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Vacuum-polarization screening corrections to the energy levels of lithiumlike ions
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Calculations of the vacuum-polarization corrections to the low-lying energy levels of Li-like highly charged
ions are presented. The calculations are carried out for extended nuclei in the rangeZ5202100.
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INTRODUCTION

Currently, enormous progress is achieved both in exp
mental and theoretical investigations on heavy hig
charged ions. These investigations are extremely impor
as they provide the unique possibility to examine quant
electrodynamics~QED! in extremely strong electric fields.

In particular, an outstanding experimental precision w
reached in Lamb shift measurements of lithiumlike ion
Schweppeet al. reported a value of 280.5960.09 eV for the
(1s)22p1/2→(1s)22s transition energy in U891 @1#. The en-
ergy difference between the (1s)22p3/2 and the (1s)22s
states was measured with even higher accuracy for Li-
Bi, where 2788.1460.04 eV was obtained@2#. Recently, this
series was continued by very precise measurements in Li
Ni, Zn, and Ag @3,4#. It is expected that the accuracy fo
Li-like heavy ions as gold, lead, bismuth, and uranium, w
even increase in the near future due to experimental te
niques currently under development at GSI@5#.

This experimental precision challenges theoreticians
perform calculations, which meet at least the same leve
accuracy. This aim requires, in particular, to take into
count quantum electrodynamical~QED! corrections of sec-
ond order ina. The one-electron QED corrections of th
order were partially calculated in@6–16# and a recent review
was published by Mohret al. @17#. However, since the com
plete gauge invariant set of the self-energy–self-energy
grams has not yet been calculated@15,16,18,19#, the total
value of the one-electron QED correction of second orde
a remains yet unknown. Concerning the two-electron Q
corrections precise calculations up to the second-order ia
were carried out only for the ground state of He-like io
@20–24#. Evaluations of the second-order two-electron c
rections in Li-like ions were performed by several autho
using approximative approaches@25–28#. A complete accu-
rate calculation was presented recently for the self-ene
screening diagrams in the case of the (1s)22s state in the
rangeZ5202100 @29#. In @30#, the self-energy screenin
diagrams and the vacuum-polarization screening diagr
were calculated for the (1s)22s and (1s)22p1/2 states forZ
583 andZ592. The major aim of this paper is to perform
complete evaluation of the vacuum polarization screen
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contribution in a wide interval ofZ. We consider corrections
to the (1s)22s state, to the (1s)22p1/2 state, and to the
(1s)22p3/2 state of Li-like ions.

First, we derive the basic formulas. Then we describe
tails of our numerical calculations and present the res
which are compared to approximative results of former c
culations. Throughout the paper, we use relativistic un
(\5c5me51).

I. BASIC FORMULAS

The Feynman diagrams for the vacuum-polarization c
rections are shown in Fig. 1. For the case of a Li-like i
with a closed (1s)2 shell plus an additional electron, it i
possible to divide the vacuum-polarization screeening d
grams into two subsets: one corresponding to the interac
between two electrons of the closed (1s)2 shell (dE1s

1s) and
the other corresponding to the interaction between the clo
1s shell and the valence electron (dE(1s)2

v ). Calculations of
dE1s

1s were already performed in@23#. Therefore, we will
concentrate in this paper on the calculation of the sec
subset of the diagrams.

The formal expressions for the diagrams shown in Fig
can be easily derived using the two-time Green’s funct
method@31#. It is convenient to divide the contribution of th
diagrams shown in Fig. 1~a! into two pieces: anirreducible
one and areducibleone. In the irreducible part, the energy
the intermediate electron state is not equal to that of
initial state. The reducible part is formed by the remaind

FIG. 1. Vacuum polarization screening diagrams.
45 ©1999 The American Physical Society
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For the diagrams shown in Fig. 1~a!, the irreducible contri-
bution is given by

DEa
irred52(

ma

$^auUVP
a uja&1^buUVP

a ujb&%, ~1!

uja&5 (
«nÞ«a

un&
«a2«n

$^nbuI ~0!uab&2^bnuI ~d!uab&%,

~2!

ujb&5 (
«nÞ«b

un&
«b2«n

$^nauI ~0!uba&2^anuI ~d!uba&%.

~3!

HereUVP
a is the vacuum polarization potential,

UVP
a ~x!5

a

2p i E dy
1

ux2yu E2`

`

dv Tr@G~v,y,y!#, ~4!

I ~v,ux2yu!5a
a1ma2

m

ux2yu
exp~ i uvuux2yu!, ~5!
l-
n

ge
u

am[(1,a), a are the Dirac matrices;a is the 1s state with a
spin projection ma , b is the valence state,G(v,x,y)
5(nc(x)c†(y)/@v2«n(12 i0)# is the Coulomb Green
function, andd5«b2«a .

For the reducible part one obtains

DEa
red52(

ma

^bauI 8~d!uab&$^buUVP
a ub&2^auUVP

a ua&%,

~6!

whereI 8(d)5(d/dv)I (v)uv5d .
The contribution of the diagrams shown in Fig. 1~b! is

given by

DEb5(
ma

$^abuUVP
b ~0!uab&2^bauUVP

b ~d!uab&%, ~7!

where
the
’s
piece of
n
und-state
and the

e.

ll
UVP
b ~«,x,y!5

a2

2p i E2`

`

dvE dz1E dz2

a1m exp~ i u«uux2z1u!
ux2z1u

a2n exp~ i u«uuy2z2u!
uy2z2u

TrFamGS v2
«

2
,z1,z2Dan

3GS v1
«

2
,z2,z1D G . ~8!

The contributions~1!, ~6!, and ~7! are ultraviolet divergent. The renormalization of these contributions is performed in
same way as in@23#. In contrast to the ground-state calculations of He-like ions@23#, the energy variables of the Green
functions in Eq.~8! do not coincide for the exchange term. Therefore, a reanalysis of the spurious gauge-dependent
the light-by-light scattering contribution is required. It was shown before@23,32–34#, that no spurious contribution exists i
the case of one-electron vacuum-polarization corrections and vacuum-polarization screening corrections to the gro
energy of He-like ions, if these calculations are based on the partial wave expansion of the electron Green’s function
sum over the angular momentum quantum numberk is restricted to a finite number of terms (uku<K). We found that this rule
remains to be valid also in the case of the diagrams shown in Fig. 1~b! if the energies of the Green’s functions do not coincid
A proof is presented in the Appendix.

II. CALCULATION

The calculation of Eq.~1! was performed in the same way as in@23#. The formulas for the Uehling and the Wichmann-Kro
potentials are well known:

UUehl
a ~r !52aZ

2a

3pE0

`

dr84pr 8r~r 8!E
1

`

dt S 11
1

2t2DAt221

t2

$exp~22mur 2r 8ut !2exp@22m~r 1r 8!t#%

4mrt
, ~9!

UWK
a ~x!5

2a

p (
k561

6`

uku E
0

`

dvE
0

`

dy y2E
0

`

dz z2
1

max~z,y!
V~z! (

i ,k51

2

Re$Fk
ik~ iv,y,z!@Gk

ik~ iv,y,z!2Fk
ik~ iv,y,z!#%,

~10!
b-
-
e
ual
del,
whereGk
ik andFk

ik are the radial components of the partia
wave contributions to the bound and free electron Gree
functions, respectively.

For the Uehling contribution, a Fermi-like nuclear char
distribution was assumed. The wave function and the red
’s

c-

ible Green’s function for this charge distribution were o
tained using theB-spline method for solving the Dirac equa
tion @35#. The remaining Wichmann-Kroll-potential charg
density was calculated for a nuclear charge distribution eq
to a homogeneously charged spherical shell. For this mo
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TABLE I. The vacuum-polarization correction due to the interaction of the valence electron with
closed (1s)2 shell. Energy values are given in eV.

Z ^r 2&1/2 (fm) dE(1s)2
2s

dE
(1s)2

2p1/2 dE
(1s)2

2p3/2 dE
(1s)2

2p1/22dE(1s)2
2s dE

(1s)2

2p3/22dE(1s)2
2s

20 3.478 0.0032 0.0009 0.0008 20.0023 20.0024
28 3.769 0.0088 0.0025 0.0022 20.0063 20.0067
30 3.928 0.0109 0.0031 0.0027 20.0078 20.0083
32 4.072 0.013 0.0039 0.0032 20.0096 20.0102
40 4.270 0.0277 0.0084 0.0064 20.0193 20.0213
47 4.542 0.0481 0.0156 0.0106 20.0325 20.0374
50 4.655 0.0599 0.0200 0.0129 20.0399 20.0470
54 4.787 0.0793 0.0276 0.0165 20.0518 20.0628
60 4.914 0.1188 0.0441 0.0233 20.0746 20.0954
66 5.224 0.1749 0.0699 0.0321 20.1050 20.1428
70 5.317 0.2249 0.0948 0.0392 20.1301 20.1856
74 5.373 0.2886(1) 0.1286 0.0476 20.1600(1) 20.2409(1)
79 5.437 0.3932(1) 0.1884 0.0602 20.2049(1) 20.3330(1)
80 5.467 0.4182(1) 0.2034(1) 0.0629 20.2149(1) 20.3553(1)
82 5.505 0.4732(3) 0.2372(1) 0.0689 20.2360(3) 20.4043(3)
83 5.533 0.5034(3) 0.2564(1) 0.0719 20.2471(3) 20.4314(3)
90 5.802 0.7775(4) 0.4443(2) 0.0973 20.3332(4) 20.6803(4)
92 5.860 0.8815(5) 0.5216(3) 0.1056(1) 20.3598(6) 20.7760(5)
100 5.886 1.475(1) 1.0144(8) 0.1460(1) 20.460(1) 21.329(1)
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exact solutions for the radial components of the Gree
function can be employed@34#. The same scheme was em
ployed to calculate the vacuum-polarization potential in E
~6!.

The contribution of the diagrams shown in Fig. 1~b! was
also divided into two parts: the leading~Uehling! contribu-
tion and the remaining~Wichmann-Kroll! term. The expres-
sion for the Uehling contribution can be obtained by repl
ing the usual photon propagatorDmn by an ‘‘effective’’
photon propagator,

D̃mn~k2!5
a

p
Dmn~k2!~2k2!E

0

1

dv
v2~12 1

3 v2!

4m22k2~12v2!2 i0
,

~11!

where k25«22k2 ~see, e.g.,@36#!. Utilizing Eq. ~11! one
obtains the following expression for the Uehling operator

UUehl
b ~«,x,y!5a

a1ma2
m

ux2yu
2a

3pE1

`

dt S 11
1

2t2DAt221

t2

3exp~2A~2mt!22«2ux2yu!, ~12!

where« is the energy of the transmitted photon.
The Wichmann-Kroll contribution to the diagram~b! in

Fig. 1 was calculated utilizing the partial differences betwe
the expression~8! and the corresponding equation with th
bound-electron Green’s functions replaced by those of
electrons. In this calculation some large terms appear, w
almost cancel each other. To improve the numerical can
lation of these terms we employed a procedure similar to
one in @23#. This Wichmann-Kroll part was calculated on
for the point-nucleus case. Finite-size effects can be
glected due to its smallness compared to the other contr
tions.
’s

.

-

n

e
h

e-
e

e-
u-

The numerical results of our calculation are presented
Table I. The values of the root-mean-square charge r
were taken from@37,38#.1 To obtain a reasonable estima
for the precision of our values, the indicated root-mea
square charge radii were changed by one percent. The di
ence between both results yields the indicated uncertainty
Table II we present the different contributions of th
vacuum-polarization correction to the energy levels of
like uranium in detail.

It is illuminating to compare our results with the previou
calculations of these corrections. For the (1s)22p1/2
→(1s)22s transition in Li-like uranium we obtain
20.3598(6) eV. This result is in reasonable agreement w
the previous results which read20.39(1) @27#, 20.39 @28#,
and20.41 @26#.

1For Z590 we also recalculatedE1s
1s with ^r 2&1/255.802 fm@38#

~in @23# ^r 2&1/255.645 fm was used!. Using this value of the root-
mean-square radius givesdE1s

1s52.338(1) eV instead ofdE1s
1s

52.341(1) @23#.

TABLE II. Various components of the vacuum-polarization co
rection in Li-like uranium. Values are given in eV.

Contribution (1s)22s (1s)22p1/2 (1s)22p3/2

dEUe
a, irred 0.8961~5! 0.5374~3! 0.1300~1!

dEUehl
a,red 20.0085 20.0146 20.0235

dEUe
b 0.0382 0.0313 0.0059

dEWK
a, irr 20.0426 20.0319 20.0079

dEWK
a,red 0.0005 0.0008 0.0012

dEWK
b 20.0021 20.0013 20.0002

Total
contribution 0.8815~5! 0.5216~3! 0.1056~1!
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APPENDIX

It is convenient to divide the light-by-light scatterin
contribution of the diagram shown in Fig. 1~b! into two
parts, one corresponding to the direct diagram and
other corresponding to the exchange diagram. The di
part can be handled in the same way as in@23#. So, we
restrict our consideration to the exchange part, which
given by
n

on the
e whole

he partial
DE52e4j, ~A1!

j5
i

2p (
m1s

E
CF

dvE dx1 dx2 Am
(a)~x1!An

(b)~x2!E dy1 dy2 Tr@amF~v1d,x1 ,y1!V~y1!F~v1d,y1 ,x2!

3anF~v,x2 ,y2!V~y2!F~v,y2 ,x1!1amF~v1d,x1 ,x2!anF~v,x2 ,y1!V~y1!F~v,y1 ,y2!V~y2!F~v,y2 ,x1!

1amF~v1d,x1 ,y1!V~y1!F~v1d,y1 ,y2!V~y2!F~v1d,y2 ,x2!anF~v,x2 ,x1!#, ~A2!

whereAm
(a)(x)5*dy c1s

† (y)anDnm(d,x2y)c2n(y), Am
(b)(x)5*dy c2n

† (y)anDnm(d,x2y)c1s(y), m1s is the spin projection of
1s state,Dnm(v,x2y) is the photon propagator,F(v,x,y) is the free-electron propagator,d is the energy difference betwee
the valence electron and the 1s electron.

If we write F(v1d,x,y) as

F~v1d,x,y!5F~v,x,y!1@F~v1d,x,y!2F~v,x,y!#, ~A3!

the total contribution~A2! can be divided into two parts:

j5j01jd, ~A4!

wherej0 contains onlyF(v) andjd contains various combinations ofF(v) and@F(v1d)2F(v)#. The evaluation ofj0 is
similar to that outlined in@23#. So, we restrict our consideration to the termjd.

Let us write@F(v1d,x,y)2F(v,x,y)# as

F~v1d,x,y!2F~v,x,y!5 (
n51

`

~21!ndnE dz1 . . . E dzn F~v,x,z1! . . . F~v,zn ,y!. ~A5!

From this, it is clear that the termjd can be handled in the same way as the diagrams containing five and more vertices
vacuum loop. It is well known that these diagrams do not contain spurious gauge-dependent pieces. Hence, th
contribution~A1! does not contain any spurious gauge-dependent terms if we use the calculation scheme based on t
wave expansion of the electron Green function.
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