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Semiclassical model of the electron-impact ionization of hydrogen
in the presence of a strong laser field

J. L. Sanz and H.-J. Kull*
Institute of Theoretical Physics A, University of Technology at Aachen, D-52056 Aachen, Germany

~Received 9 June 1999!

Electron-impact ionization of hydrogen in the presence of a strong laser field is studied in the framework of
the time-dependent Hartree-Fock theory. The probability distribution of the impact electron is further approxi-
mated by a plane circular disk, moving on a classical path along the polarization direction of the laser field. The
remaining time-dependent Schro¨dinger equation for the hydrogen atom is solved numerically by finite-
difference methods for different impact parameters, electron energies, and laser intensities. The integrated
cross section for field-free impact ionization is found to agree remarkably well with previous results in the
intermediate and high energy range~60–600 eV!. Field ionization and collisional ionization can be simulta-
neously calculated with this model.@S1050-2947~99!03111-X#

PACS number~s!: 34.50.Rk, 34.80.Dp, 32.80.Fb, 52.20.Fs
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I. INTRODUCTION

Electron collisions play an important role in the context
optical field ionization of atoms by intense laser pulses. T
importance of collisional interactions was recognized in su
diverse fields as above threshold ionization@1#, non-
sequential double ionization@2#, and inner-shell ionization
@3,4#. In all these cases sequential field ionization alone c
not fully explain the ionization rates, energy spectra, and
charge states observed.

In dense plasmas ionization dynamics is substantially
pendent on many-particle effects, such as electron de
eracy, screening, and ion-ion correlations@5,6#. Coherence
effects of multi-electron motion have also been proposed@7#.
In the present work we will restrict attention to more rarefi
media, where the model of binary electron-atom collisio
becomes applicable. The theory of binary collisions m
deal with two distinct features, the calculation of the ioniz
tion cross section and its averaging over the electron di
bution. Both parts can be influenced by the laser field. T
difference between cycle-averaged and thermal-avera
collisional-ionization rates has already been discussed in@8#.
On the other hand, cross sections for laser-assisted collis
have been treated extensively in a series of papers~e.g.,@9#!,
following the potential scattering formalism of Kroll an
Watson@10#, and a theory with dressed target states propo
by Byron and Joachain@11#. In most of these works, how
ever, attention has been focused more on electron-atom
tering than target ionization. The existing work on las
assisted electron-impact ionization gives a fairly compl
account to electron-atom collisions, while it treats the las
atom interaction in a perturbative manner only@12,13#.
Therefore this approach appears to be most appropriate
the regime of field intensities below the field ionizatio
threshold.

In the present work, we study electron-impact ionizati
of hydrogen in strong laser fields in the framework of t
time-dependent Hartree-Fock theory~TDHF! @14,15#. This
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approach allows one to treat the time-dependent laser-a
interaction without approximations. Moreover, there ex
accurate and efficient finite-difference methods for the so
tion of the one-particle time-dependent Schro¨dinger equation
@16,17#. On the other hand, electron-atom collisions can o
be treated in an approximate manner, mainly because co
lation effects will be neglected. We therefore consider t
approach as largely complementary to previous work
laser-assisted collisions.

In Sec. II, the present TDHF formulation of the collisio
problem is introduced and a simple regularized Coulom
interaction for a circular homogeneously charged disk is p
posed to account for collisions in the range of intermedi
and high projectile energies. In the present framework, c
lisions are described in the space-time domain by an incid
wave packet. To overcome some vagueness with respe
the shape and extent of the wave packet, we adopt a s
classical viewpoint and consider the wave packet as a p
ability distribution of an ensemble of classical beam p
ticles. Restricting attention to classical impact electrons,
can define the differential cross section without ambiguity
a function of the impact parameter and the particle energ
Furthermore, using an axially symmetric probability distrib
tion for the beam electrons, one is able to exploit the cyl
drical symmetry of the problem, which is not present
single particle collisions. In the approximation of uncorr
lated particles, the classical ensemble average can be
placed by an average interaction potential, which is of
same form as the quantum-mechanical Hartree potential.
change correlations will be omitted in this approach.

In Sec. III, the numerical solution of the present col
sional model is discussed and some results are presente
validate the present procedure, electron-impact ionization
hydrogen in the absence of a laser field has first been stud
which represents a well-solved fundamental two-elect
problem of atomic physics. It is noted, that an empiric
formula for the experimental cross sections has been give
an early work by Lotz@18#, but only in the last decade the
oretical calculations@19–24# have satisfactorily reproduce
the experimental results@25–27#. In particular, we mention
the convergent close-coupling method of Bray and Stelb
3896 ©1999 The American Physical Society
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ics @22#, which has achieved remarkably perfect agreem
with measurements of Shah, Elliott, and Gilbody@25#. There
have also been some attempts to solve the time-depen
Schrödinger equation numerically for two electrons by intr
ducing restrictions to the electron-electron interaction in
der to reduce the number of dimensions~Temkin-Poet mod-
els! @28–30#. Comparing the present semiclassic
calculations with these results, excellent quantitative ag
ment for the total ionization cross section is obtained at
termediate and high energies. Discrepancies at low ener
are expected due to the neglect of particle correlations.

Impact ionization in the presence of a laser field is d
cussed by comparing ionization probabilities at different
ser intensities. It is found that the temporal evolution of fie
ionization can depend sensitively on collision events. Sim
predictions prove only possible in the limit of low and hig
field intensities. At low intensities, the field ionization pro
ability is enhanced by collisions, while it is dominated b
field ionization alone at high intensities. It is noted that
qualitatively similar intensity dependence of the ionizati
probability can be observed in nonsequential double ion
tion of He @2#.

The present collision model has obvious limitations. C
relation effects are neglected and a self-consistent quan
mechanical calculation of the wave function of the impa
electron was not attempted here. Nevertheless, the simpl
of the model makes it very attractive for computations,
pecially if more complex atoms are considered. The res
of the model may serve as a useful guide for more elabo
treatments. In the present work atomic units will be used
not otherwise stated.

II. ELECTRON-IMPACT MODEL

In the present work, we consider the ionization of a h
drogen atom by electron impact in the presence of a la
field. The laser field will be described within the electr
dipole approximation by a time-dependent electric fieldF(t)
and the proton of the hydrogen atom is taken at rest at
origin of the coordinate frame. Denoting the coordinates a
momenta of the two electrons byq1 , q2 andp1 , p2, respec-
tively, the complete Hamiltonian of the three-body system
of the form,

H~p1 ,q1 ,p2 ,q2 ,t !5(
i 51

2

He~pi ,qi ,t !1Vee~q1 ,q2!.

~2.1!

It is composed of a single electron HamiltonianHe(p,q,t)
for each electron and of the electron-electron interact
Vee(q1 ,q2). Using atomic units,He andVee are given by

He~p,q,t !5
p2

2
2

1

q
1q•F~ t !,

~2.2!

Vee~q1 ,q2!5
1

uq12q2u
.

The Hamiltonian~2.1! is the common starting point for bot
quantum-mechanical and classical treatments. Since the
eral two electron problem is a demanding task, a redu
nt
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description by single electron mean-field equations for
correlated particles is often desirable. The approximation
uncorrelated particles may be expected to be valid for
collisions where the impact electron can be treated as
independent particle. We will briefly compare the mean fie
approach in quantum mechanics and classical mechanics
then introduce a semiclassical electron-impact model, wh
proves particularly well-suited for time-dependent calcu
tions of collisions in the high and intermediate energy ran

A. Quantum-mechanical treatment

In quantum mechanics, the time-dependent Schro¨dinger
equation for the two electron wave functionc(q1 ,q2 ,t) can
be replaced within the framework of the time-depend
Hartree-Fock theory by a set of two equations for two sing
electron orbitalsf1(q1 ,t), f2(q2 ,t). Being mainly inter-
ested in a semiclassical treatment, we will neglect excha
correlations. The general TDHF equations@14,15# then re-
duce to,

i
]f1~q1 ,t !

]t
5@He~p1 ,q1 ,t !1V1

e f f~q1 ,t !#f1~q1 ,t !,

~2.3a!

i
]f2~q2 ,t !

]t
5@He~p2 ,q2 ,t !1V2

e f f~q2 ,t !#f2~q2 ,t !,

~2.3b!

wherep52 i“ is the momentum operator and the effecti
electron-electron interaction is given by self-consistent
tentials of the Hartree form,

Vi
e f f~qi ,t !5E d3qjVee~qi ,qj !uf j~qj ,t !u2, iÞ j .

~2.4!

These equations can be solved with existing computatio
methods for the one-particle time-dependent Schro¨dinger
equation. Initially, the wave functionf1 may be taken to
correspond to the hydrogen ground state and the wave f
tion f2 to an incident wave packet. The first equation det
mines the evolution of the atomic electron in the presence
both an external laser field and an impact electron. Fi
ionization and collisional ionization are thereby treated
the same basis by time-dependent interaction potentials.
second equation describes laser-assisted scattering of th
pact electron. The ionization and scattering processes
coupled by effective potentials. In the present treatment,
will restrict attention to an independent particle model, so
ing the first equation in the presence of a prescribed pr
ability distribution for the impact electron only.

Although the TDHF equations may be solved for any s
ficiently localized incoming wave packet, the modeling of
uniform flux of incoming electrons and the definition of th
corresponding ionization cross section raises some con
tual difficulties. Apparently, the TDHF equations are not im
mediately applicable for an infinitely extended plane wa
since the self-consistent potential will diverge for this ca
On the other hand, the shape and extent of localized w
packets will introduce some vagueness in the definition
the cross section. We therefore now adopt a classical vi
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3898 PRA 60J. L. SANZ AND H.-J. KULL
point, where collisions can be distinguished by their imp
parameter and a unique choice for the probability distri
tion of the impact electron can be given.

B. Classical treatment

In classical statistical mechanics, a complete descrip
of the system will be given by the two-particle distributio
function F(q1 ,q2 ,p1 ,p2 ,t) in the six-dimensional phase
space of two electrons. The time evolution of the tw
particle distribution function is governed by Liouville’
equation

]F

]t
1(

i 51

2
­H

­pi
–

­F

­qi
2

­H

­qi
–

­F

­pi
50, ~2.5!

where i enumerates the particles. Ionization rates may
calculated directly from appropriate initial ensembles by p
ticle simulations@31#. As in the quantum case, however, it
desirable to have simpler approximate descriptions in te
of a reduced one-particle distribution function

f 1~q1 ,p1 ,t !5E d3q2d3p2F~q1 ,q2 ,p1 ,p2 ,t ! ~2.6!

for electron 1 and a corresponding functionf 2 for electron 2.
For plasma with many particles, it is well-known that th
reduced distribution functions obey a set of statistical eq
tions known as the BBGKY hierarchy@32#. For uncorrelated
particles, the hierarchy can be truncated and the one-par
distribution function satisfies the Vlasov equation. Forma
the same method can be applied to the present two-elec
problem. Integration of Eq.~2.5! over the phase space o
particle 2 yields

] f 1

]t
1

­He

­p1
•

­f 1

­q1
2

­He

­q1
•

­f 1

­p1
2E d3q2d3p2

­Vee

­q1
•

­F

­p1
50.

~2.7!

If the particles are assumed uncorrelated,

F~q1 ,q2 ,p1 ,p2 ,t !5 f 1~q1 ,p1! f 2~q2 ,p2!, ~2.8!

the one-particle distribution function will satisfy the Vlaso
type equation,

] f 1

]t
1

­He

­p1
•

­f 1

­q1
2

­@He1V1
e f f#

­q1
•

­f 1

­p1
50, ~2.9!

with the average potential

V1
e f f~q1 ,t !5E d3q2d3p2Vee~q1 ,q2! f 2~p2 ,q2 ,t !,

~2.10!

and an analogous equation holds forf 2. Taking the atomic
electron to be represented by particle 1 and the impact e
tron by particle 2, it can be seen that the atomic ensem
actually evolves in the average potential of the beam p
ticles in complete analogy with the nonexchange TD
equations.

In classical mechanics, a proper choice of the distribut
f 2 for a uniform beam of impact electrons can be fou
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without ambiguity. For this purpose we will restrict attentio
to an axially symmetric geometry with cylindrical coord
nates (%, w, z). It is assumed that both the incident bea
and the polarization direction of the laser field are direc
along thez axis. This particular geometry will apply to th
important case where the electrons are driven by the la
field and any transverse thermal motion can be neglec
Assuming a uniform fluxj of beam particles atz52`, the
ionization rate due to electrons passing a surface elem
dS5%d%dw of the beam cross section can be written as

dr5p~%,w! jdS ~2.11!

where jdS is the number of electrons crossingdS per unit
time andp(%,w) is the ionization probability due to a singl
electron with collision parameter% and azimuthal anglew.
The differential cross section for impact ionization is defin
by

ds5
1

j
dr5p~%,w!dS. ~2.12!

It is completely determined by the single-electron ionizati
probabilityp(%,w). If the electron distribution of the atom i
spherically symmetric or randomly oriented with respect
the incident electron,p(%,w) will actually be independent o
the anglew. It is noted, however, that this symmetry wi
only hold in the average, since the Coulomb interaction

Vee~q1 ,q2!5
1

uq12q2u

5
1

A%1
21%2

222%1%2 cos~w12w2!1~z12z2!2

~2.13!

depends explicitly on the angle differencew12w2 between
the impact electron and the atomic electron. To perform
angle average, it is therefore convenient to consider inst
of a single impact electron an ensemble with definite val
R for the impact parameter,Z for thez coordinate, andP for
the momentum but with random angles,

f 2~p,q!5d~pz2P!d~px!d~py!
d~z2Z!d~%2R!

2pR
.

~2.14!

Due to the cylindrical symmetry, it will be sufficient to ca
culate the average ionization probabilityp̄(R) with respect
to the ensemble~2.14!. The total ionization cross section ca
be obtained from~2.12! by an integration with respect to th
impact parameter,

s I52pE
0

`

dR Rp̄~R!. ~2.15!

In the present work, we will not attempt to calculate io
ization probabilities by classical particle simulations. W
rather wish to point out the basic conceptual framework
these calculations: The ionization cross section can be
fined in terms of the ionization probability for a single poi
charge with impact parameter% and azimuthal anglew. Due
to the cylindrical symmetry the ionization probability can b
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calculated more easily for a statistical ensemble of incid
particles with an axially symmetric probability distribution
Neglecting correlations between the beam and target e
trons, the calculation of the ensemble averaged ionizaton
p̄ can be performed with the ensemble averaged interac
potential ~2.10!. In this manner, the basic dynamical equ
tions become angle-independent and a close correspond
between the classical and the quantum-mechanical treat
of collisions can be established.

C. Semiclassical model

In the following, we will consider a semiclassical mod
for fast collisions. The semiclassial approach will be bas
on the TDHF equation~2.3a! for the wave functionf1 of the
atomic electron. The effective potential produced by the
pact electron, however, will be modeled by an axially sy
metric classical ensemble in a planez5Z(t) that moves
along thez axis according to the classical equation of m
tion. Within this model, collisions can be well distinguishe
by their impact parameterR and the total ionization cros
section for a uniform flux of incident particles can be o
tained according to Eq.~2.15!. Furthermore a simple close
form for a useful model potential can be gained.

The classical ensemblef 2, given by Eq. ~2.14! corre-
sponds to a homogeneously charged circular ring with rad
R, centered atz5Z(t) at time t and moving along thez axis
with momentumpz5P. Using Eqs.~2.13! and ~2.14!, the
average potential~2.10! that is produced by this ring at tim
t at the position (%, w, z) of the atomic electron is given b

Vring
e f f

„%,z,R,Z~ t !…

5
1

2pE0

2p dw2

A%21R21@z2Z~ t !#222%R cos~w2w2!

5
K~m!

pAa1b
, ~2.16!

where

a5%21R21@z2Z~ t !#2, b52%1R, m5
2b

a1b
,

~2.17!

and K(m) denotes the complete elliptic integral of the fir
kind. Due to the angle average, the potential becomes in
pendent ofw. It is closely localized around the planez
5Z(t). The radial profiles within the planez5Z(t) are rep-
resented in Fig. 1~a! for different values of the parameterR.
One can see that the potential has a local minimum a%
50, increases up to a maximum at the ring radiusR and falls
off rapidly beyond.

Numerical computations with the exact average poten
~2.16! prove difficult, because it is strongly peaked at t
ring radius. This singularity can only poorly be resolved
two-dimensional numerical grids with usual grid spacin
We therefore have chosen a model potential that keeps
main features of the exact potential while providing a reg
larization of the maxima. The smoothing is obtained by
placing the charge ring by a homogeneously charged circ
disk with a density distribution,
t
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1

pR2
Q~R2% !d~z2Z!, ~2.18!

whereQ(x) is the step function. Furthermore, in order to
able to perform the angular average in a closed form,
Coulomb interaction is replaced by a model interaction

Vee5
d~w12w2!

A%1
21%2

222%1%2 cos~w12w2!1~z12z2!2
,

~2.19!

acting only when both electrons have the same angular
rections.

From this model a smooth average potential can be
tained in closed form,

Vdisk
e f f

„%,z,R,Z~ t !…5
1

pR2
$A@z2Z~ t !#21~R2r!2

2A@z2Z~ t !#21r2%1
r

pR2
ln

3S R2r1A@z2Z~ t !#21~R2r!2

2r1A@z2Z~ t !#21r2 D .

~2.20!

FIG. 1. Radial profiles of the average potentialsVeff produced
by ~a! a homogeneously charged circular ring of radiusR, and~b! a
homogeneously charged circular disk of radiusR with modified
Coulomb interaction. The potentials are represented in the plan
the charge distribution as a function of distance% from the center.
Veff, R, andr are expressed in atomic units.
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3900 PRA 60J. L. SANZ AND H.-J. KULL
Although this model potential appears less accurate from
physical viewpoint, it has the advantage that it provides o
with a smooth and explicit representation for computatio
Actually, the corresponding radial profiles, shown in F
1~b! have the same qualitative behavior as those of the e
potential in Fig. 1~a!, while avoiding the singular nature o
the interaction.

III. NUMERICAL RESULTS

Based on the present semiclassical model, we have s
ied electron impact ionization of the hydrogen ground st
for different impact parameters, particle energies, and la
intensities. For this purpose, the time-dependent Schro¨dinger
equation~2.3a! with the average potential~2.20! has been
solved numerically in cylindrical coordinates on a tw
dimensional grid, by applying the Crank-Nicolso
alternating-direction implicit method for time propagatio
More details on the numerical procedure can be found e
where @16,17,33#. The calculations have been performed
atomic units with a time step ofDt50.1 a.u. and a spatia
mesh size ofD%5Dz50.2 a.u. The size of the numerica
grid was chosen fromz5280 a.u. toz5180 a.u. in thez
direction and from%50.5D% to %580 a.u. in the% direc-
tion. In general, these values have been found sufficient
good convergence of the numerical solution. Initially, t
atomic electron has been chosen to be in the ground sta
the hydrogen atom and the incident electron has been ini
ized with kinetic energyE5 1

2 P2 at the grid boundaryz5
280 a.u.. The ionization probability has been defined as
probability to find the electron outside of a cylindrical vo
umeV surrounding the atom,

p512E
V
dVuf1u2. ~3.1!

The size of this cylinder is chosen in such a way tha
encloses a sphere of radiusr a57 a.u.

We first have calculated ionization cross sections
electron-impact ionization without a laser field. These cr
sections can be compared with known experimental and
oretical results and thereby they provide a useful test on
limitations of the model. To determine the motionZ(t) of
the disk along thez axis, the equation of motionZ̈
52]ZV(Z) was solved for a one-dimensional screen
Coulomb potential@34#

V~z!5224.856
exp~2Az2116!

A~z216.272!
. ~3.2!

Since the deviations from the unperturbed ballistic mot
are small, the details of this potential only play a minor ro
in our calculations. The evaluation of the ionization cro
section as a function of energy requires a series of calc
tions of ionization probabilities for different impact param
etersR and particle energiesE. We have selected impac
energies in the intermediate-high energy range, starting f
the maximum of the cross section at aboutE560 eV up to
E5600 eV. Specifically, the valuesE560, 100, 150, 180,
200, 250, 300, 400, 500, and 600 eV have been chosen
each energy, ionization probabilities have been calculated
e
e
.
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the impact parametersR50.2, 0.5, 1, 2, 3, 5, 7, 9, and
11 a.u.. The total ionization cross section has been ca
lated according to Eq.~2.15! by integrating these probabili
ties with respect toR.

In Fig. 2 cross sections calculated from this model a
compared with the empirical formula of Lotz@18# and with
the experimental results of Shahet al. @25#. For this compari-
son, the cross sections and the energies have been expr
in conventional units. We present results from 60 to 600 e
One can see that the present model loses its validity be
60 eV. At lower energies, polarization and spin effects b
come important as well as the energy transfer to the incid
electron. The ionization probabilities obtained beyo
600 eV become very small, and although they are inside
numerical precision, the cross sections can be less accu
The most recent theoretical works correspond to the appl
tion of the convergent close coupling~CCC! method@22#.
They give accurate ionization cross sections from thresh
~13.6 eV! up to the high energy limit within the experiment
error of Shahet al. We do not claim that our method i
competitive with these almost exactab initio results but, in
view of the simplicity of the present collisional model, re
markably good agreement is obtained in the intermediate
high energy range.

Having validated the collisional model without a las
field, simultaneous field ionization by a time-dependent fie
F5F0 sin(vt), can be taken into account without further a
proximations. To demonstrate the effect of simultaneo
field and collisional ionization, the most stringent case w
maximum collisional cross section has been considered
choosing a fixed energy ofE560 eV for the incident par-
ticle. In addition, a laser field with frequencyv50.2 a.u.
has been applied and the ionization probability has been
culated over a period of 5 optical cycles.

In Fig. 3, we compare ionization probabilities for fie
ionization with those obtained for field ionization with s
multaneous collisions at three different impact parame
R51, R52, andR57 a.u. Ionization by electron impac

FIG. 2. Cross sections for electron-impact ionization of hyd
gen as a function of the projectile energy. The results of the pre
semiclassical model~dots! are compared with the empirical formul
of Lotz ~solid line! and with experimental data from Shahet al.
~squares!.
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takes place in a short fraction of a laser cycle att/T;1,
whereT denotes the laser period, and its main feature is
it contributes with a sudden step to the time-dependent p
ability. The results in~a! correspond to a weak field with
amplitudeF050.05 a.u. In this case, field ionization alon
does not saturate and the effects of field and collisional i
ization appear to be mainly additive. On the contrary, in~b!
a stronger field with amplitudeF050.1 a.u. has been cho
sen. In this case field ionization reaches saturation during
calculation and all ionization curves approach the same lim
The total ionization probability can be well estimated
field ionization alone. However, looking at the details of t
curves, one can see that collisions can significantly per
the evolution of field ionization, giving rise to both highe
and lower final ionization probabilities.

FIG. 3. Time evolution of ionization probabilities for field ion
ization with simultaneous collisions. The thick dashed lines co
spond to field ionization in the absence of collisions for~a! a weak
field with v50.2, F050.05, and~b! a strong field withv50.2,
F050.1. The other lines, used when electron collisions are
cluded, represent cases with impact parameterR51 ~solid line!,
R52 ~dotted line!, andR57 ~dashed line!. Electron impact takes
place at timet/T'1, whereT52p/v.
nd
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IV. CONCLUSION

The present study of electron-impact ionization has b
based on a close correspondence between the quan
mechanical and the classical mean-field treatments of c
sions. This correspondence arises naturally when the cla
cal particles are described by a probability distributio
Specifically, the quantum-mechanical TDHF equations c
respond to classical Vlasov-type equations with the sa
form of the mean electron-electron interaction. We have c
sidered a semiclassical approach, where the atomic elec
is described quantum mechanically and the impact elec
classically. Using an axially symmetric probability distribu
tion for the incident particle, one is able to exploit the cyli
drical symmetry of the collision problem, which is not e
pressed by the underlying three-body Coulomb Hamiltoni
Furthermore dealing with classical particles one can rig
ously apply the impact parameter concept of the cross
tion. Approximating the probability distribution of the inci
dent electron by a classically moving circular disk, a clos
form for the collisional interaction could be obtained that c
quantitatively reproduce electron impact ionization cro
sections for hydrogen from intermediate up to high energ
The model has been applied to field ionization with simul
neous collisions and typical cases for the evolution of
ionization probabilities have been discussed. While
present work has concentrated on ionization probabilities
hydrogen, further studies of energy spectra and angular
tributions might be adequate, since we expect that ener
gained by the ionized electrons will be quite different wh
collisions are also included. An extension of these calcu
tions to heavier atoms might also be of interest, although
inclusion of inner shell dynamics appears to be out of
scope of our present numerical procedure.

In summary, we have presented a model for fast las
induced electron-atom collisions which allows one to calc
late time-dependent collisions in the single-electron appro
mation.
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