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Close-coupled calculation of collisions of magnetostatically trapped metastable helium atoms
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A quantum-mechanical close-coupled calculation for collisions of spin-polarized triplet helium atoms in a
magnetostatic trap is presented in which the Penning and associative ionization processes are represented by a
complex optical potential. The rate coefficients for the spin relaxation and relaxation-induced Penning ioniza-
tion processes for a range of magnetic fields and temperatures, spanning the cold and ultracold temperature
regimes, have been calculated and the sensitivity of these results to uncertainties in the molecular potentials
and autoionization width investigated. The rate constants for both elastic and inelastic processes were found to
be particularly sensitive to the short-range5Sg

1 molecular potential and, to a lesser extent, the rate constants
for relaxation-induced Penning ionization displayed sensitivity to the short-range form of the1Sg

1 molecular
potential and the autoionization width.@S1050-2947~99!07012-2#

PACS number~s!: 34.50.2s, 32.80.Dz, 32.10.Hq
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I. INTRODUCTION

The attainment of Bose-Einstein condensation@1# and the
cooling and trapping of neutral atoms@2# has produced a
growing theoretical and experimental interest in atomic c
lisions in the cold and ultracold temperature domains, p
ticularly in the presence of external fields. Studies of th
atomic collisions are motivated not only by the consequen
for the performance of cooling and trapping applications
also by the desire to gain a better understanding of the
damental nature of cold and ultracold collisions.

Inelastic collisions can be an important source of loss p
cesses and limit the achievable density of trapped ato
Knowledge of collision dynamics and the ability to manip
late collisions using external fields can be used to minim
trap loss. There are several unique features of cold and
tracold collisions that are of interest and require particu
consideration: the onset of quantum threshold behavior,
sensitivity of the relative motion of the colliding atoms to th
molecular potentials, and the modification of collision d
namics due to forces induced by external fields or the oc
rence of spontaneous emission of excited states@3#.

Although a majority of the theoretical and experimen
investigations of cold and ultracold collisions have focus
on alkali-metal systems@4#, there is considerable interest
metastable rare gases. Metastable helium has been the
ject of several trapping and cooling experiments@5–11#, and
spin-polarized triplet helium He* (2 3S)↑ is a possible can-
didate for Bose-Einstein condensation@6,12,13#. There has
also been a focus on producing an intense, slow, and w
collimated beam of metastable helium atoms@14,15# which
can be used in molecular spectroscopy, atom optics exp
ments, and to investigate scattering processes that are
cessible using conventional techniques. Experimental stu
of optical collisions of cold metastable helium atoms@16–
18# are also of great importance as they yield information
PRA 601050-2947/99/60~6!/4635~12!/$15.00
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the long-range interactions in these systems, and fur
studies have been proposed@19#. Laser cooling and trapping
of neon @20# and krypton@21# metastable atoms have bee
carried out and cold collisions in metastable xenon@22# and
krypton @23# have been studied experimentally. Ionizing co
lisions in optical lattices for metastable krypton and arg
@24# and metastable xenon@25# have also been experimen
tally investigated. By contrast, there have only been a f
theoretical studies of cold collisions for rare-gas metastab
@3,12,13,26,27#.

Rare-gas metastable atoms offer several attractive feat
for cooling and trapping techniques and for both theoreti
and experimental studies of cold collisions@3,28#. A major-
ity of the rare-gas isotopes of interest have less comp
structures than the alkali-metal species, due partly to the
sence of hyperfine structure. This greatly simplifies theo
ical studies by reducing the number of molecular states
need to be considered. The long radiative lifetimes of
lowest metastable rare-gas states enable them to be vie
as effective ground states, and the existence of conven
optical transitions to other states is ideal for laser-cool
techniques@6,20#. The high excitation energies of metastab
atoms also provide an experimental advantage by enab
efficient and accurate detection.

The ionization reactions which occur in collisions of rar
gas metastable atoms are also of great interest,

A* 1B→H A1B11e2

AB11e2,
~1!

where the first of these processes is Penning ionization~PI!
and the second is associative ionization~AI !. These ioniza-
tion processes are an important source of loss of trap
atoms particularly for unpolarized samples@3#. There have
only been a few detailed studies of these processes at
4635 ©1999 The American Physical Society
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thermal energies@29,30# and there is still much to understan
about them. The effects of autoionization processes can
included in theoretical collision studies by a complex opti
potential@30,31#, coupling to an artificial channel@32#, or a
perfectly absorbing boundary at a particular internucl
separation@12#.

Helium is a particularly attractive prospect for studyin
fundamental aspects of ultracold collisions@6# and because i
has only one active electron, molecular potentials can
computed to greater accuracy than is possible for most o
systems. Despite the fact that there have been several ex
ments involving cold metastable helium, very few theoreti
collision studies exist. Julienne and Mies@3# have calculated
the threshold rate coefficient for Penning ionization for u
polarized metastable triplet helium and Fedichevet al.
@12,13# have investigated the feasibility of Bose-Einste
condensation in spin-polarized metastable triplet helium g
There has been recent interest in the optical suppressio
collisional effects which has been demonstrated theoretic
and experimentally for metastable xenon@22,27# and experi-
mentally for krypton@23#. However, optical shielding has ye
to be studied in metastable helium systems.

A detailed study of cold metastable helium collisions
quires fully quantum-mechanical methods because the o
of quantum threshold behavior cannot be described semic
sically @3#. For 3S1 helium metastables in a magnetosta
trap, a time-independent quantum close-coupled formalis
an appropriate choice for such a study. Such a formalism
also applicable to magneto-optically trapped helium me
stables provided certain conditions are satisfied.
magneto-optically trapped helium metastables, excited3P
atoms exist and the collision time at these low temperatu
can be longer than the radiative lifetime of the excited sta
implying that spontaneous decay of colliding atoms in
excited state and recycling of population between the gro
and excited states may have to be considered. There
many different theoretical approaches available for study
cold collisions in the presence of an optical field. A detail
comparison of the various methods with some discussio
the limitations of the different treatments can be found
Refs. @33–35#. In the weak-field limit, recycling can be ig
nored and in the case of large laser detunings it has b
shown @36# that spontaneous emission can be neglected
quantum-mechanical close-coupled approach is only v
within these limits, when population recycling can be n
glected and spontaneous emission is either negligible or
ficiently small @3#. In the latter case the quantum compl
potential method can be used to represent the effect
excited-state decay by a complex potential term@34,37–39#.
The quantum complex potential method has several ad
tages over other available approaches. It is a fully quant
mechanical treatment and avoids the ambiguity associ
with the initial velocity of the excited state that arises wh
the atomic motion is treated classically@37#. The quantum
complex potential method is capable of treating bound-s
resonance structure which is not practicable with wa
packet methods@39,40# and computationally this approac
may be much less demanding than fully quantum den
matrix and Monte Carlo wave function methods. This a
be
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proach also offers the option of applying multichannel qua
tum defect theory to gain further insight into quantum thre
old behavior@3#.

This present investigation considers inelastic processe
volving metastable triplet helium atoms in the presence o
magnetic field. This system is ideal for the development o
quantum close-coupled approach to cold collisions in
presence of an external field as the numerical and comp
tional techniques can be validated against existing res
@12#, obtained using a perturbative treatment of the sp
dipole interaction. The formalism has been structured w
the aim of extending this theoretical and numerical appro
to calculations for collisions of cold metastable helium ato
in the presence of an optical field. Although there exist a
ditional issues to be considered for collisions in laser fiel
it is believed that the approach developed here deals w
some of the theoretical and computational issues relate
the presence of autoionization processes and an exte
field.

The primary interest in ultracold collisions in a spin
polarized metastable triplet helium gas has arisen from
suggestion that it is a possible candidate for Bose-Eins
condensation@6,12# because the large, positive scatteri
length calculated for the elastic interaction of tw
He* (2 3S)↑ atoms implies stability of the condensate. Sp
polarization also overcomes the high threshold rate coe
cient for Penning ionization for unpolarized metastab
triplet helium, which has been estimated to
.5310210 cm3 sec21 @3#, as it reduces the rate of Pennin
ionization by ensuring that the colliding atoms are initially
the 5Sg

1 molecular state, from which these autoionizati
processes are spin forbidden. References@12,13# have pre-
dicted the Penning ionization rate to be five orders of m
nitude smaller for polarized atoms than for nonpolarized
oms. The inelastic collisions in polarized metastable trip
helium are mediated by the spin-dipole interaction and
lead to the loss of atoms from the trap. Spin relaxation c
change the spin projection of the quasimolecule so that
no longer confined by the magnetic field or can result in
change in the molecular state of the colliding atoms from
5Sg

1 to 1Sg
1 state, from which there is a high probability o

Penning ionization. The latter process is known
relaxation-induced Penning ionization. Investigation of the
collision processes is important because the achievable
sity of atoms within the trap is determined by the rates
these inelastic collisions and the efficiency of the evapora
cooling process depends on the elastic collision cross
tion.

The 5Sg
1 and 1Sg

1 adiabatic molecular potentials re
quired in this close-coupled scattering calculation are th
obtained by Sta¨rck and Meyer@41# and Müller et al. @30#,
respectively. Since the5Sg

1 potential is claimed to be the
more accurate of the two, the1Sg

1 potential was modified to
have the same long-range form as the5Sg

1 potential. The
short-range form given by Mu¨ller et al. @30# was maintained
for R,12a0, and for R>12a0 the 1Sg

1 potential differed
from the 5Sg

1 potential by an exchange energy term. T
sensitivity of the calculations to the uncertainty in these m
lecular potentials has been numerically investigated and
be discussed further when the results of the calculations
presented.
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This paper is organized as follows. In Sec. II the clo
coupled scattering formalism is developed and theoret
issues relating to the occurrence of autoionization proce
and the presence of the external magnetic field are con
ered. Following a discussion of the choice of an appropr
molecular basis, details of the particular molecular basis
lected for this investigation are given and explicit expre
sions provided for the Hamiltonian matrix elements. T
scattering boundary conditions and the calculation of cr
sections and rate constants for the spin relaxation
relaxation-induced Penning ionization processes from n
unitary scattering matrices are discussed.

TheFARM ~flexible asymptoticR-matrix! package@42# of
routines used to perform the numerical calculations is
scribed in Sec. III, together with some details of the perf
mance of individual routines in the ultracold temperature
gime. The results of the numerical calculations and detail
investigations into the sensitivity of the results to variatio
of the molecular potentials and autoionization width are p
sented in Sec. IV. Finally, in Sec. V, a summary of the o
comes of this investigation is given. General expressions
the various Hamiltonian matrix elements are evaluated in
Appendix.

II. CLOSE-COUPLED SCATTERING FORMALISM

The total Hamiltonian describing the collision betwe
two atoms in the presence of an external magnetic field

H5T1H rot1Hel1Hso1HZee1Hsd, ~2!

whereT is the radial kinetic-energy operator of the two a
oms,H rot is the kinetic-energy operator of the rotating mo
ecule, and the electronic Hamiltonian isHel5H11H2
1H12, for which H1 and H2 are the Hamiltonians for the
unperturbed atoms andH12 is the Hamiltonian for the elec
trostatic interaction between the two atoms.Hso, HZee, and
Hsd are the Hamiltonians for the spin-orbit, Zeeman, a
spin-dipole interactions, respectively.

The quantum close-coupling theory involves the exp
sion of the total wave function in terms of a complete set
molecular basis states and a set of unknown radial functi
The molecular basis functions must be chosen such tha
the asymptotic limitR[uRu→`, whereR is the internuclear
separation vector, the motion of the two-atom system
properly described.

A. Molecular basis

In the absence of an external field, the two-atom system
described asymptotically by the states

u jM j lM l&5Yl ,Ml
~R̂!u jM j&. ~3!

The set of spherical harmonicsYl ,Ml
(R̂) represents the rela

tive rotational motion of the nuclei. Herel and Ml are, re-
spectively, the quantum numbers associated with the rela
rotational angular momentuml and its projection onto the
quantization axisOz in the space-fixed frameOxyz. The
statesu jM j& describe the electronic state of the two atom
The quantum numbersj andM j are associated with the tota
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electronic angular momentumj and its projection onto the
space-fixed quantization axis, respectively.

For the LS coupling scheme appropriate to helium, th
total electronic angular momentumj is the vector sum of the
total orbital angular momentumL and the total spin angula
momentumS. The statesu jM j& are therefore expressible i
the form

u jM j&5 (
ML ,MS

C~LS j;MLMSM j !uLMLSMS&, ~4!

where C( j 1 j 2 j 3 ;m1m2m3) is a Clebsch-Gordan coefficien
@43# andML andMS are the projections ofL andS, respec-
tively, onto theOz axis. In terms of the states of the ind
vidual atoms, the states appearing in Eq.~4! are given by

uLMLSMS&

5 (
ML1

,ML2

(
MS1

,MS2

C~L1L2L;ML1
ML2

ML!

3C~S1S2S;MS1
MS2

MS!uL1ML1
&uL2ML2

&

3uS1MS1
&uS2MS2

&, ~5!

where the subscripts 1 and 2 refer to the individual atom
The molecular states which satisfy the above requ

ments in the asymptotic limit are

uR, jM j lM l&5YlM l
~R̂!uR, jM j&, ~6!

where

uR, jM j& ;
R→`

u jM j&, ~7!

uR, jM j lM l& ;
R→`

u jM j lM l&. ~8!

The labelR is used to distinguish the molecular state fro
the two-atom state to which it dissociates adiabatically.

In the absence of an external field, the quantum numbJ
associated with the total angular momentum of the sys
J5 l1 j is a good quantum number and it is convenient
define the total angular momentum states

uR,JMJj l &5 (
Ml M j

C~ j lJ ;M jMlMJ!Yl ,Ml
~R̂!uR, jM j&,

~9!

whereMJ is the projection ofJ onto theOz axis. This mo-
lecular basis is the Hund’s case~e! basis which describes th
states of infinitely separated noninteracting atoms collid
with relative angular momentuml.

The statesuR, jM J& may be expressed in terms of molec
lar basis states in the body-fixed frame

uR, jM j&5(
V j

DM j ,V j

j* ~f,u,0!uR, j V j&, ~10!

where
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uR, j V j&5 (
VLVS

C~LS j;VLVSV j !uR,LVLSVS& ~11!

and VL , VS , andV j denote the projection ofL , S, and j
onto the internuclear axisOZ in the body-fixed frame
OXYZ. Use of Eq.~10! in Eq. ~9! enables the states given
Eq. ~9! to be expressed in the form

uR,JMJj l &5S 2l 11

4p D 1/2

(
V j

C~ j lJ ;V j0V j !

3DMJ ,V j

J* ~f,u,0!uR, j V j&. ~12!

The total angular momentum basis is ideal for deal
with collisions in the absence of an external field as the to
Hamiltonian is then diagonal inJ and independent ofMJ ,
thus yielding a set of close-coupled equations which o
have to be solved for each value ofJ. In the presence of an
external magnetic or optical field, the total angular mom
tum J is no longer conserved and states withJ andJ85J,J
61 are coupled together. The total angular momentum st
uR,JMJj l & therefore do not form an adequate molecular
sis in that the total Hamiltonian is not asymptotically diag
nal in this basis and an infinite set of coupled equatio
results. Whereas for the magnetostatic trapping case the
man interaction and hence the total Hamiltonian can be m
asymptotically diagonal by using the uncoupled ba
u jM j lM l& rather than the total angular momentum basis,
the magneto-optical trapping case there is no basis in w
the total Hamiltonian is exactly asymptotically diagonal.
many studies it is assumed that the external laser fiel
weak, thus allowing the manifold of coupled states to
reduced to just those involvingJ andJ61. However, in gen-
eral, the determination of the number of coupled states
the asymptotically diagonal basis for the magneto-opt
case must be done numerically. For this reason this pro
dure has been implemented for the present studies of m
netostatic trapping as the formalism and computational te
niques developed can be tested against results obtained
the uncoupledu jM j lM l& basis and against existing calcul
tions using a perturbative treatment of the spin-dipole in
action. In order to obtain the appropriate basis states, c
structed from the total angular momentum states defi
above, the matrix elements of the various components of
total Hamiltonian~2! need to be considered first.

B. Matrix elements of the Hamiltonian components

Explicit evaluations of matrix elements of the vario
terms in the total Hamiltonian are obtained using the exp
sions for the channel states given in either Eq.~9! or Eq.
~12!. The expressions for the matrix elements that follow
for the specific case of collisions between metastable tri
helium atoms. More general expressions are provided in
Appendix.

The radial kinetic-energy operator appearing in Eq.~2!
has the formT52\2/(2mR)3d2/dR2R and the rotational
Hamiltonian is given byH rot5 l2/(2mR2), wherem is the
reduced mass of the collision system. Within the Bo
Oppenheimer approximation and the pure precession
proximation, which assumesl to be a good quantum numbe
g
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for all internuclear separationsR, the matrix elements of
these two Hamiltonian terms are

^R,J8MJ8 j 8l 8u~T1H rot!uR,JMJj l &

5F 2\2

2mR

d2

dR2R1
\2l ~ l 11!

2mR2 GdJ,J8dMJ ,MJ8
d j , j 8d l ,l 8 .

~13!

The matrix elements of the electronic Hamiltonian can
expressed in terms of the adiabatic molecular potent
2S11VL(R) for the quasimolecular states formed during t
collision of two atoms, defined by

~H11H21H12!uR,LVLSVS&

5@E`12S11VL~R!#uR,LVLSVS&, ~14!

whereE` is the total internal energy of the asymptotical
free atoms andL5S,P,D, . . . for uVLu50,1,2, . . . . Us-
ing Eq. ~14! and the fact that all the He* (2 3S)-He* (2 3S)
quasimolecular states areS states, the electronic Hamil
tonian matrix elements are given by

^R,J8MJ8 j 8l 8J8uHeluR,JMJj lJ &

5@E`12S11VS~R!#dJ,J8dMJ ,MJ8
d j , j 8d l ,l 8 ,

~15!

where nowj 5S.
Also, since all quasimolecular states areS states in this

investigation, the matrix elements for the spin-orbit intera
tion

Hso5a~R!L•S5 1
2 a~R!@ j22L22S2# ~16!

will be zero.
The spin-dipole interaction arises from the interaction

the spin magnetic dipole moments of two electrons and
given by @44#

Hsd5
m0

4p

~gsmB!2

\2

1

R5
@~S(1)

•S(2)!R223~S(1)
•R!~S(2)

•R!#,

~17!

whereS( i ) ( i 51,2) are the spin operators for the two ele
trons andgs is the electron spin gyromagnetic ratio. Only th
spin-dipole interaction is nondiagonal inj, coupling states
with j 50 and j 52, and as the present investigation is
loss rates from the spin-polarized5Sg

1 state, thej 51 states
need not be included in the close-coupled calculation. A
detailed manipulation of angular momenta coupling re
tions, the matrix elements of the spin-dipole interaction c
be expressed in the form

^R,J8MJ8 j 8l 8uHsd~R!uR,JMJj l &

5
m0

4p

~gsmB!2

R3
Csd~ j , j 8!Dsd~J, j , j 8,l ,l 8!dJ,J8dMJ ,MJ8

,

~18!

where
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Csd~0,0!50, Csd~0,2!5Csd~2,0!5A10,

Csd~2,2!52A70,

and

Dsd~J, j , j 8,l ,l 8!5@ l #1/2C~ l2l 8;000!W~J j8l2;l 8 j !,
~19!

@a#52a11, andW(abcd:e f) is a Racah coefficient@43#.
The Hamiltonian for the Zeeman interaction has the fo

HZee5~gsmB /\!B•S5~gsmB /\!BSz , ~20!

whereB is the magnetic field and it has been assumed
the magnetic field is directed along the space-fixedz axis.
The matrix elements for the Zeeman interaction can be w
ten as

^R,J8MJ8 j 8l 8uHZeeuR,JMJj l &

5gsmBBCZee~ j !DZee~J,J8,MJ , j ,l !dMJ ,MJ8
d j , j 8d l ,l 8 ,

~21!

where

CZee~0!50, CZee~2!52A10

and

DZee~J,J8,MJ , j ,l !

5~21! l 2J81J2MJ~@ j #@ j 8# !1/2W~J jJ8 j ; l1!

3C~JJ81;MJ ,2MJ,0!. ~22!

C. Transformed molecular basis

Having considered the matrix elements of the vario
components of the total Hamiltonian, an appropriate se
molecular basis states may now be constructed. For the
cific case of collisions between metastable triplet helium
oms, the explicit expressions for the matrix elements of
radial kinetic energy, rotational, and electronic Hamiltonia
given by Eqs.~13! and~15!, show that these matrix elemen
are diagonal in all quantum numbers associated with
statesuR,JMJj l &. For all components of the total Hami
tonian, including the spin-dipole and Zeeman interactio
for which the matrix elements are given by Eqs.~18! and
~21!, respectively, the quantum numberMJ is conserved. In
the presence of an external field, the total angular momen
J is no longer conserved. From Eqs.~21! and~22!, it can be
seen that for an external magnetic field the Zeeman inte
tion couples states which are characterized by the samej and
l quantum numbers but may have differentJ, where J8
5J,J61. Since the spin-dipole interaction couples sta
which have the sameJ but may have differentj and l, where
j 85 j , j 62 andl 85 l ,l 62, an infinite set of coupled differ
ential equations will result. Truncation of the infinite set
molecular basis states will therefore be required and the c
tribution of the excluded states must be estimated to de
mine the error associated with the truncation. It is also n
essary to select a molecular basis for which the to
at

t-
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t-
e
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e

,

m

c-

s

n-
r-

c-
l

Hamiltonian matrix is asymptotically diagonal. For the tot
angular momentum states~12!, there exist off-diagonal ma
trix elements of the Zeeman interaction Hamiltonian, a
since the Zeeman interaction does not have a dependenc
the radial separation, these off-diagonal matrix elements
not vanish asymptotically. A new molecular basis, for whi
matrix elements of the Zeeman interaction Hamiltonian
diagonal, must therefore be defined.

A new molecular basis is defined for a given set of a
ymptotically conserved quantum numbersMJ , j ,l :

uR,MJjl a&5 (
J5 l 2 j

l 1 j

A aJ
MJjl uR,JMJj l &, ~23!

where A aJ
MJjl is obtained by diagonalizing the asymptot

Hamiltonian and 1<a<2 j 11. The spin-dipole interaction
which couples together states of differentj andl between the
sets of states defined in Eq.~23!, is generally small and
therefore the infinite set of coupled equations is truncated
neglecting coupling to sets of states withl values outside a
specified range. For this investigation, the exclusion of s
of states other than those withl 85 l ,l 62 provided sufficient
accuracy and resulted in a maximum of 18 coupled equat
to be solved. The error associated with the truncation proc
is numerically determined by repeating select calculatio
with sets of states withl 85 l 64 also included.

As commented upon earlier, it is recognized that in t
uncoupled basis, for which the molecular states
u j ,M j ,l ,Ml&, the Zeeman interaction is asymptotically dia
onal and in fact the numerical transformation of the ba
could have been avoided. However, use of the total ang
momentum basis for the present study did not impose
significant numerical overheads and the strategy adopte
deal with the infinite set of coupled equations, several
pects of which will be appropriate for a subsequent study
collisions in the presence of an external light field, could
validated against results obtained using the uncoupled b

D. Close-coupled scattering equations

The expansion of the total wave function in terms of t
molecular basis given in Eq.~23! and the unknown radia
functionsF

a j l g ,a8 j 8 l g8

JMJ (E,R) takes on the form

uC
j 8 l 8a8

JMJ ~E,R!&5(
j

(
l

(
a51

2 j 11
1

R
F

jl a, j 8 la8

MJ ~E,R!uR,MJjl a&,

~24!

whereE is the total energy of the system. The close-coup
scattering equations are generated by substituting the
wave function~24! into the time-independent Schro¨dinger
equation and forming the inner product with the individu
basis states~23!, that is,

^R,MJj 9l 9a9u~H2E!uC
j 8 l 8a8

MJ ~E,R!&50. ~25!

Substitution of Eqs.~23! and~24! into Eq.~25! and using the
explicit evaluations~13!, ~15!, ~18!, and~21! for the Hamil-
tonian matrix elements, theN coupled second-order differen
tial scattering equations, for metastable triplet helium ato
in the presence of a magnetic field, are given by
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F d2

dR22
l 9~ l 911!

R2
2

2m

\2
2S11VS~R!1kMJj 9 l 9a9

2 G
3F

j 9 l 9a9, j 8 l 8a8

MJ ~E,R!

5
2m

\2 (
j

(
l

(
a51

2 j 11

Vj 9 l 9a9; j l a
sd

~R!F
jl a, j 8 l 8a8

MJ ~E,R!,

~26!

where

kMJjl a
2 5

2m

\2
@E2E`2VZee~MJ, j ,l ,a!#, ~27!

VZee~MJjl a!5gsmBBCZee~ j !

3 (
J5 l 2 j

l 1 j

(
J85 l 2 j

l 1 j

A aJ
MJjl A

aJ8

MJjl *

3DZee~J,J8,MJ , j ,l !, ~28!

Vj 8 l 8a8; j l a
sd

~R!5
m0

4p

~gsmB!2

R3
Csd~ j , j 8!

3 (
J5 l 2 j

l 1 j

(
J85 l 82 j 8

l 81 j 8

A aJ
MJjl A

a8J8

MJj 8 l 8*

3Dsd~J, j , j 8,l ,l 8!dJ,J8 , ~29!

and Dsd(J, j , j 8,l ,l 8) and DZee(J,J8,MJ , j ,l ) are given by
Eqs. ~19! and ~22!, respectively. In Eq.~26!, the N linearly
independent solutions are labeled by the singly primed qu
tities.

For the collisions of metastable triplet helium atoms, P
ning ionization occurs at small radial separations from
1Sg

1 quasimolecule state. The loss of flux due to Penn
ionization is represented in this investigation by a comp
optical potential@30#, replacing the1VS(R) potential in the
electronic Hamiltonian matrix~15! by the complex potentia
1VS(R)2 iG(R)/2, where1VS(R) is the usual adiabatic mo
lecular potential for the1Sg

1 quasimolecule state andG(R)
is the total autoionization width for the He2* ( 1Sg

1) entrance
channel. As a result of the complex interaction potential,
scattering equations~26! and the solution matricesF(E,R)
are complex.

The collisions under investigation involve identical atom
and therefore symmetrization requirements must be con
ered. Following Mies@45#, symmetrized channel states we
used in these calculations and hence properly symmetr
scattering matrices and cross sections were calculated.
particular collision system involves identical nuclei of ze
spin and the symmetrization of the channel states has
consequences that only gerade states of the molecule
even partial wave values contribute to the scattering proc
No significant alteration is therefore required of the theo
developed above.
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E. Scattering matrices, cross sections, and rate constants

The scattering matrix is determined from the asympto
form of the matrix of radial functionsF(E,R), which is
given by

F~E,R! ;
R→`

J1N K , ~30!

whereJ andN are real diagonal matrices with elements

Ji j 5ki
1/2R jl i~kiR!d i j ,

Ni j 52ki
1/2Rnl i

~kiR!d i j , ~31!

and j l i
(kiR) andnl i

(kiR) are regular and irregular spheric

Bessel functions. The reactance matrixK will be complex as
a result ofF(E,R) being complex.

The required scattering matrixS is obtained from the re-
actance matrixK by

S5~ I1 iK !~ I2 iK !21, ~32!

whereI is theN3N identity matrix.
The scattering cross section for the transition from st

g i to g f , whereg5$ j ,M j%, is given by

s~E;g i→g f !5
p

ki
2 (

l i M l i
l f M l f

uT~E;b i→b f !u2, ~33!

whereb5$ j ,M j ,l ,Ml%, T(E;b i→b f) are the transition ma-
trix elements and the transition matrixT is related to the
scattering matrixS via T5I2S. For the present investiga
tion, MJi

5MJf
and therefore the summation overMl f

is re-

stricted by the conditionMl i
1M j i

5Ml f
1M j f

.
The calculation of the collision cross section for th

relaxation-induced Penning ionization process requires
probability of the transition from thej 52, M j52 initial
state to all possible ionization channels. In the present ca
lations, the loss of flux due to Penning ionization has be
represented by a complex potential which is assumed equ
lent to coupling in the ionization channels. Thus the scat
ing matrix element for Penning ionization from the initi
state can be obtained from the calculated, nonunitaryN3N
scattering matrix:

uSG i→GPI
u2512 (

G851,N

uSG iG8u
2, ~34!

whereG i is the initial scattering channel.
The rate coefficient for the transitiong i→g f is given by

K~T,g i→g f !5^s~E,g i→g f ! v i&, ~35!

where v i5\ ki /m5(2E/m)1/2 and the angular brackets i
Eq. ~35! denote an average over the distribution of the re
tive velocities of the colliding atoms. For very low temper
tures where quantum threshold behavior becomes applica
this averaging over relative velocities is no longer requir
and the rate coefficient expressions can be simplified to g
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K~T,g i→g f ! ;
T→0

H s~E,g i→g f ! v i , g iÞg f

S 8E

mp D 1/2

s~E,g i→g f !, g i5g f .

~36!

In Sec. IV, rate constants for elastic scattering and for
loss of atoms as a result of inelastic processes will be
ported. For identical atoms, this involves a factor of 2 tim
the rate constants given in Eqs.~35! and ~36! since two at-
oms are lost per collision event.

III. NUMERICAL CALCULATIONS

A modified version of theFARM package@42# was em-
ployed to solve the coupled second-order linear differen
equations~26! and to obtain the required transition matrice
The FARM package incorporates a combination ofR-matrix
propagation techniques, whereR5F(dF/dR)21, to inte-
grate the coupled Schro¨dinger equations, and matching of th
solution to an asymptotic wave function, which is dete
mined by an accelerated Gailitis expansion. The acceler
Gailitis expansion is used to minimize the radial distance
which the matching procedure can be undertaken and h
reduce the range over which the scattering equations mu
integrated.

Significant modification of the originalFARM package was
required to incorporate a complex interaction potential. T
solutions of the coupled equations are now complex
therefore propagation of a complexR matrix is required.
The FARM package was also modified to enable the trans
mation of the molecular basis during the calculation and
allow direct integration of the coupled equations out to
asymptotic region where the solutions could be matched
the free-field solutions, as an alternative to the use of
accelerated Gailitis expansion routines. Due to the prese
of terms involving inverse powers ofk and the energy sepa
ration between scattering channels in the recursion relat
for the Gailitis expansion coefficients, a breakdown in t
performance of the Gailitis routines was found for calcu
tions at very low scattering energies and for small ene
separations between scattering channels.

The performance of theFARM package was favorable fo
the calculations undertaken. A large range of temperatu
was considered in this investigation and for the higher te
peratures, where the distribution of the relative velocities
the colliding atoms was considered important, and soluti
to the close-coupled equations were required for a la
number of energies. TheR-matrix propagation routines hav
the advantage that the most computationally demanding p
of these methods, namely the diagonalization of the to
Hamiltonian or interaction Hamiltonian matrices, are ene
independent. As well as being computationally efficie
R-matrix propagation techniques provide high numeri
stability for the integration of coupled equations describ
atomic collision processes. With the exception of those ca
where a breakdown in the performance of the Gailitis ro
tines was expected because of the relative size of the term
the recursion relations, the Gailitis routines were found
work well, enabling scattering boundary conditions to be i
posed at smaller radial separations than would normally
required for the low temperatures under investigation.
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At the higher collision energies and for the lower range
values of magnetic field considered in this investigatio
many partial waves~as many as 20! were found to contribute
to the collision cross section. Accelerated convergence te
niques were applied to slowly converging summations o
initial partial wave valuesl i appearing in Eq.~33! to avoid
computation of transition matrix elements for higher part
wave values. The two methods chosen, the Le
u-transform and theu algorithm @46#, are particularly suited
to monotone series and in a detailed comparison made
Smith and Ford@46# were rated as two of the three overa
best accelerated convergence methods.

The chosen truncated molecular basis and the routine
the FARM package enabled at least four significant figures
accuracy to be maintained in the propagation of theR ma-
trix. However, near cancellation of terms in the matching
the solutions to the asymptotic form at lower temperatu
reduced the accuracy obtained for the scattering matrice
approximately three significant figures. This loss of accura
could not be attributed to the use of the Gailitis routines a
was shown to also occur when theR matrix was propagated
to larger separations and matched to the free-field solutio
The results reported in the following section were theref
accurate to better than 1% for all temperatures and magn
fields considered.

IV. RESULTS AND DISCUSSION

In this section the results of the close-coupled calculati
will be presented and compared with the only other exist
results for magnetostatically trapped metastable helium
oms @12,13#. The sensitivity of the calculated collision rat
constants to the input molecular potentials and autoioniza
width will be assessed. This is essential because extrao
nary accuracy is required of molecular potentials for ult
cold collision calculations, exceeding that of available m
lecular potentials, and no full theoretical treatments of
autoionization processes exist.

The calculation by Fedichevet al. @12,13# is based on a
first-order perturbative treatment of the spin-dipole term a
is equivalent to a distorted Born wave treatment. Althou
one would like to make a detailed comparison between

FIG. 1. Spin-relaxation rate constants as a function ofB for a
range of temperatures: (A) T51 nK, (B) T51 mK, (C) T55
mK , (D) T510 mK, (E) T550 mK, and (F) T5100 mK.
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approach and the quantum close-coupled method, the s
tivity of the results to both the molecular potentials and
representation of the flux loss due to Penning ionization,
the absence of any experimental data, would not ena
many valuable conclusions to be drawn. However, it is
lieved that observation of the differences between the res
obtained using these two different approaches is worthwh
particularly in the cases where loss rates differ significan
from those predicted previously.

The rate constants for the spin relaxation~SR! and
relaxation-induced Penning ionization~RIPI! processes as
function of magnetic field and for a range of temperatures
shown, respectively, in Fig. 1 and Fig. 2 and exhibit the sa
general features as the corresponding figures given
Fedichevet al. @12#. However, there are some differences
rate-constant values for the inelastic processes. The SR
constants forB*10 mT~1 G51024 T! andT&10 mK are at
least a factor of 1.5 smaller than those reported by Fedic
et al., and the minimum shown in Fig. 1 atB'2.5 mT was
found by Fedichevet al. to occur at a lower magnetic fiel
value than that reported here. Although the origin of the
differences is not specifically known, it will be shown lat
that a small variation of the5Sg

1 molecular potential can
produce these types of differences. The RIPI rate const
reported by Fedichevet al., for all temperatures and mag
netic fields, are a factor of 1.5–2 larger than shown in Fig
This is expected because the autoionization width used a
imaginary part of the complex potential represents less
of flux due to Penning ionization than the perfectly absorb
boundary used by Fedichevet al. The elastic rate constants
which were found to not vary with magnetic field, are tab
lated in Table I for a range of temperatures and are in cl
agreement with those calculated by Fedichevet al.

To investigate the sensitivity of the results to the autoio

FIG. 2. Relaxation-induced Penning ionization rate constant
a function of B for a range of temperatures: (A) T51 nK,
(B) T51 mK, (C) T55 mK, (D) T510 mK, (E) T550 mK,
and (F) T5100 mK.

TABLE I. Elastic scattering rate constants (cm3 s21) for a range
of temperatures.

T51 nK T51 mK T51 mK T510 mK T5100 mK

5.6310212 1.8310210 3.531029 2.431029 1.031028
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ization width, some of the calculations for a range of ma
netic fields and temperatures were repeated using the a
ionization widthGGMS(R)50.3 exp(2R/1.086) suggested by
Garrisonet al. @47#, which exhibits a steeper exponential b
havior and does not dampen at small internuclear separa
like that of Müller et al. @30#. Spin-relaxation transitions
which remain in the5Sg

1 quasimolecular state are genera
dominant over those which relax to the1Sg

1 state and there-
fore the sum of the rate constants for the SR processes
not alter significantly with variation of the autoionizatio
width, which is coupled directly to the1Sg

1 state. ForT
&10 mK andB&15 mT, the rate constants for RIPI wer
found to be'16% greater usingGGMS(R). Results forT
51 nK are shown in Fig. 3, together with results obtain
using an autoionization widthGUP(R) constructed to simu-
late unit probability of Penning ionization within some inte
nuclear separationR5R̄:

GUP~R!5H GGMS~R!1~R2R̄!2e2c R for R<R̄

GGMS~R! for R.R̄.
~37!

The results are insensitive to variation ofR̄ andc within the
ranges 6<R̄<7 a0 and 0.5<c<1, supporting the assump
tion that the form given in Eq.~37! does actually simulate
total loss of flux within a particular internuclear separatio
The RIPI rate constants calculated usingGUP(R) are as much
as 30% greater than those obtained usingG(R) but still ap-
proximately 20% smaller than those reported by Fedich
et al.

The analytical form of the5Sg
1 potential given by Sta¨rck

and Meyer@41# was used for the quantum close-coupled c
culations. More accurate dispersion coefficients@48# than
those used in this analytical expression@49# are now avail-
able and were used to assess the influence of the long-r
potential on the results. The short-range singlet1VS(R) and
quintet 5VS(R) potentials forR<20a0 were left unaltered
and smoothly connected onto the long-range2C6R26

2C8R282C10R
210 form of Yan and Babb@48#, and it was

found that the rate constants altered by less than 0.5%. S
the short-range5Sg

1 potential is estimated to be accurate

as
FIG. 3. Relaxation-induced Penning ionization rate constant

a function of B at T51 nK for various autoionization widths
(A) G(R), (B) GGMS(R), and (C) GUP(R).
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within 1% @41#, the short-range singlet and quintet potenti
were varied for R<14a0 within this 1% accuracy and
smoothly connected onto the unaltered long-range form
has been shown@50# that within the61% variation of the
potentials, the number of bound states does not change.
results forT&1 mK were most affected. The SR and RI
rate constants forT51 nK, shown in Fig. 4 and Fig. 5
respectively, vary significantly with the different modifica
tions to the molecular potentials. The SR rate constants
played little sensitivity to the short-range form of the1Sg

1

potential and from Fig. 5 it can be seen that, although
rate constants for RIPI showed some sensitivity, the res
are much more dependent on the short-range5Sg

1 potential.
Study of the sensitivity of the potentials forT.1 mK

was limited to a select number of magnetic fields and te
peratures across the total range under investigation bec
of the computational effort required in redoing a full set
calculations. From these, the following estimates have b
made for the possible range of variation of the rate const
within the accuracy of the potentials. For the range of m
netic fieldsB*10 mT, for which SR is the dominant inelas

FIG. 4. Spin-relaxation rate constants as a function ofB at T
51 nK for ~A! no variation, (B) 11%, (C) 21%, ~D! 10.5%,
and (E) 20.5% variation of the short-range5VS(R) potential.

FIG. 5. Relaxation-induced Penning ionization rate constant
a function of B at T51 nK for ~A! no variation,~B! 11%, ~C!
21%, ~D! 10.5%, (E) 20.5% variation of the short-rang
5VS(R) potential, and~F! 11%, and (G) 21% variation of the
short range1VS(R) potential.
s
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tic process at all temperatures considered, variation of
short-range quintet potential within 1% forT&1 mK yielded
either increases in the SR rate constants by a factor gre
than 2.5, and as large as 10 forT&1 mK, or a decrease by
approximately a factor of 2. At higher temperatures (T*1
mK!, the variation of the rate constants for SR is likely to b
at most, a factor of 1.6. Relaxation-induced Penning ioni
tion is the dominant inelastic process forB&10 mT andT
&7.5 mK. Within the accuracy of the potentials, the RI
rate constants could be a factor of 9 larger or a factor o
least 2.6 smaller forT&1 mK. For 1 mK&T&7.5 mK, an
increase in the RIPI rate constant values by a factor of
proximately 2.5 and a decrease by a factor of 1.25 could a
be possible. ForB&10 mT andT*7.5 mK, SR once again
governs the total loss rates with possible variation on
values shown in Fig. 1 by a factor of 1.5–2.

The response of the elastic rate constants atT51 nK to
modifications of the short-range5Sg

1 molecular potential is
shown in Table II. An increase by at least a factor of 7.5
a decrease by at least a factor of 2 in the elastic rate cons
given in Table I could be possible forT&1 mK and, for
1 mK&T&1 mK, there could be approximately a factor
2 difference. For higher temperatures,T*1 mK, the reported
elastic rate constants are predicted to alter by less than
within the accuracy of the molecular potentials.

The ratios of the elastic to inelastic rates atT51 nK are
displayed in Fig. 6 and, although small variations of the m
lecular potentials can produce large changes in the rate
stants, it can be seen from Fig. 6 that the ratio of the ela
to inelastic rates is much less sensitive. The sensitivity of
rate constants to variation of the5Sg

1 molecular potential by
a multiplicative factor of 1.01 was considered by Fedich
et al. @12,13#, who found similar effects.

Fedichev et al. @12,13,51# discuss the importance o
three-body recombination to a weakly bounds level for ul-

as

TABLE II. Elastic scattering rate constants (cm3 s21) at T51
nK for several variations of the short-range5VS(R) potential.

No variation 1% 0.5% 20.5% 21%

5.6310212 4.4310211 1.2310211 3.5310212 2.4310212

FIG. 6. Ratio of elastic to inelastic rates as a function ofB at
T51 nK for ~A! no variation,~B! 11%, (C) 21%, ~D! 10.5%,
and (E) 20.5% variation of the short range5VS(R) potential.
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tralow temperaturesT!e0, wheree0 is the binding energy,
and conclude that two-body inelastic processes dominate
gas densitiesn&1013 cm23. The three-body recombinatio
rate varies strongly with the scattering lengtha as a4 @51#,
and since small variations of the5Sg

1 potential within the
claimed 1% accuracy can significantly vary both the scat
ing length@50# and the loss rates for two-body inelastic pr
cesses, it is possible that the restrictions on gas den
which eliminate three-body recombination as the dominat
process, could be more stringent than predicted by Fedic
et al. @12,13#.

V. SUMMARY

A close-coupled calculation has been undertaken to p
duce rate constants for elastic scattering and the s
relaxation and relaxation-induced Penning ionization p
cesses for a range of temperatures and magnetic fields.
investigation has been motivated, in part, by the desire
extend this calculational strategy to a study of collisions
metastable helium atoms in the presence of an optical fi
The calculated rate constants exhibit the same general be
ior as results produced by Fedichevet al. @12,13#. However,
or
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some results for the inelastic processes were found to b
least a factor of 1.5 smaller than those reported previou
The results were found to be sensitive to the short-ra
molecular potentials and the autoionization width, but
concluded by Fedichevet al. @12,13#, the ratio of the elastic
to inelastic rates was found to be relatively insensitive
variation of the5Sg

1 potential, upon which the results wer
most dependent. To obtain more reliable theoretical resu
molecular potentials are required to a greater accuracy
more detailed theoretical studies of the autoionization p
cesses are necessary.

APPENDIX: MATRIX ELEMENTS
OF THE HAMILTONIAN COMPONENTS

Explicit evaluations of matrix elements of the variou
terms in the total Hamiltonian are obtained using the expr
sions for the channel states given in either Eq.~9! or Eq.
~12!.

Using the expansion of the molecular states given by E
~11! and ~12!, and the relation~14!, the matrix elements of
the electronic Hamiltonian are
ten,

re
^R,J8MJ8 j 8l 8uHeluR,JMJj l &5
~@ l #@ l 8# !1/2

4p (
V jV j 8

C~ j lJ ;V j0V j !C~ j 8l 8J8;V j 80V j 8!

3E dVR DMJ ,V j

J* ~f,u,0!DMJ8 ,V j 8

J8 ~f,u,0!^R, j 8V j 8u~H11H21H12!uR, j V j&

5
~@ l #@ l 8# !1/2

@J# (
V j

C~ j lJ ;V j0V j !C~ j 8l 8J;V j0V j ! (
VLVS

C~LS j;VLVSV j !C~LS j8;VLVSV j !

3@E`1 2S11VL~R!#dJ,J8dMJ ,MJ8
, ~A1!

where@a#52a11.
The matrix elements of the spin-dipole interaction, given by Eq.~17!, between the quasimolecular spin states can be writ

after detailed manipulation of angular momenta coupling relations, as

^S8 MS8uHsduSMS&5
m0

4p

~gsmB!2

R3
2A6p$S(1)~S(1)11!S(2)~S(2)11!@S(1)#@S(2)#@S#%1/2F~S(1),S(2);S,S8!

3~21!MS82MSC~S2S8;MS ,MS82MS ,MS8!Y2,MS2MS8
~R̂!, ~A2!

where

F~S(1),S(2);S,S8!5(
f

@ f #W~S(1)S(1)21;1f !W~ f S(1)S(2)S(2);1S8!W~SS(1)S8 f ;S(2)2!. ~A3!

Using the expansions of the channel states given in Eqs.~4! and~9!, the matrix elements for the spin-dipole interaction a
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^R,J8MJ8 j 8l 8uHsduR,JMJj l &5
m0

4p

~gsmB!2

R3
A30$S(1)~S(1)11!S(2)~S(2)11!@S(1)#@S(2)#@S#%1/2F~S(1),S(2);S,S8!

3S @ l #

@ l 8#
D 1/2

C~ l2l 8;000! (
M j M j 8

C~ j lJ ;M j ,MJ2M j ,MJ!C~ j 8l 8J8;M j 8 ,MJ82M j 8 ,MJ8!

3 (
MSMS8

~21!MS82MSC~LS j;M j2MS ,MSM j !C~LS8 j 8;M j 82MS8 ,MS8M j 8!

3C~S2S8;MS ,MS82MS ,MS8!C~ l2l 8;MJ2M j ,MS2MS8 ,MJ82M j 8!, ~A4!

whereF(S(1),S(2);S,S8) is given by Eq.~A3!.
The Hamiltonian for the Zeeman interaction is given by Eq.~20! and using the expression~9! for the channel states and th

expansion~4!, together with the orthonormality relation of the spherical harmonics@52#, the matrix elements for the Zeema
interaction become

^R,J8MJ8 j 8l 8uHZeeuR,JMJj l &5gsmBB~21! j 1 j 81 l 2J8@J#1/2(
g

@g#1/2W~J jJ8 j 8; lg !C~JgJ8;MJ0MJ!

3(
M j

~21!M jC~ j j 8g;2M j ,M j ,0!

3(
MS

C~LS j;M j2MS ,MS ,M j !C~LS j8;M j2MS ,MS ,M j !MSdMJ ,MJ8
d l ,l 8 . ~A5!
l

e
py
y

V

nd

A

a-
old

od.

e,

ys.
@1# M. H. Andersonet al., Science269, 198 ~1995!.
@2# H. Metcalf and P. van der Straten, Phys. Rep.244, 203~1994!.
@3# P. S. Julienne and F. H. Mies, J. Opt. Soc. Am. B6, 2257

~1989!.
@4# J. Weiner, in Advances in Atomic, Molecular and Optica

Physics, edited by B. Bederson and H. Walther~Academic
Press, San Diego, CA, 1995!, Vol. 35, pp. 45–78.

@5# A. Aspectet al., Phys. Rev. Lett.61, 826 ~1988!.
@6# H. Metcalf, J. Opt. Soc. Am. B6, 2206~1989!.
@7# N. Morita and M. Kumakura, Jpn. J. Appl. Phys., Part 230,

L1678 ~1991!.
@8# C. Westbrooket al., in TENICOLS ’91, papers presented at th

Tenth International Conference on Laser Spectrosco
France, June, 1991, edited by E. G. M. Ducloy and G. Cam
~World Scientific, Singapore, 1991!, pp. 48 and 49.

@9# M. Kumakura and N. Morita, Jpn. J. Appl. Phys., Part 231,
L276 ~1992!.

@10# J. Lawallet al., Phys. Rev. Lett.75, 4194~1995!.
@11# R. Schumannet al., Phys. Rev. A59, 2120~1999!.
@12# P. O. Fedichev, M. W. Reynolds, U. M. Rahmanov, and G.

Shlyapnikov, Phys. Rev. A53, 1447~1996!.
@13# G. V. Shlyapnikov, J. T. M. Walraven, U. M. Rahmanov, a

M. W. Reynolds, Phys. Rev. Lett.73, 3247~1994!.
@14# A. Aspectet al., Chem. Phys.145, 307 ~1990!.
@15# M. D. Hoogerlandet al., Aust. J. Phys.49, 567 ~1996!.
@16# F. Bardouet al., Europhys. Lett.20, 681 ~1992!.
@17# H. C. Mastwijk, J. W. Thomsen, P. van der Straten, and

Neihaus, Phys. Rev. Lett.80, 5516~1998!.
@18# M. Kumakura and N. Morita, Phys. Rev. Lett.82, 2848~1999!.
@19# K. G. H. Baldwin ~private communication!.
@20# F. Shimuzu, K. Shimuzu, and H. Takuma, Phys. Rev. A39,

2758 ~1989!.
,

.

.

@21# H. Katori and F. Shimizu, Phys. Rev. Lett.70, 3545~1993!.
@22# M. Walhoutet al., Phys. Rev. Lett.74, 506 ~1995!.
@23# H. Katori and F. Shimizu, Phys. Rev. Lett.73, 2555~1994!.
@24# H. Kunugita, T. Ido, and F. Shimizu, Phys. Rev. Lett.73, 621

~1997!.
@25# J. Lawall, C. Orzel, and S. Rolston, Phys. Rev. Lett.80, 480

~1998!.
@26# C. J. Williams and P. S. Julienne, Theory of Penning Ioniz

tion of Metastable He, presented at the Symposium on C
Atom Collisions, Cambridge, MA, 1992~unpublished!.

@27# K. A. Suominenet al., Phys. Rev. A53, 1678~1996!.
@28# P. S. Julienne, A. M. Smith, and K. Burnett, inAdvances in

Atomic, Molecular and Optical Physics, edited by D. R. Bates
and B. Bederson~Academic Press, San Diego, CA, 1993!, Vol.
30, pp. 141–199.

@29# M. W. Müller et al., Phys. Rev. Lett.59, 2279~1987!.
@30# M. W. Müller et al., Z. Phys. D21, 89 ~1991!.
@31# R. J. Bieniek, Phys. Rev. A18, 392 ~1978!.
@32# R. W. Heather and P. S. Julienne, Phys. Rev. A47, 1887

~1993!.
@33# K. A. Suominen, J. Phys. B29, 5981~1996!.
@34# K. A. Suominenet al., Phys. Rev. A57, 3724~1998!.
@35# J. Weiner, V. S. Bagnato, S. Zilio, and P. Julienne, Rev. M

Phys.71, 1 ~1999!.
@36# K. A. Suominen, M. J. Holland, K. Burnett, and P. S. Julienn

Phys. Rev. A51, 1446~1995!.
@37# H. M. J. M. Boesten, B. J. Verhaar, and E. Tiesinga, Ph

Rev. A 48, 1428~1993!.
@38# H. M. J. M. Boesten and B. J. Verhaar, Phys. Rev. A49, 4240

~1994!.
@39# P. S. Julienne, K. A. Suominen, and Y. Band, Phys. Rev. A49,

3890 ~1994!.



-

ut.

.

4646 PRA 60V. VENTURI, I. B. WHITTINGHAM, P. J. LEO, AND G. PEACH
@40# Y. B. Bandet al., Phys. Rev. A50, R2826~1994!.
@41# J. Stärck and W. Meyer, Chem. Phys. Lett.225, 229 ~1994!.
@42# V. M. Burke and C. J. Noble, Comput. Phys. Commun.85,

471 ~1995!.
@43# M. E. Rose,Elementary Theory of Angular Momentum, 1st ed.

~John Wiley and Sons, New York, 1957!.
@44# B. H. Bransden and C. J. Joachain,Physics of Atoms and Mol

ecules, 1st ed.~Longman Group, London, 1983!.
@45# F. H. Mies ~unpublished!.
@46# D. A. Smith and W. F. Ford, SIAM~Soc. Ind. Appl. Math.! J.

Numer. Anal.16, 223 ~1979!.
@47# B. J. Garrison, W. H. Miller, and H. F. Schaefer, J. Comp
Phys.59, 3193~1973!.

@48# Z. Yan and J. F. Babb, Phys. Rev. A58, 1247~1998!.
@49# D. Spelsberg and W. Meyer, J. Comput. Phys.99, 8351

~1993!.
@50# J. Babb, P. J. Leo, V. Venturi, and I. Whittingham~unpub-

lished!.
@51# P. O. Fedichev, Y. Kagan, G. V. Shlyapnikov, and J. T. M

Walraven, Phys. Rev. Lett.77, 2913~1996!.
@52# D. M. Brink and G. R. Satchler,Angular Momentum, 2nd ed.

~Clarendon Press, Oxford, 1968!.


