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Stimulated emission from an atom in a photonic crystal
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Department of Optics, Faculty of Mathematics and Physics, Comenius University, Mlynska´ dolina, 842 15 Bratislava, Slovakia

~Received 18 August 1998; revised manuscript received 23 July 1999!

I analyze the stimulated emission process in photonic band structures. I consider a dipole transition of a
two-level atom which is tuned near an edge of a photonic band gap. I solve numerically the Schro¨dinger
equation for the chosen model without Born and Markovian approximations. It is shown that even one photon
in the field can have significant influence on the dynamics of the system providing the atomic transition is
tuned near sharp structures of the density of modes.@S1050-2947~99!09311-7#

PACS number~s!: 42.50.Ct
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One of the most fundamental processes in quantum op
is certainly stimulated emission~STE!, i.e., a process when
an excited atom interacts with a quantized electromagn
field. If the initial field has a narrow spectrum~or if it is a
classical field! its resonant interaction with the atomic tra
sitions is also called resonant fluorescence~RF!. A fully
quantized treatment of the free-space RF is presented
example, in Ref.@1# and in references therein. These auth
analyzed STE to the first order in a fine-structure cons
which can also be seen as a Markovian approximation. It
shown that the environment of photonic crystals can ca
qualitative modifications of the spontaneous emission~SPE!
@2–6# and other quantum-optics phenomena. Methods of
ploring RF induced by a classical laser field were descri
for cavities@7# and photonic crystals@8,9#. In this Brief Re-
port I analyze the STE from the atom when its particu
transition is tuned near the band-gap edge~BGE!. I consider
the field in a fully quantized way. I assume that there is o
photon prepared in the field at the initial time. The intent
to demonstrate the influence of the initial field on the dyna
ics of the atom-field system. Due to the abrupt variation
the density of the modes~DOM! at the BGE the interaction
will be strongly modified in comparison with the interactio
in free space. In particular, reversible energy exchanges
tween the atom and the field modes and the long-t
memory effects contribute to the atom-field dynamics. T
is a reason why in this case it may not be correct to perfo
Born and Markovian approximations. Therefore it may
convenient to use a direct integration of the Schro¨dinger
equation. I restrict the calculations to systems with two
citations. I work within simplified models of the atom an
the field~specified below!, neglect light polarizations effects
and consider the atom at a fixed position. The conditions
the STE treated in this Brief Report are quite different fro
the conditions in Ref.@4#.

I consider a two-level atom in a void region of a photon
crystal. The upper and lower atomic eigenstates are den
as ue& and ug&, respectively. In the initial time the atom i
excited in its upper level. I consider the photonic band str
ture ~PBS! with a continuous or quasicontinuous mode sp
trum in the allowed bands. I assume that the initial elect
magnetic field in the PBS is in a superposition of its on
photon states. Then the initial state of the system i
factorized product of the atomic upper state and the fi
superposition state,
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uC~0!&5ue& ^ (
l

clu1l&. ~1!

Here the vectoru1l& describes the field modes in the
vacuum states except the mode labeled byl which is in Fock
state with one photon. The exact form of the amplitudescl
will be specified below. I assume the interaction Hamiltoni
in the dipole and rotating-wave approximations. In t
Schrödinger picture the Hamiltonian reads

H5
1

2
\vA~11sz!1(

l
\vlal

†al

1(
l

\~Gls1al1Gl* s2al
†! , ~2!

wherevA is the atomic transition frequency,vl is the fre-
quency of the model, and Gl is the coupling paramete
between the atomic transition and the model. The operators
s6 are atomic raising and lowering operators andsz is the
atomic inversion operator.

I define the amplitudescl by the relation

cl5N^g,1luexpS 2
i

\
Ht0D ue,vac&. ~3!

In this expressionH is the operator~2! ~with parametersvA ,
vl , andGl the same as considered in equations of mot
for the STE!. ug,1l& is the basis vector representing the ato
in its lower level, the model occupied with a single photon
and all other modes in vacuum state. The basis ve
ue,vac& represents the atom in its excited level and the fi
in the vacuum state.t0 is a suitably chosen parameter wi
the dimension of time andN is a normalization constant s
that (luclu251. The values ofcl can be relatively easily
calculated numerically or also analytically for suitable mo
els of DOM. ~It is a task within the single-excitation sub
space of the Hilbert space.! Here I calculate them numeri
cally. For parameters considered in this Brief Report
energy of the field calculated from Eq.~3! is concentrated
mainly to the modes near the BGE. At these conditions
light undergoes multiple reflections on the boundaries of
periodic PBS and it is very similar to a standing wave~see
also the Footnote 2!. For the given initial state~1! the fol-
lowing state vectors enter the dynamics of the syste
$ue,1l&,ug,2l&,ug,1l ,1l8&%, whereua,nl& represents the atom
in its stateua& (ue& or ug&), the model occupied withnl

photons, and all other modes empty. The vectorug,1l ,1l8&
4183 ©1999 The American Physical Society
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4184 PRA 60BRIEF REPORTS
describes the atom in its lower level, the two different mod
occupied each with a single photon and all other mo
empty. A similar problem was exactly solved by Davids
and Kozak@10#. In their final calculations they assumed th
only one mode is initially occupied. They used the free-sp
DOM. A two-excitation problem~of superradiance! was ex-
actly numerically solved also in Ref.@11#. Generally, dynam-
ics with two excitations in a system given by the Ham
tonian ~2! is difficult to solve analytically and even
numerically. In this Brief Report I consider the STE using
qualitative model of the field and the interaction consta
referred to as the ‘‘ideal’’ model. Firstly, I consider th
DOM given by @4#

rPBS~v!5K
Av2vU

v2vU1e
u~v2vU! , ~4!

whereu(v) is the step function,vU is the~upper! BGE, e is
the edge-smoothing factor, andK is a suitable constant. A
similar dependence~but singular at the BGE! can be derived
from the ‘‘effective-mass’’ approximation to the isotrop
photon dispersion relation. The dependence~4! was obtained
by introducing a nonzero parametere to the ‘‘effective-
mass’’ result with the effect to smooth the singularity of t
DOM. The modes below the lower edge are neglected. It
good approximation if the gap is sufficiently wide. Second
I neglect frequency and space dependences of the cou
parametersGl . The DOM and the coupling parameters a
important quantities for determining the vacuum-field
sponse function@12# which for a given DOM r(v) is
G(v)52puGvu2r(v). ~Here the coupling parameters are l
beled byv instead ofl.! The valueG(vA) represents the
SPE rate from the atom. However, this rate has its traditio
physical meaning only for the SPE to a smooth reserv
Near a sharp edge of the photonic band gap the atom de
neither exponentially nor completely@13,14,4,5#. In spite of
the simplifications described above, the model enables to
cover many qualitative aspects of the atom-field dynamic
PBS. It was used, for example, in Refs.@4,15#.

For numerical simulations, I also introduce other appro
mations but these are already approximations to the ‘‘ide
model defined above. Firstly, I discretize the electromagn
field, i.e., I calculate with a spectrum of discrete~but suffi-
ciently dense! modes. I calculate the frequenciesvl of the
modes from the equation*0

vlr(v)dv5l wherer(v) is a
given DOM andl is a positive integer number labeling th
modes. Secondly, I introduce a cutoff on the field mode
have found that the cutoffvcut'3vU is sufficient to obtain
cutoff-independent results in a good approximation. Third
I omit vectorsug,1v ,1v8& if at least one of the frequenciesv,
v8 (vÞv8) is largely detuned from the atomic transitio
~i.e., if it lies outside of an interval@vU ;v I #, wherev I is a
value sufficiently larger than bothvU andvA .) I also omit
vectorsue,2v& for the modes outside of the interval@vU ;v I #.
The fourth approximation to the ideal model further reduc
the number of the modes. It consists of employing a DO
which is decreased@in comparison with the DOM~4!# in less
interesting physical regions~far above the BGE! with the
simultaneous increase of the corresponding coupling par
eters. I have found that the accuracy of the approximati
performed to the ‘‘ideal’’ model is quite sufficient. The ap
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proximations enable to reduce many times the number of
considered degrees of freedom.

I write the Schro¨dinger equation in the bare-state bas
which gives a set of simple first-order differential equation
I use the modified midpoint method~MMPM! @16# to inte-
grate this set of equations.1 In what follows I present some o
the results if the atomic transition frequencyvA50.98vU ,
i.e., it is inside the gap near the BGE. The initial state of
field is chosen with the parametert051500/vU .

Figure 1~solid line! shows the time-dependent probabili
that the atom which emits stimulately would be detected
its excited level. For comparison it is very useful to plot al
the curve~dashed line! corresponding to the case if ther
were no initial field.~It would be just SPE.! We can see tha
there is a noticeable difference between the spontaneous
stimulated decay although it was caused by the single in
photon. Both decays are incomplete. This feature arises
cause the system exhibits the so-called bound state of
atom and~localized! photon@17#, i.e., there exists a single
excitation eigenstate of the Hamiltonian~2! with an eigenen-
ergy within the gap@4#. To show the agreement of the nu
merical results for the SPE with the exact theory of Kofm
et al. @4# I plot also these exact result by dots. It assures t
the mode distribution is sufficiently dense so that there

1For the purpose of numerical calculations I have implemented
MMPM algorithm exactly as it is described in theNumerical Reci-
pes,using the single precision. I have separated each probab
amplitude into its real and imaginary part. The calculations cor
sponding to Fig. 1 used 500 time steps and each step was div
into nstep532 substeps. The norm of the state vector is an imp
tant parameter for testing the accuracy of the calculations.
worst value of the norm for the presented result was 0.997 98.
size of the Hilbert subspace was 603 049. The memory consum
tion was 38 MB. The calculation spent 1564 CPU minutes on
machine with the Pentium 200 processor. I have successfully
also larger calculations~up to one million vectors of the Hilber
subspace! when I was testing the approximations to the ‘‘idea
model.

FIG. 1. Excited-state population of the stimulately emittin
atom and~for comparison! of the spontaneously emitting one. Th
atomic transition is tuned inside the gap near the BGE (vA

50.98vU). Other important numerical values arevU51, C
50.001vU

3/2, e50.001vU , andt051500/vU .
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no recurrences on the time scale shown on the figures
very little difference between the exact results and the
merical ones is caused by the approximations to the ‘‘ide
model,not by numerical errors.

In what follows a term ‘‘photon spectrum’’ is used for th
set of expectation values of the photon-number operator
the modes~in a given quantum state of the system! multi-
plied by the factorsvUrPBS(vl). Figure 2~a! shows the pho-
ton spectrum for the initial state of the field2 which is given
by the amplitudescl @see Eq.~3!#. The phase of the oscilla
tions depends on the parametert0 in Eq. ~3!. Figure 2b rep-
resents for the field in the STE process thetime-averaged

2Oscillations of this type in the mode populations can really ar
in an environment of a photonic crystal. For example, it can b
feature of the light originating from SPE near a BGE as it can
readily explained using the theory in Ref.@4#. Oscillations are not
present in the spontaneously emitted photon spectra describe
Refs.@14,4# because the authors did not consider the contribution
the so-called localized light arising from the bound state of the a
and the field. The localized light does not propagate away from
structure and so it cannot be detected by devices placed outsi
the localization region. However, this light can effect behavior of
atom placed inside this region.

FIG. 2. ~a! Initial photon spectrum, i.e., initial populations of th
modes~multiplied by proper factors for convenience! considered
for the stimulated emission process.~b! Time-averaged~over the
interval @900;1500#/vU! photon spectrum in the stimulated emi
sion process. The plotted quantities correspond to parameters
for Fig. 1.
s

A
-
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values of the photon spectrum. The averaging is perform
over the interval@900;1500#/vU . The purpose of the aver
aging is to show that the oscillating shape of this pho
spectrum is only weakly dependent on the time instan
which it is calculated. This shape is strongly correlated w
the shape of the initial spectrum. This behavior is explain
as a typical feature of STE: the atom predominantly em
into the initially occupied modes.

The results of this Brief Report have a relation to t
results for the resonance fluorescence~RF! published by
other authors. In Ref.@9# the authors analyzed RF using
two-level model of an atom with its transition near a BGE.
the simulation the authors included the effects of the la
field as well as the SPE and absorption from single-pho
states. They did not include the effects of absorption a
STE induced by photons occupying multiphoton states n
the BGE. In spite of that, their model should give corre
results as the intensity of the laser field is usually mu
larger than the intensity of the quantum field created in
RF process. For very weak laser fields the effect of the
sorption and STE due to the localized photons might hav
noticeable influence. Another scheme of the RF in a P
~using a three-levelL model! was analyzed in Ref.@8#. In
this case the photons emitted on the free-space-like trans
propagate away from the atom and does not influence it

In conclusion, I have presented basic features of
stimulated emission~STE! from a two-level atom in a pho-
tonic band structure. I have considered conditions of t
process quite different from the conditions used by ot
authors@4#. I have analyzed the system when the initial mu
timode field is a superposition of single-photon states w
the spectrum of energy localized near the band-gap edg
assumed that the atomic transition is~quasi!resonant with the
band-gap edge. If the excited atom is allowed to interact w
the single-photon field the decay of the atom can be sign
cantly influenced by the presence of the initial photon. T
wave packet of the light~including also the light emitted by
the atom! particularly remains spatially localized around th
atom for a long time because of multiple reflections of lig
on the boundaries of the structure. On the contrary, in f
space a wave packet propagates away from its initial reg
thus having less influence on the atom. The shape of
photon spectrum radiated in the STE is strongly correla
with ~similar to! the shape of the initial photon spectrum.
is a manifestation of the STE when the atom predominan
emits into the initially occupied modes. Finally, I expect th
the straightforward numerical method used here can be
useful for other problems~e.g., superradiance or study of th
emission stimulated by various single- or two-photon wa
packets! in which one has to consider a large number
degrees of freedom and other methods are inefficient.

I thank Dr. Drobny´ and Prof. Buzˇek for useful discussions
and for the reading of the manuscript.

e
a
e

in
f

m
e
of

n

sed
C.
@1# L. Mandel, E. Wolf,Optical Coherence and Quantum Optic
~Cambridge University Press, Cambridge, England, 1995!.

@2# E. Yablonovitch, Phys. Rev. Lett.58, 2059~1987!.
@3# S. John, Phys. Rev. Lett.58, 2486~1987!.
@4# A. G. Kofman, G. Kurizki, and B. Sherman, J. Mod. Opt.41,
353 ~1994!, special issue on photonic band structures.

@5# S. John and Tran Quang, Phys. Rev. A50, 1764~1994!.
@6# M. D. Tocci, M. Scalora, M. J. Bloemer, J. P. Dowling, and



us

ys.

.

4186 PRA 60BRIEF REPORTS
M. Bowden, Phys. Rev. A53, 2799~1996!.
@7# M. Lewenstein and T. W. Mossberg, Phys. Rev. A37, 2048

~1988!.
@8# S. Bay, P. Lambropoulos, and K. Mølmer, Phys. Rev. Lett.79,

2654 ~1997!.
@9# Tran Quang and S. John, Phys. Rev. A56, 4273~1997!.

@10# R. Davidson and J. J. Kozak, J. Math. Phys.19, 1074~1978!.
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