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Coherent population trapping in open systems: A coupled/noncoupled-state analysis
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Coherent population trapping~CPT! with losses towards off-resonant levels is analyzed on the basis of the
coupled/noncoupled states. We derive that at a long interaction time the noncoupled state is depopulated at a
rate that is decreasing for decreasing Raman detuning. This behavior produces a narrowing of the dark
resonance with the interaction time. The asymptotic evolution of the atomic system is completely characterized
by the effective widthGNC of the noncoupled state. The analytic expression for this width evidences a
quadratic dependence on the Raman detuning. This dependence implies that the width of the dark resonance
decreases asymptotically with the inverse of the square root of the interaction time. This narrowing law,
independent of the interaction scheme, has a general validity for CPT in open systems. Our analysis points out
the differences between CPT with losses and CPT in closed systems.@S1050-2947~99!08707-7#

PACS number~s!: 32.80.Pj
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I. INTRODUCTION

Coherent population trapping~CPT! was discovered in
the interaction of a sodium vapor with a multimode las
field @1#. In that experiment an inhomogeneous magne
field was applied to modify the Zeeman splitting of th
atomic levels along the laser path within the vapor. Sh
decreases of the sodium fluorescence~‘‘dark resonances’’!
were observed whenever the frequency difference betw
two modes of the laser field matched the splitting betwe
two Zeeman sublevels belonging to different ground-st
hyperfine states. Dark resonances of the same nature
also observed in atomic-beam experiments@2#.

Dark resonances are associated@2–4# with a trapping of
the population in a coherent superposition of ground sta
because of destructive quantum interference between di
ent excitation pathways this ground-state coherent supe
sition ~‘‘dark state’’! is decoupled from the laser light. I
these early theoretical works the interaction atom-laser fi
was described by using a three-level atomic system c
posed of two ground states coupled to a common exc
state by two laser fields (L system!. The system was as
sumed to be closed, i.e., the total population of the lev
constituting theL system was conserved. By analyzing t
steady-state solution of the relevant optical Bloch equati
~OBEs! it was shown that the stationary population of t
excited state exhibits a sharp decrease in the correspond
of the two-photon resonance.

Later theoretical investigations clarified other aspects
the CPT phenomenon in a closed three-levelL system: the
time evolution towards the nonabsorbing state was num
cally studied and the typical time scale determined as a fu
tion of the interaction parameters@5#, the effect of a finite
interaction time examined by introducing in the OBE app
priate relaxation terms@6#. However, in most CPT experi
ments with alkali-metal atoms, including the first CPT obs
vations@1,2#, the L system based on the two ground sta
forming the nonabsorbing superposition is not closed:
population can be in fact lost in other ground-state sublev
that are either out of resonance with the laser light or t
PRA 601050-2947/99/60~1!/450~6!/$15.00
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cannot be excited due to selection rules.
The theoretical description of coherent population tra

ping in open systems is not a trivial extension of the ea
theoretical works on CPT, because in an open system
steady-state population of the excited state is zero indep
dently of the value of the Raman detuning. In this case
transient regime is not negligible and a time-depend
analysis is therefore required to describe the properties
CPT in open systems. Recently coherent population trapp
with losses towards levels out of resonance has been in
tigated, theoretically and experimentally, by analyzing t
CPT schemes established on the sodiumD1 line in a Hanle
effect configuration@7,8#. It was shown that both the contra
and the width of the dark resonance are strongly influen
by the population loss: the contrast is significantly reduc
and the width of the dark resonance decreases witho
lower limit for an increasing interaction time. A numeric
analysis showed that the width of the dark resonance asy
totically scales with the inverse of the square root of t
interaction timet for all the CPT Hanle schemes examine
This is at variance with the case of a closed system@4#, in
which the optical pumping process into the dark state le
to an almost complete atomic preparation in the nonabs
ing superposition. There the narrowing of the dark resona
is limited by a power broadening term, and such a limit
reached with a 1/t law.

In this work coherent population trapping with losses
analyzed on the basis of the coupled/noncoupled states.
analysis is performed for aJg51→Je50 transition interact-
ing with two resonants1,s2 laser fields. A static magnetic
field is applied to shift the ground levels. We show that t
long-interaction-time evolution of the atomic system can
completely characterized by the effective widthGNC of the
noncoupled state due to the light irradiation and to the
plied magnetic field. Such a width is perturbatively calc
lated. FromGNC the asymptotic law for the width of the dar
resonance is derived. We clarify that this narrowing law h
a general validity for CPT in open systems and is indep
dent of the interaction scheme. Finally, we discuss forma
450 ©1999 The American Physical Society
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PRA 60 451COHERENT POPULATION TRAPPING IN OPEN SYSTEMS:A . . .
where the sharp difference in the narrowing law of clos
and open systems originates.

II. INTERACTION SCHEME

As a simple system for the study of coherent populat
trapping with losses, we consider a transitionuJg51&→uJe
50& interacting resonantly with twos1,s2 laser fields@Fig.
1~a!#. The CPT system composed of the two ground sta
uJg51,M561& and by the excited stateuJe50& is open:
the population can be lost in the ground leveluJg51,M
50&, in the following, indicated asuout&. We indicate the
partial decay rateG ue&→uout& by Gout and the decay rate
G ue&→uJg51, M561& , assumed to be equal, byG in/2.

In our analysis the atom is at rest and recoil effects du
the absorption and emission of photons are not taken
account. The twos1,s2 laser fields are derived from lin
early polarized laser light, i.e., they have equal intensity a
propagation direction. The laser frequencyv coincides with
the atomic transition frequency~which therefore will be re-
ferred to asv too!. A static magnetic field of strengthB is
applied collinear to the laser field wave vector.

Under these assumptions, the Hamiltonian of the sys
is

H5H01HB1VAL , ~1!

whereH0 is the Hamiltonian of the atomic system in ze
magnetic field,

H05\vue&^eu. ~2!

FIG. 1. Interaction scheme of the transitionuJg51&→uJe50&
resonant with twos1,s2 laser fields. For the ground state, in~a!
the $uJg ,M &% basis is used, in~b! the basis of the coupled
noncoupled states is used.
d

n

s

to
to

d

m

HB describes the energy shifts due to the applied magn
field

HB5gmBB~ ug,11&^g,11u2ug,21&^g,21u!, ~3!

whereg is the giromagnetic factor andmB the Bohr magne-
ton. Finally, VAL represents the coupling atom-laser fie
which in the dipole and rotating-wave approximation is

VAL5\V exp~2 ivt !~ ue&^g,21u1ue&^g,11u!1H.c.
~4!

A transparent description of the CPT phenomenon can
reached in the so-called coupled/noncoupled-state basis@4#.
This basis is composed of the excited stateue& and of the two
linear combinations of ground states

uC&5~ ug,21&1ug,11&)/A2, ~5a!

uNC&5~ ug,21&2ug,11&)/A2. ~5b!

The noncoupled stateuNC& is decoupled from the laser fiel
for any value of the applied magnetic fieldB:

VALuNC&50. ~6!

On the other hand, the magnetic field induces a coup
betweenuC& and uNC&,

^CuHBuNC&52gmBB. ~7!

Finally, the laser fields coupleuC& to the excited state

VALuC&5A2\V exp~2 ivt !ue&. ~8!

In summary the couplings due to the Hamiltonian

H I5HB1VAL ~9!

are, in the coupled/noncoupled state basis,

^CuH IuNC&52gmBB, ~10!

^euH IuC&5A2\V exp~2 ivt !, ~11!

as shown in Fig. 1~b!.

III. OPTICAL BLOCH EQUATIONS

Introducing the Raman detuningd52gmBB/\ and the
new density-matrix elementsr̃C,e5rC,e exp(2ivt), r̃NC,e
5rNC,e exp(2ivt), the OBEs are

ṙNC,NC5
G in

2
re,e1d Im rNC,C, ~12a!

ṙC,C5
G in

2
re,e2d Im rNC,C12A2V Im r̃e,C, ~12b!

ṙe,e52~11a!G inre,e22A2V Im r̃e,C, ~12c!

ṙ̃e,NC52
11a

2
G inr̃e,NC2 i

d

2
r̃e,C2 iA2VrC,NC,

~12d!
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ṙ̃e,C52
11a

2
G inr̃e,C2 i

d

2
r̃e,NC2 iA2V~rC,C2re,e!,

~12e!

ṙNC,C5 i
d

2
rC,C1 iA2Vr̃NC,e2 i

d

2
rNC,NC, ~12f!

where we indicated bya the branching ratioGout/G in . By
introducing a vectorrW formed by the real and imaginar
parts of the density matrix

rW 5
def

~rNC,NC,rC,C,re,e ,Rer̃e,NC,Im r̃e,NC,Rer̃e,C,

3Im r̃e,C,RerNC,C,Im rNC,C!, ~13!

the OBEs can be rewritten as

rẆ 5MrW . ~14!

In this way the problem of solving the OBEs is reduced
the problem of finding the eigenvaluesl i and the eigenvec
tors vW i of the realBloch matrix M. Consistently with the
definition ~13!, in the following we will indicate the first
~second, third,. . . ) component~s! of the eigenvectorvW k by
vk,NC,NC (vk,C,C,vk,e,e, . . . ).

IV. SOLUTION OF THE OBE AT RAMAN RESONANCE

In this section we examine, in the low-intensity limit, th
asymptotic evolution of the atomic system in the case of z
Raman detuning. At the steady state a fraction of the ini
population of the CPT system is in the noncoupled state,
rest having been optically pumped into theuout& state. The
steady-state populationrNC,NC(`) of the noncoupled state i
independent of the~nonzero! Rabi frequency and can be de
termined without solving the OBE. A straightforward calc
lation gives

rNC,NC~`!5rNC,NC~0!1rC,C~0!
1

2a11
. ~15!

To study the evolution towards the steady state, we de
mine the eigenvalues of the Bloch matrix. At Raman re
nance the calculation is straightforward, and the exact
pressions for the eigenvalues are easily found. However
some eigenvalue this expression is very lengthy and
therefore be reported only to second order inV/G in . The
eigenvalues of the Bloch matrix are

l150, ~16a!

l252
11a

2
G in , ~16b!

l3,452
11a

4
G in2AS 11a

4
G inD 2

22V2, ~16c!

l5,652
11a

4
G in1AS 11a

4
G inD 2

22V2, ~16d!
o
l
e

r-
-
x-
or
ll

l7524
112a

~11a!2

V2

G in
1OXS V

G in
D 4C, ~16e!

l852~11a!G in1
4~312a!

~11a!2

V2

G in
1OXS V

G in
D 4C,

~16f!

l952
11a

2
G in2

8

~11a!2

V2

G in
1OXS V

G in
D 4C. ~16g!

The zero eigenvalue corresponds to the eigenvector

vW 15~1,0,0,0,0,0,0,0,0!; ~17!

i.e., it expresses the stability of the dark state: an atom
tially prepared in the dark state does not evolve.

In the low-intensity limit all the eigenvalues are real an
except forl1, negative. The smallest, in absolute value, no
zero eigenvalue determines the time scale for the system
reach the steady state. In the present case the smallest e
values are

l5,65
24

11a

V2

G in
1OXS V

G in
D 4C. ~18!

By inspecting the corresponding eigenvectorsvW 5 andvW 6, we
found that the componentsv5,NC,NC,v5,C,C,v5,e,e , and analo-
gously forvW 6, are zero. Therefore the eigenvaluesl5,6 do not
determine the asymptotic evolution of the atomic populatio
that reach the steady state with a time scale smaller t
1/ul5,6u. Among the nonzero eigenvalues, whose eigenv
tors have nonzero NC,NC2,C,C2, ande,e-components,l7
is the one closest to zero. Therefore the populations appro
the steady-state values with the following time dependen

rNC,NC~ t→`!2rNC,NC~`!}exp~2t/t!, ~19a!

rC,C~ t→`!}exp~2t/t!, ~19b!

re,e~ t→`!}exp~2t/t!, ~19c!

with t51/ul7u. In writing Eqs. ~19! we took into account
that at the steady-state the coupled and excited states ar
populated.

Discussion

Let us now discuss some features of the time scalt
characteristic of the asymptotic evolution of the populatio
The important point for our analysis is thatt does not
present any discontinuous behavior fora→0; i.e., at Raman
resonance the time scale of the asymptotic evolution fo
closed system (a50) and a weakly open one (a small! is
substantially the same. It will be shown that this is at va
ance with the situation encountered for nonzero Raman
tuning.

Consider now the dependence oft51/ul7u on the loss
parametera. It may be surprising that, at smalla,t is nearly
constant, increasinga. One would naively expect that a
increase of the population loss would result in a decreas
the asymptotic time scale of the evolution of the populatio
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a larger part of the population being pumped out of the s
tem, the internal dynamics of the CPT system should
faster. In the system analyzed so far such behavior does
apply because a change in the loss parametera directly af-
fects also the evolution of the optical coherences. In fact
the OBE~12! a enters not only in Eq.~12c! for re,e , but also
in Eqs. ~12d! and ~12e! for r̃e,NC and r̃e,C. To clarify this
point, we show explicitly that in the case of a system
which the changes in the loss parametera affect directly
only the evolution of the populations, the time scale for t
asymptotic evolution effectively decreases for increasinga.
An example of such a system is shown in Fig. 2. In that c
the population is pumped out of the system not by sponta
ous emission but by means of an incoherent coupling
extracts atoms from the excited state. The only differen
between the OBE for the system of Fig. 2 and the o
previously examined, Eqs.~12!, are in the evolution equa
tions for the optical coherences, Eqs.~12d! and~12e!. In fact,
in the system of Fig. 2 the loss parameter does not ente
the equation forṙ̃e,NC and ṙ̃e,C, and the equations for thi
system are obtained from Eqs.~12! simply by dropping in
Eqs.~12d! and~12e! the terms ina. For the system of Fig. 2
in the case of weak depopulation pumping from the exci
state (a small! and in the low-intensity limit the time scal
for the asymptotic evolution of the populations is found to

t.
1

4~11a!

G in

V2
, ~20!

which decreases for increasinga, as expected in the case
which the loss mechanism affects only the total populatio

V. THE TRAPPING REGION

In this section we examine the long-interaction-time ev
lution of the atomic system in the case of nonzero Ram
detuning. As before, the low-intensity limit is considere
For the study of the asymptotic evolution of the system, o
the case of small Raman detunings is relevant. In fact,
small Raman detunings the nonabsorbing superpositio
effectively a trap, and a significant fraction of the atom
population survives in the CPT system at a long interact
time. On the other hand, for larger Raman detuning the ef
of the trapping of the population in the noncoupled state

FIG. 2. Three-levelL system in which the excited state is inc
herently depopulated. Couplings due to the laser and to the ap
magnetic field are shown in the coupled/noncoupled state basi
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absent and the population of the CPT system is quic
pumped into theuout& state. Therefore we limit our analysi
to the interval of small detunings for which the rate of tran
fer uNC&↔uC& is much smaller than the transition rateuC&
→ue&; i.e., for Raman detuningd much smaller than the Rab
frequencyV. In the following, the interval of detuningsudu
!V will be called, for the above-mentioned properties, t
trapping region.

As in the preceding section, to find the time scale of t
asymptotic evolution of the atomic populations we determ
the eigenvalues of the Bloch matrix. For nonzero Ram
detuning they can be calculated using perturbation the
obtaining a series ind for each eigenvalue. Let us begin wit
l1, which will be shown to determine the time scale of t
asymptotic evolution of the populations

l152
a~11a!

112a

d2

4V2G in1O~d4!52Cd21O~d4!,

~21!

with

C5
a~11a!

112a

G in

4V2
. ~22!

For the other eigenvalues, it is clear from the expression
Eqs. ~16!, for l2 , . . . ,l9 at Raman resonance, that ford
small enough,~a! the real part ofl2 , . . . ,l9 is negative and
~b! the eigenvaluesl2 , . . . ,l9 have real parts more negativ
thanl1. The real parts of all the eigenvalues being negati
we conclude that the solution of the OBE approaches z
for t→1`: owing to the population loss all the coherenc
and populations of the$ug,11&,ug,21&,ue&% system decay
to zero.

Because of the inequality Rel j,Rel1,0( j 52, . . .,9),
the time scale of the asymptotic solution is given byl1. To
determine the expressions for the asymptotic evolution of
populations, we calculated, at the lowest nonzero order ind,
the componentsv1,NC,NC,v1,C,C,v1,e,e of the eigenvector cor-
responding to l1. We found that v1,NC,NC(d)51
1O(d2),v1,C,C(d)}d21O(d3),v1,e,e}d21O(d3). Thus the
population of the noncoupled state evolves asymptotically

rNC,NC.c exp~l1t !, t→`. ~23!

The above expression is valid for an interaction timet, such
that tl j@1 ( j 52, . . .,9); therefore we can replace the co
stantc with the steady-state populationrNC,NC(0,̀ ) at Ra-
man resonance.

To sum up, at long interaction times the population of t
noncoupled state shows an exponential decay

rNC,NC~d,t !.rNC,NC~0,̀ !exp~2GNCt !, t→`, ~24!

with GNC the effective width of the noncoupled state due
the light irradiation and to the applied magnetic field,

GNC5Cd2. ~25!

Here we have implicitly assumed that terms of orderO(d4)
are neglected, as is also the case in the following.

ed
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In the same way, the asymptotic evolution of the popu
tions of the excited and coupled states is described by

re,e~d,t !.c8d2 exp~2GNCt !, t→`, ~26!

rC,C~d,t !.c9d2 exp~2GNCt !, t→`, ~27!

where the factord2 derives fromv1,e,e and v1,C,C, and c8
and c9 are constants. The expressions~24!, ~26!, and ~27!
demonstrate that for CPT in open systems, the asymp
evolution of the atomic populations is completely charact
ized by the effective widthGNC.

In Fig. 3 the populations of the excited and noncoup
states, as seen from Eqs.~26! and~24!, are plotted as a func
tion of the Raman detuning. For comparison, results forre,e
and rNC,NC obtained by numerically solving the OBE a
also reported. The very good agreement between the re
of the two different approaches confirms the validity of o
derivation of the expressions~24!, ~26!, and ~27! for the
atomic populations.

A. Linewidth narrowing

The population of the noncoupled state exhibits a narr
peak aroundd50, as seen from Eq.~24! and Fig. 3~b!. This
narrow peak is the result of the depopulation of the n
coupled state with a rate that is decreasing for decrea
Raman detuning@9#. Correspondingly, the population of th
excited state, Eq.~26! and Fig. 3~a!, shows a dark resonanc
aroundd50. For increasing Raman detuning there are t
competing effects: on the one hand, the couplinguNC&↔uC&

FIG. 3. Populations of the~a! excited and~b! noncoupled states
as a function of the Raman detuning. Continuous lines refer to
analytic expressions, Eqs.~24! and~26!, dashed ones to the numer
cal solution of the OBEs. The constantc8 for Eq. ~26! has been
adjusted so that the maxima of the analytic expression ofre,e and
the maxima of the numerical solution coincide. The parameter
the calculation aret52000/G in ,a52, andV50.1G in . The initial
condition is rNC,NC(0)5rC,C(0)51/2, with all the other density-
matrix elements equal to zero.
-

tic
-

d

lts
r

w

-
ng

o

increases; on the other hand, the decrease to zero ofrNC,NC
limits the possibility of populating the excited state. It
therefore clear that for CPT in open systems the extensio
the dark resonance is not limited by the disappearance o
ground-state coherence effect, as for CPT in closed syste
but by the decrease to zero of the population of the n
coupled state.

The knowledge of the effective loss rate,GNC, allows us
to derive an analytic expression for the width of the da
resonance as a function of the interaction time. From
~26! we derive straightforwardly the full width at half max
mum

DB5
j\

gmB
A 1

Ct
, ~28!

with @10# j.0.48. In Ref.@8# the 1/At narrowing law was
found through a numerical calculation of the excited-st
population for arbitrary Raman detuning and of the width
the dark resonance. The presented analysis provides an
planation for the general validity of the law 1/At for the
asymptotic narrowing of the dark resonance in an open s
tem. Because for CPT in an open system the evolution
long interaction times is characterized by the effective wid
GNC of the noncoupled state, the asymptotic law 1/At is de-
termined by the quadratic dependence ofGNC on the Raman
detuning.

We can also clarify the origin of the sharp differenc
found in Ref.@8#, in the narrowing law for the closed syste
(a50) and open system (aÞ0). In effect, becausel1→0
for a→0, in the limit a→0 the expression of Eq.~28! loses
meaning. Fora50 the eigenvaluel1 is zero because the
system is closed: OBEs of Eqs.~12! are not linearly indepen-
dent and therefore the characteristic polynomial of the as
ciated Bloch matrix is zero independently of the Raman
tuning. In this case the populations of the CPT system do
asymptotically approach zero and the expression~24! is no
longer valid. Moreover, l1 being equal to zero, the
asymptotic evolution of the system is determined by one
the eigenvaluesl2 , . . . ,l9, and precisely by the one with
the real part closest to zero. Such an eigenvalue will be,
nonzero Raman detuning, of the formaV21bd2, with a and
b nonzero constants. In conclusion, the two properties le
ing to the law DB}1/At for an open system, i.e., th
asymptotic exponential decay of the population of the n
coupled state and a decay rate proportional to the squar
the Raman detuning, are not valid in the case of a clo
system. In consequence a completely different narrow
law follows.

B. Depopulation of the trapping region

As discussed above and in Ref.@8#, the depopulation of
the noncoupled state, with a rate that is decreasing for
creasing Raman detuning, produces the narrowing of
dark resonance with the interaction time. The theoreti
limit of the width of the dark resonance for infinite intera
tion time is zero, and this corresponds to a complete depo
lation of the trapping region~the pointd50 has null mea-
sure; therefore it does not contribute to the population of
trapping region!. To complete our analysis, we show that t

e

of
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population of the trapping region decays to zero and we
termine the relevant asymptotic law. Within the trapping
gion the populations of the coupled and excited states
much smaller than that of the noncoupled state. Therefore
can limit our analysis to the study of the fraction

f trap5E
2d0

1d0
rNC,NCdd, ~29!

whered0 is an arbitrary Raman detuning within the trappi
region. For large interaction time the population of the no
coupled state is given by Eq.~24!; therefore,

f trap}E
2d0

1d0
exp~2Ctd2!dd5Ap

Ct
erf~ACtd0!, ~30!

where for the widthGNC of the noncoupled state, Eq.~25!
has been used. In the limit of large interaction time, we
the expansion for the error function

erf~x!.12
exp~2x2!

Apx
~31!

that is valid for largex. Thus we find thatf trap follows the
law

f trap}Ap

CtS 12
exp~2Ctd0

2!

ApCtd0
D . ~32!

Retaining only the leading term for larget, we get

f trap}
1

At
. ~33!

The asymptotic law~33! may also be determined by a nu
merical analysis of the CPT/Hanle effect@11#. As for the
linewidth narrowing, the asymptotic law 1/At for f trap has a
general validity because it derives entirely from the quadr
dependence of the width of the noncoupled state on the
man detuning.

VI. CONCLUSIONS

We have considered CPT with losses towards levels
excited by the laser light because they are out of resona
-
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or because of selection rules. The simple case of aJg51
→Je50 transition interacting with twos1,s2 laser fields
has been studied. The analysis has been carried out in
coupled/noncoupled state basis. A detailed description of
asymptotic evolution of the atomic system has been give

At Raman resonance the long-interaction-time evolut
of closed and open systems is similar: the dynamics is do
nated by the optical pumping process that empties
coupled state, with an asymptotic time scale proportiona
G in /V2 in both cases. For a nonzero Raman detuning
evolution of an open system is completely different from th
of a closed system. In fact, for a closed system the stea
state populations of the noncoupled, coupled and exc
states are smooth functions of the Raman detuningd, and
also the time scale for the asymptotic evolution var
smoothly withd. On the other hand, in an open system t
steady-state population of the noncoupled state is not a
tinuous function ofd. At d50 the final fraction of the
atomic populationrNC,NC prepared in the noncoupled state
in general significantly different from zero. For any sma
nonzero Raman detuning the noncoupled state can be c
pletely depopulated and the corresponding steady-state p
lation rNC,NC(d) is zero. Correspondingly, the time scale f
the asymptotic evolution is not a continuous function ofd.

The long-time evolution of an open system can be ch
acterized by the effective widthGNC of the noncoupled state
induced by the laser and the applied magnetic fields.
analytic expression forGNC was derived. From this expres
sion, the asymptotic law of the narrowing of the dark res
nance was determined. We have shown that the quad
dependence ofGNC in the Raman detuning leads to a
asymptotic law for the width of the dark resonance that
inversely proportional to the square root of the interact
time. This also explains why the 1/At narrowing law has a
general validity for CPT in open systems, independently
the details of the interaction scheme. Finally, we have cl
fied the origin of the sharp difference in the narrowing la
for closed and open systems.
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