate the long-time behavior of trajectories. In action
classical phase space is completely regular. Abeve  spectra of high-resolution experiments on nonhydrogenic at-
—0.5, the fraction of classically chaotic trajectories gradu-oms, orbits could be followed up to considerable higher
ally increases with scaled energy. According to closed-orbiscaled actions than before. In helium experiments: at
theory, photoabsorption spectra near the ionization limit pos— 0.7 [7], almost each peak could be attributed to a hydro-
sess large-scale structures corresponding to the underlyingsnic orbit, but around®~10 additional peaks were ob-
classical dynamic$4,5]. In constant scaled-energy experi- carved at the sum of actions of two hydrogenic orpit§].

ments, each classical electron orbit that starts at and returqsnese peaks result from core scattering, i.e., the electron

to th? nucleus contributes a S|.nu50|da| oscillation to the f"‘bécatters from one hydrogenic orbit into another. A quantum
sorption spectrum. In the Fourier transform of an absorptio

) reatment of core scattering in closed-orbit theory shows the
spectrum, the so-called action spectrum, peaks appear at tjiy ;ence of the quantum defect on the recurrence amplitude
classical scaled actiors of closed electron orbits. This im- [11_13. This improved theory showed excellent agreement
plies that the spectral resolution determines the maximunyith singlet helium experiments in an electric figlti]. In
action that can be observed in an experiment. The amplitudgnother series of measurements the increasing differences
of the recurrence peaks in such an action spectrum is relatggith hydrogen were demonstrated in intensities of peaks in
to the stability of the orbit, i.e., to the divergence of the g¢tion spectra when larger quantum defects are involved
adjacent electron trajectories. 151,

In_a hydrogen experiment by the Welge group in" |n this paper we present results of high-resolution experi-
Bielefeld at constant scaled ener§§], spectra were re- ments in a magnetic field performed at higher scaled ener-
corded using a pulsed laser source and varying the scalgges. In the regime of mixed regular and chaotic motion eight
energy from—0.50 to +0.02 in steps of 0.05. This covers gifferent spectra are recorded, varying the scaled energy
the region where most classical orbits are stabie<(  from ¢=—0.40 to—0.26. R-matrix calculations are used to
—0.50) up to completely chaotic phase spaee-(-0.11).  check the accuracy of the experiment. Due to the high reso-
The position of the recurrence peaks in the action spectriytion, recurrence peaks up to action 150 could be observed.
could be interpreted with closed-orbit theory upSe5. By  As the limits of semiclassical theory are not well understood,
increasinge the creation and evolution of orbits could be the question arises up to what time scale classical trajectories
followed in the experimental action spectra. In the can be extracted from a quantum spectrum. Especially cha-
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otic orbits become of fundamental interest, because concep- Under fixed classical conditions, Planck’s constant de-
tual problems arise at time scales exceeding the Heisenbefmpes an absolute scale in the quantum Hamiltonian. As a
timety~7%/AE (whereAE is the typical level spacingOne  consequence quantum conditions depend on the field
of the challenges of the present work was to perform closedstrength, which can be quantified by defining the effective
orbit calculation up to high actions to obtain agreement withconstant of Planck with
experiment not only in position but also in recurrence
strength. The recently developed correction formula for the [r.pl=iyP=ih,. (4)
parallel orbit was applied to improve the agreement in
electric-field  experiments [16]. For diamagnetic The important trajectories in semiclassical calculations, the
Rydberg atoms in the chaotic regime also other types o€losed orbits, are searched for by numerical integration of the
uniform semiclassical approximation have to be applied teequations of motion up to a maximum scaled action. Varying
predict the recurrence strength connected to the perpendicthe initial launching angles;=arctanp,/p,) with steps of
lar and exotic orbits. 0.0002°, the region between 0° and 90° is scanned for the
This paper is organized as follows. In Sec. Il we describescaled-energy range in the experiment. By numerically inte-
how closed-orbit theory reveals information on the classicabrating the equations of motion problems arise at the Cou-
dynamics from a photo-absorption spectrum. The setup folomb singularity, which can be avoided using a transforma-
our diamagnetic experiment is presented in Sec. lll. The exon to semiparabolic coordinates= Vi+2 andv=+F—3
Cetion Speciia Wik mati caloulations and use closed. 14 bY applying a time ransformatiat-2F dr [12]. The
orbit theory to interpret the data. Finally, we present Someregularlzed Hamlltonlan represents then a system of two
; : ' ' coupled harmonic oscillators:
conclusions in Sec. V.

h=2(p2+p2)—e(u+v?)+ su?vi(u?+v?)=2. (5
Il. THEORY
. . . . The classical Hamilton equations of motiodg;/dr
A. Classical dynamics of diamagnetic hydrogen — gh/ap, anddp; /dr=— dh/aq; are given by

Action spectra of Rydberg atoms in an external field re-

veal the underlying classical dynamics. Recurrence peaks du dpy 2m . o

can be attributed to classical closed orbits, trajectories start- 47 " Pur gy T2su—Auvi(2utHvo),

ing at and returning to the nucleus. Application of semiclas- (6)
sical theory therefore begins with finding these orbits for the dv dp

hydrogen problem. Differences between nonhydrogenic and 4= Py, d—;’ =2ev—4vu?(2v3+u?).

hydrogenic action spectra are caused by core scattering. This
possibility of scattering at the ionic core can be calculated In Fig. 1 the scaled actions of the closed orbits found in

via an iterative procedurfl1-13. For the small quantum . . . .
defects = 0.068 of the Rydberg series of the present experi-the integration routine are plotted for different scaled-energy

ment, this will give only minor differences compared to the values. The step size of the sixth-order Runge-Kutta integra-

hydrogenic action spectra, and this contribution will be ne-t'qn routine Is chosen to have_an accuracy up to the _S'Xth
glected here. digit in the classical scaled action. By evaluating the diver-

The nonrelativistic Hamiltonian of a hydrogen atom in a9ence of the adjacent trajectories, the stability of an orbit is

magnetic field directed along theaxis for anM =0 tran- (ie(;e2rr6nInf(?be-ghehzcsilesd-zgzrgyhvea:gattfl]oen f];;@ciro_n Oé?ertg lar
sition is (in atomic units,y=B/2.35< 10° T) <0 P P pace, w ; Iregu

orbits is increasing from roughly 40% to 80p47]. For cha-
p2 1 1 otic systems, long-period closed orbits are difficult to find
H=7—F+§72p2- ) because they become increasingly unstable. This was ob-
served in a preliminary calculation with a larger step size for
the launching angle, where some closed orbits were not

found in the integration routine at actions abde 6. The
evolution of closed orbits nicely follows from Fig. 1. At low
scaled energies(— — ) the only existing orbits are the one
(2)  Perpendicular RY) and the one parallel \(*) to the
magnetic-field axis. When the scaled energy is raised, new
orbits are created from these two orbits. Vibrator orbits bi-
The classical dynamics of the scaled equations of motion déurcate out of the parallel orbit, whereas the perpendicular
not depend on energy and field strength independently, buirbit generates rotator orbits. Hok al. [3] classified these
solely on the scaled energy=Ey~ %2 Defining the classi- direct bifurcations from the parallel and perpendicular orbits.

When scale transformations= y?% andp= 1y *3p are ap-
plied, a scaled Hamiltonian results:

RS
o=

H= +

cal scaled action of a closed orbit as The rotator orbits, labeleR}, are created in th&th bifur-
cation of thenth traversal of the perpendicular orbRT). In

~ 1 ~ . Sy the bifurcation diagram, e.qg., the first bifurcation of the sec-
S(e)=5— fﬁ pda=—— 3 ond traversal of the perpendicular orf®2, appears at =

—0.316. The vibrator orbits are labeled likewise, i\&,for
results in a parameter independent of the field strength.  the kth bifurcation from thenth return of the parallel orbit
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V"). The V! orbit and its higher-order returnsn¥k v} from the core (>50a,), the wave front, representing the
1 9 1

=V, which turned out to be important in our experimental motion of the electron, propagates along classical trajecto-
range, bifurcate from the parallel orbit at= —0.392. Rota- ries. Eventually some of the trajectories and their associated

tor and vibrator orbits not only bifurcate from the perpen-waves curve back to the nucleus, where they interfere with
dicular or parallel orbit but can also bifurcate from eachthe outgoing Coulomb wave. The phase of the returning
other. For these orbits a labeling does not exist. Initially asemiclassical wave of an orbit depends $fk, which is
new orbit starts at the same angle and consequently has tlegual to 27S/%,. When recording a photo- absorption spec-
same action. When the scaled energy is increased the angl@m under fixed classical dynamics, the variatioriipfgen-
between the orbits gradually changes, resulting in an increagrates oscillations of the form

ing difference in their scaled action.

Another class of orbits is formed by the exotics, which
seem to appear out of nowhere in the bifurcation diagram.
Holle et al. [3] labeled them in order of appearance with
increasing action. Thisllabeling becomes rgther complicategpe ¢jassical scaled acti(fij of the nth return of thekth
wh'en going to h!gh act|onns. Therefore, we mtroduce the NO%rbit determines the period of the sine oscillation on thg, 1/
tation of an exotic to b&, , where the subscript denotes the scale(or y~ 1@ scalg. The additional phase{ is calculated
kth_ bifurcation (toward mcrea_lsmgs) of an exofic in the ._from the Maslov index and other geometric considerations.
reg|on.bet\:]veen tvr\{?lconsecutlve traversgls of the perpendlct.\:he recurrence amplitud€} contains information on the
lar o_rb|t (R andR™™), an_d the superscnptcorre_spond_s o stability of the orbit viaJ;,, an element of the semiclassical
the index of the perpendicular orbiR{). In the bifurcation Jacobian in §,v) space, and the initial and final angles

diagram the - exoticX; 'S visible at &= 0'27. @i (6%,6%" of the orbit and the geometry of the transitions
—0.276) at a scaled action &=4.51. In the Fourier trans-

Sie)
27Th—9+lﬂk . (7)

f(e,ie)=Cl(e,ho)sin

form of a scaled-energy spectrum, peaks appear at the scaled Cl(e,he) =0 22%*7%?(sin 6X sin ™) 1/2
action of classical closed orbits. The bifurcation scheme will
be used to connect experimental recurrence peaks with clas- Y (65 Y* 6k

i its. X =, ®)
sical electron orbits 275 _kun) e

B. Closed-orbit theory
The relationship between classical trajectories and quan- n 9/2 Y(0)Y*(0)
p J q Cole he) =027 T —F——

tum spectra for Rydberg atoms in an external field is given |2123,,(0,n)] ¢

by closed-orbit theory. This semiclassical theory was ini-

tially developed for constant fields by Du and De[ds5],  Here the statistical weiglt, takes into account that for each

and was subsequently transformed to describe scaled-energbit in the interval 0% §<90°, an equivalent orbit in the

experiments[6]. Experiments under fixed classical condi- interval 90°% §<180° exists. Thereforeg,=2 for each or-

tions have the advantage of resolving rapidly evolving orbitshit with 0°< §<90°, whereagy,=1 for the perpendicular

Here we give a brief description of the theory, and presenorbit. The subscripk=0 indicates the parallel orbit. Note

formulas valid for spectra at constant scaled energy. that this orbit has a different dependencefgncompared to
According to closed-orbit theory, excitation of an atom the off-axis orbits, and that all oscillations vanish when the

produces an outgoing Coulomb wave. Sufficiently far awaysemiclassical limit is approached{—0). To remove the
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magnetic-field dependence from the amplitude of orbits hav ' ' e=0.36
ing 6+ 0 Mainet al.[6] introduced a reduced absorption rate %
R(e,h). This allows for a comparison of action spectra in
different 7, regimes:

f(e,he) i

. EEENENERENN
o 5 ] 10 15

Scaled Action

[Fourier Transforml

R(e,he)=

5 ~S(n(s) ™ 3
T Mg

€=-0.28

=§:,( Dg(e)sin

2

IFourier Transforml*

5 ég(s) m 1
i T EdE

©)

Here the Maslov indexy is obtained by counting the num- | | | 4 . , .

ber of times the orbit is crossed by its adjacent trajectories °© 5 scaled Action  1° 15

The reduced recurrence amplitufe) is the amplitude _ ) -

C(e,he) corrected for thei, dependence. Orbits with# 0 FIG. 2. Classical amplitude of the; orbit for n repeated tra-

contribute a constant sinusoidal oscillation to the reduced€rsals ak=—0.36(stablg ande =—0.28 (unstable.

absorption spectrum, whereas the oscillation of the parallel )

orbit increases withy,. For typical experimental scans The recurrence amplitude of repeated trav_ersals of stable

(Aﬁe—lwlo)’ the varying amplitude of the parallel orbit can [|TrJ(k)|<2] orbits behaves differently. In this case,

be replaced by its average value. .
The classical electron orbits follow from a scaled-energy sin(a)

absorption spectrum by Fourier transformation. The sin(na)

(squared Fourier transformation of an experimental absorp-

- - -1 - : . .
tion spectrum in thei, = scale gives the action spectrum. where « is the winding number. As a result the recurrence

The resolution in the absorption spectrurd#( ') deter-  amplitude as a function of the number of repetitions behaves
mines the maximum action at which recurrence peaks maguasiperiodically. This can be seen in Fig. 2, where we plot-

+, DN(&)\fiesin

1/2

Jiak,n)= Jiak,1), (12

be observed: ted the amplitude behavior of thé] orbit when still stable
(e=—0.36). With increasing the winding number varies
~ 1 continuously. Then for each value pfthere exists a scaled
Smax:m' (10 energy value for which
e

Therefore, a spectrum with a resolutiéfi; * can be recon- Ne=mm, m=12,...n>1. (13
structed by a summation over each orbit up to this maximum

scaled actior8,,. In the calculation we stop the integration At thesee values the recurrence amplitude of thén

. ~ . L return will then explode. Evaluation of the adjacent trajecto-
routine atSy,,y; S0 only a small fraction of the infinite sum of o of this orhit shows that together they form a focus ex-
closed orbits is considered. actly at the nucleus at theth return. At such a focus point,

TO calculate the_ ampllt_ude for multlple_traversals _Of ANthe approximation of returning wave by a pencil of classical
orbit, we stop the integration of the equations of motion at

' . o lectron trajectories produces unphysical results. Such diver-
the first closure. The recurrence amplitude for repetitions og

h bi be obtained f h bil i ¢ ences are familiar in geometrical optics, where infinite in-
the orbit can be obtained from the stability mat 6«) 0 tensity occurs when a plane wave is focused to a point. Gao
this trajectory. In these calculations a distinction is mad

) . . €and Delos used the connection with diffraction theory to con-
between stable and unstalithaoti orbits. The stability of struct uniform approximationgl9].
an orbit is deduced by inspecting the trace of the stability  apgther manifestation of a failure of closed-orbit theory

matrix TrJ(k). Detailed formulas can be found in Ref§] g the opservation of ghost orbits. In the Fourier transform of
and([18]. For unstable |(Tr J(k)[>2) periodic orbits, it can gy erimental and quantuR-matrix spectra, peaks can be

be shown that attributed to orbits at energies where they are classically for-

. 112 bidden. A continuation of closed-orbit theory to complex
_ sinh(8) phase space demonstrates that the contribution of complex
Jik,n)=| 2 Jia(k,1), 11 , i .
sinh(nB) orbits becomes important close to a bifurcati@20]. Com-

plex ghosts of rotator and vibrator orbits are in general hid-
with 8 a stability exponent. At =—0.28 theV] orbit, e.g., den by real closed orbits with nearly the same scaled action.
is unstable and the divergence of the adjacent trajectorieBxotic orbits, on the other hand, appear out of nowhere and
results in an exponential decay in the recurrence amplitudéheir isolated positions in the bifurcation diagram make them
with increasingn, as can be seen in Fig(l®. particularly suitable for studying the behavior of ghosts.
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-0.26

FIG. 3. The experimental action spectra in the
scaled-energy range—0.40<e<-0.26. The
most pronouned peaks can be attributed tothe
orbits. The quasiperiodic appearance in the range
—0.38<e=<—0.30 of this orbit reflects its stabil-
ity. At e=—0.28 (arrow) a recurrence peak is
already visible before the bifurcation energy of
the exoticx‘l‘ orbit. A peak ate = —0.32 (arrow)
corresponds to the ghost of a rotator orbit.

-0.30

-0.34

Scaled Eneregy

-0.38

-0.42

Scaled Action

ll. EXPERIMENTAL SETUP solute accuracy of the scaled energy during the total scan is
estimated to bede=0.0002. The constant-scaled-energy

Our experimental setup was described in detail in a P ans start at principle quantum numbarresponding to a

vious paper on scaled-energy experiments in the regular re- L 1 PR
gime [21]. Here we only give a brief summary. magnetic field of 0.31 T A, ~=91). This implies that for

In a crossed laser-atomic-beam experiméhit=0 Ryd- higher scaled energies experiments start at highealues
berg atoms are excited\ &260 nm) from the ,metastable [n=1/(fiey—2¢)]. Therefore,.the experimental resolution
23S, state (triplet helium in the presence of a magnetic of low scaled-energy spectra is better, and consequently the

field. The metastable state is populated in a dc discharg'g'a)(imum scaled action reached will be somewhat higher.

running through an expanding gas flow. The transition to the
2 3P, state is used for transverse laser cooling of the triplet
helium atoms. For this purpose a single-mode diode laser
(SDL-6702-H1 generates 30-mW output power at 1083 nm. A. General view

This laser is Iock_ed to the 351_’2.3P2 transition using We measured absorption spectra at constant scaled energy
saturated absorption spectroscopy in a helium rf d|scharg%r eight different values ot. The magnetic-field strength
The diverging beam is collimated in two dimensions apply- as varied during the experihents from 0.31 to 0.2(cdi-
ing the curved-wave-front technique over a cooling length O?rjésponding t0h- T ranging from 91 to 10)3.The reéime of

. H 5 e
i? tﬁg] [ngg)'p-g?bPclgégnzzr?ilrl]ilv\ﬁg,;]matr%%uoltsnr':y 3\/?22?322% énixed regular and chaotic Elassical motion is gxplored vary-
increase of atomic density gives rise to a signal increase of 'é‘g the scaled energy froe=—0.40 to—0.26 with steps of

IV. RESULTS

factor 10. The decrease in laser-cooling performance due t 602'b'\é|flg:flgﬂgg Eahri i):)per_rémfrr;tr?l %?ﬁ:ggar\gghcg S[{?}i ngi?e-ct
the nearby electromagnet is removed by mounting a mu- w y urier S uces

metal shielding. A pinhole placed at 30 cm from the gasof spectral leakagg21]. The intensity of each experimental

nozzle prevents the atomic beam from damaging the excit spectrum is normalized to the corresponding quantum

tion box. This stainless-steel b¢at +30 V) is carbon coated m—ﬁ;ﬁltrlx (‘:[alcularlodn fotri uell'lémb 'I;\?ve %oogi( g(:'irr‘:rﬁ![ ?grettia-n
to reduce the stray-electric fieltf &5 mV) in the excitation ent, up to scaled actio » Detween experimental actio

region. An UV laser beam, produced by intracavity fre- spectra and spectra obtained Bymatrix quantum calcula-

quency doubling a cw ring dye laséd mW, 260 nm per- tion, demonstrates the accuracy of our experiment. The

pendicularly intersects the beam of metastable atoms. Th%quared Fpurier transforms of the gxpgrimental spectra up to
scaled action 10 are reproduced in Fig. 3. The noise level,

excited Rydberg atoms move 12 cm into a Iow-magnetic-d termined by fluctuations in laser power and atomic beam
field region before they are ionized by an electric field be- ete ed by fiuctuations In laser power and atomic bea

tween the excitation box and a quadrupole mass filter. ThSe”S'W’ Is considered to be constarlt over the wIsaIenge.
He® ions pass this mass-selective filter before they ardhe width of the recurrence peaka$=0.1) is determined
counted with an electron multiplier. by the length of the spectrum i *.

In the scaled-energy experiments the field strength is ad- The bifurcation diagram in Fig. 1 is used to assign closed
justed at each frequency step of the laser. The relative laséfbits to the recurrence peaks. The most prominent recur-
frequency is determined by counting the fringes of a 150+ence peaks are connected to ¥ orbit and its repeated
MHz etalon. At the start of a laser scan the recording of araversals {}). This orbit bifurcates out of the parallel orbit
zero-magnetic-field Rydberg level provides an absolute freat e=—0.391. Above this energy the parallel orbitg"}
qguency reference. The relative variation of the scaled energgjecome unstable, but the exponential decrease in the recur-
during a 30-GHz laser scan & =0.0001, whereas the ab- rence strength of the repeated traversals is masked by the
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\F\\ (N epi=—0.317 of theRf orbit, sometimes referred to as a
AN NN “Pac-Man” orbit because of its shape jnandz coordinates.
N, //\\/W w\h \&/2‘»{‘/“) There_fore_, we attribute the recurrence peakatl.92 tp the
O - / \ N/ combination of the second traversal of the perpendicular or-

/ \ . N/

N . : :
\¥/}/ QK/\ bit and the ghost of this Pac-Man orbit. To our knowledge,

T, s closed-orbit calculations have never successfully incorpo-
X V,;®R] rated both effects simultaneously. For this reason we
searched for isolated recurrences, connected to ghosts of ex-

presented in semiparabolic coordinatasv). The sum orbit of the otic orbits. The recurrence peak at scaled acgon 4.51 of

periodicRZ andV?2 orbits has the same scaled acfln4.51 as this 1€ e?(Ot'CX_[ll orbit is already visible at = —0.280 below its
exotic orbit. The shape of this combination of orbits shows a re-classical bifurcation energye(;;= —0.276). Before we at-
markable similarity to the exotic orbit. tribute the appearance of this peak to the precuigloos) of

an exotic orbit, we must point out that for nonhydrogenic
more intense&/, orbits. The action spectra in the regime from atoms this exotic is not observed isolated from other recur-
e=—0.38 to—0.30 show the evolution of th\ﬁ orbit and  rences. Due to the possibility of core scattering, the combi-
its higher harmonics. When the scaled energy is increasegation of the V2 orbit (5=2.51) and theR? orbit (S
the recurrence peaks connected to W orbit appear at  — o) has a sum actid=4.51, exactly equal to the scaled
higher scaled actions. The quasiperiodicity of these recursgtion of the exotic orbit.
rence peaks reflects the stability of this trajectory, which be- Figure 4 shows that the shape of t{& orbit is surpris-

comes unstable at=—0.289. Above this scaled energy the ingly similar to the trajectory followed in the sum orb'nf

recurrence amplitudes of repeated traversals of this orbit de- R2 Th B—451 is theref d
crease exponentially, and; and its recurrences no longer ©R;. The recurrence &=4.51 Is therefore connected to a

contribute significantly to the action spectra. fr?mblnatlog_tof tV\(/jO ptroces;s.esi.lc/\:orehscattenng res_p_ons@le Ior
In the e=—0.32 action spectrum a recurrence peak ap- € sum orbit, and a tunnelingfike phenomenon giving rise o

~ . . o . the ghost of the exotic.
pears atS=1.92. Although its position coincides with the g
repeated traversal of the perpendicular orbit, we cannot as-

sign this peak to th&? orbit. When an atom is excited from
ans state to gp state, the perpendicular orbit lies exactly in ~ Various methods have been developed to calculate the

the node of the outgoing wave function, resulting in zeroenergy levels of diamagnetic Rydberg atoms. For levels be-
recurrence strength in closed-orbit calculations. Howeverlow the ionization limit, the diagonalization of the Hamil-
the weak recurrence strength found in quanmatrix cal-  tonian in a Sturmian basis is the simplest technique. The
culations shows that approximating the returning wave byR-matrix formalism is used to calculate the eigenstates of
the central orbit only is not correct. Modifications to closed-nonhydrogenic atoms. We used the computer code of Ref.
orbit theory can be implemented, which provide good agreef25] to calculate scaled-energy helium spectra in the experi-
ment with quantum calculatiorj23]. Although these weak mental regimehg1=91—103. The square of the Fourier
recurrences have never been resolved in any experiment, thi@nsform of such spectra provides the quantum helium ac-
combined effect of the perpendicular orbit together with ation spectra presented in Fig. 5.

ghost of a rotator orbit has been obseni&PR4,21. The The recurrence peaks in the quantum action spectra show
scaled energy=—0.32 is close to the bifurcation energy a general good agreement in position and strength with our

FIG. 4. The trajectory of the exotib(‘l1 orbit ate=—0.27 is

B. Comparison with R-matrix quantum calculations

\
-0.26 L— ,

-0.30

FIG. 5. Action spectra obtained from helium
R-matrix calculations in the scaled-energy regime
—0.40<se<-0.26 show a good resemblance
with the experimental result$Fig. 3). Recur-
rences marked with an arrow are connected to
ghost orbits.

-0.34

Scaled Eneregy

-0.38

-0.42

Scaled Action
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H quantum calculation

£=-040

Ld

He quantum calculation
FIG. 6. Comparison of the experimental ac-

tion spectrum at = —0.40 up to high scaled ac-

tion with spectra fromR-matrix calculations for

H and He. Differences in recurrence strength be-

tween hydrogen and helium calculations are

caused by core-scattering.
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experiment. In the absence of experimental noise, smaktelium R-matrix calculations performed in the experimental
peaks such as, e.g., the very weak recurrences of the perpef; ! regime(91-103, as shown in the upper part of Fig. 7.
dicular orbit (R"), are observable, although not visible on  The hydrogen experiments were performed at different
the scale of this overview. Furthermore ghost peaks at scalg@agnetic field strengths, 2.7 and 6[8], with a resolution
energies even further away from the bifurcation are revealegnat revealed recurrences up to scaled action 5. The Fourier
The precursor of the exotic orb‘it‘l1 atS=4.51, observed in transform of the quantum hydrogen calculation st
the experiment a¢ = —0.28, is already visible in the quan- —0.30 in this experimenta&;l range (33—43 reproduces
tum spectra at = —0.30, whereas the ghost of t!ﬁ Pac-  the experimental action spectru@<5) for hydrogen at this
Man orbit can already be seen in the= —0.34 action spec-  gcaled energy very well. Furthermore, the calculated spec-
trum. o . . trum also allows comparison at higher actions. To investigate
The high resolution in the experimenéf{o °~0.003) al-  he influence of the different quantum conditions, we also
Ipws us to o_bserve recurrence peaks up to. much higher a%alculated the hydrogen spectrum fq;rl ranging from 91 to
tions than in the earlier hydrogen experiments. #t 103. Both hydrogenic action spectra are given in the lower

0'40’. the expenmen.tal resolutlon' oh, ~~0.003 gives, part of Fig. 7. The action spectra are normalized to the peak
according to Eq(10), rise to a maximum scaled action of . 1 ) ~
~ connected with the/; orbit (at S=1.26) to remove thé

~150. We performed r)umgrlcal calculqﬂons at scaling of the off-axis orbits. These reduced action spectra
—0.40 for hydrogen and helium in the experimental range.

The calculated action spectra are presented in Fig. 6. allow fqr a direct comparison between calculated hydrogen
Up to action 25 no significant differences are found com-2nd hellum data. . .
paring theR-matrix calculations of helium with hydrogen.  P€aks in the action spectrum of hydrogen and helium oc-
This result shows that the process of core scattering can B/f at the same position, but pronounced differences are
neglected even at high actions for this scaled energy. Therdound in the intensities. The_hlgh resemb!ance in position of
fore, hydrogenic closed-orbit calculations should be suffith€ recurrence peaks for different atomic species, even at
cient to construct action spectra of helium. When the quan(_jlfferent magnetic-field strengths, demonstrates the invari-
tum helum action spectra are compared with the@NCe of the underlying classical dynamics. The high similar-

experimental results, good agreement exists UfE4c25. ity in the hydrogenic and helium action spectra in the same

Differences between quantum helium calculations and exﬁe range shows the small influence of the ionic core. How-

periment caused by experimental variationsein become ever, differences between_hydrogen gnd h_ehqr_n in dhe
increasingly important toward higher actions. This compari- 0.30 case become prominent at actions 5|gn|f|cantly~lower
son underlines the high accuracy for the experimental valugan in thee=—0.40 case. Already at scaled actih
of & which can be used to test closed-orbit theory up to high= 3-8, intensity differences between hydrogen and helium
actions. appear. The position of this recurrence is exactly at the sum
Since the action spectra of hydrogen show very goodf actions of recurrence peaks%# 1.3 and 2.5. The process
agreement with our helium experiments we can compare owf core scattering gives rise to a sum orbit with an action
data with the results of hydrogen experiments at the samequal to the sum of two hydrogenic orbits. The oscillation
scaled energy performed by Holkt al. [6]. We chose a produced by this orbit interferes with the hydrogenic contri-
scaled energy of = — 0.3 as hydrogen data are published for bution, resulting in a decreased intensity. At higher scaled
this value. The experimental helium action spectrunaat  energies the number of orbits increases, giving a larger effect
—0.3 is in good agreement with the Fourier transform ofof combinations of orbits.
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& ditions (same# ;) the helium spectra show a high
5 resemblance to hydrogen. The differences be-
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bits.
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In the following we neglect the process of core scatteringprevious hydrogen experiments are mainly due to the differ-
and concentrate on the more prominent differences betweesnt quantum conditions, and not to core effects.
hydrogen action spectra in the differéit regimes. Signifi-
cant differences arise at scaled acti&s2.5, 3.8, 5.0, and C. Comparison with closed-orbit theory
8.8. Semiclassical calculations show that at these actions
several classical orbits contribute to a single recurrence peak We applied closed-orbit theory to reconstruct the action
(see Fig. 1. The recurrence strength of a combination peak isspectra of helium at=—0.40. In anR-matrix calculation
the square of the coherent summation of recurrence amplfor ¢ = —0.40, only minor differences are found between the
tudes connected to the unresolved orbits. According to Edexperimental action spectrum and hydrogen quantum calcu-
(9), the phase of oscillation connected with an orbit dependsations. TheR-matrix calculations form a good representa-
on fie. This formula furthermore shows, that in the semi-tion of the experimental action spectrum up to action 10.
classical limith,—0 small action differences between unre- Therefore, we restrict ourselves to closed-orbit theory for
solved orbits give rise to enhanced phase differences. As laydrogen and neglect the process of core scattering. The re-
consequence the interference of orbits generates different relts of standard closed-orbit theory are presented in Fig.
sults for different quantum conditions. In the simplest situa-8(a). The position of the calculated peaks is in good agree-
tion of two interfering orbits the oscillation of the recurrence ment with R-matrix calculations for hydrogen in Fig.(&
strength as a function df, * has been observed experimen- and our experiment in Fig.(8). Large discrepancies are
tally [21]. The differences between our helium results andfound for several recurrence strengths.

a. stanldard closéd orbit tﬁeow I ' I
i A
g b. correction of V"orbit l FIG. 8. Comparison of closed-orbit calcula-
§ tions ate = —0.40 with R-matrix calculations for
= hydrogen. Uniform approximations for the paral-
8 lel orbit reduce the recurrence strength of the di-
§= verging peaks(arrows. To increase the agree-
Eo ¢. H quantum calculation ment, additional repair of diverging off-axis
orbits (asterisk$ is required.
d. experiment
—_ A/\\J\A /\_ 1 ,/\.\ N ol /\/\A 1 n/\/\
0 2 4 6 8 10

Scaled Action
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?0 He quantum calculation FIG. 9. Comparison of oscillator strength
g spectra att = —0.36. The prominent equidistant
7 peaks in the experimental spectrum are repro-
IS duced by quantum helium calculation. This
f:j I I ” harmonic-oscillator-like structure is reproduced
2 MMJllhn in closed-orbit theory taking only th¥] orbits
o expetiment into account.
1 1 1 1
92 94 1 96 98
ﬁe

The intense peak in the closed-orbit calculationsSat of he‘l) matches precisely with the inverse actio® (
=7.83 is connected with the seventh traversal of the paralle:1.175) of thevi orbit. We constructed a spectrum consid-

orbit (V’). Here adjacent trajectories form a focus whichering only this orbit and its repeated traversals. The contri-

gives rise to a divergence in the semiclassical amplitudeytion of the stablé/} orbit is, according to Eq9), a simple
Repair of this cusp catastrophe by applying the uniform_.

semiclassical approximatid] results in an intensity reduc- S"'€ function with period B. The repeated traversals gener-
tion of this peak by more than a factor 10. The action specate higher harmonics with periods @&), with an amplitude
trum in Fig. 8b) shows that the repair of the parallel orbits given by Eq.(12). Including up to the 90th return of this
gives rise also to intensity correction for thé, V2, andv®  orbit, the width of the theoretical peak matches our experi-

recurrence peak@tS=1.12, 2.24, and 8.89, respectively Mental resolution. A summation of these 90 sine functions
The uniform approximation for the parallel orbits results in agives rise to the upper spectrum in Fig. 9. The large peaks
better agreement between semiclassical theory and quantua@pear at the same, = value as in the experimental spec-
R-matrix calculations. However, closed-orbit calculationstrum. We also performeR-matrix calculations for hydrogen
fail to predict the recurrence strength of peaks marked wittand helium at = —0.36. Both quantum calculations showed

an asterisk. At higher actio8>10 an increasing number of the same harmonic-oscillator-like structure as in our experi-
diverging peaks arises from closed-orbit calculations. Allment. The theoretical helium spectrum convoluted with a
these peaks correspond to off-axis orbits close to a bifurcaGaussian window of 10 MHz is also shown in Fig. 9. So the

tion. For instance the peak &t=4.42 results from the orbit position of the most important peaks in the experiment and
which starts under an angle of 28.8°. These bifurcationd” quantum calculatlpns_can be eas_lly reproduced in gclosed-
from off-axis orbits likewise result in diverging amplitudes orb!t spectrum considering only a§|ngle glectron orb|t: In Fhe
for the recurrence peaks. Uniform approximations for off."egime of mixed regular and chaotic motion, the contribution

axis orbits are required, but the technique is not yet avajlof this stable orbit can be identified straightforwardly in the
able. ' spectra. This particular spectrum st —0.36 demonstrates

that the energy levels of the system are dominated by orbits

. - in onl iny fraction of ph .
D. Construction of narrow absorption lines only a tiny fraction of phase space

with closed-orbit theory
_ _ . V. CONCLUSIONS
Instead of constructing action spectra, closed-orbit theory

can also be used the other way round to reconstruct low- We have performed constant scaled-energy spectroscopy
resolution spectra with the same set of trajectories. In highon diamagnetic helium in the range from=—0.40 to
resolution experiments, the maximum scaled action becomes0.26. The experimental spectra were interpreted using
large, and it is not feasible to search for all closed orbits. Irclosed-orbit theory for hydrogen. Due to the high spectral
our experiment the stabl orbit and its repeated traversals resolution of our experiment, recurrence peaks even above
are prominently present in the action spectra, so we can irscaled action 100 are resolved. Comparison of the experi-
dicate structures in the energy spectra which can directly bB'ental action spectra witR-matrix calculations for hydro-
attributed to this orbit. gen and helium underlines the accuracy of our measure-
The experimental spectrum at= — 0.36, shown in Fig. 9, ments. Ate=—0.40 the experiment is in good zigreement
clearly shows a harmonic-oscillator-like structure. The sepawith both quantum calculations up to scaled actt®n 25,
ration between the most prominent peaks of 0.861units  indicating that core effects are negligible. Applying closed-
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orbit theory ate = —0.40 gives good agreement with the po- scaled energies this is no longer the case, indicating that the
sitions of peaks in the action spectrum. Uniform semiclassiv/} orbits has become chaotic. The harmonic-oscillator struc-
cal approximations for the parallel orbit significantly ture in the photo-absorption spectrum @ —0.36 is di-
improve the agreement in recurrence strength. However, the.ctly related to thi&/" orbit. The prominent absorption lines

failure_ to pre_dict recurrence strengths of _off-axis orbi_ts closey e easily reconstructed with closed-orbit theory, taking only
to a bifurcation shows that other correction mechanisms arg o /" orbit into account
n .

required.
For increasing scaled energies, core effects become

prominent at lower action. At = —0.28 the observation of

the ghost of an exotic is obscured by the occurrence of sum

orbits at the same scaled actio8=4.5). However, in an The authors wish to thank Jacques Bouma for his excel-
R-matrix analysis of previous hydrogen and present heliument technical support, and acknowledge Aschwin Wijnsma
experiments at=—0.30, the most prominent differences for his assistance in the construction of the laser-cooling sec-
could be attributed to differences in thig value. In the tion. We would like to thank John Shaw for making available
overview of the experimental action spectra, the evolution ohis closed-orbit calculations, and Dominique Delande for
the V| orbit can be clearly recognized. The quasiperiodicproviding the source code for tfematrix calculations. Fi-
structure of this orbit and its repeated traversals in the rangeancial support from the Foundation for Fundamental Re-
—0.38<¢=—0.30 shows that this orbit is stable. For higher search on Matte(FOM) is gratefully acknowledged.
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