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Screening effect in electromagnetic production of electron-positron pairs
in relativistic nucleus-atom collisions
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We study the screening effects of the atomic electrons in the electromagnetic production of electron-positron
pairs in relativistic nucleus-atom collisions for fixed target experiments. Our results are contrasted with those
obtained in bare collisions, with particular attention given to its dependence on the beam energy and the target
atom.@S1050-2947~99!06311-8#

PACS number~s!: 34.90.1q, 25.75.2q, 23.20.2g
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I. INTRODUCTION

The electromagnetic production of electron-positron pa
along heavy ion tracks has been extensively studied theo
cally since the 1930s@1–3# and experimentally since th
1950s@4–6#. The construction of the new colliders, the Re
tivistic Heavy-Ion Collider~RHIC! at Brookhaven Nationa
Laboratory and the Large Hadron Collider~LHC! at CERN,
has renewed interest in the electromagnetic production
electron-positron pairs and other particles in ultrarelativis
heavy ion collisions@7–10#. Numerous numerical calcula
tions of pair production in nucleus-nucleus collisions ha
been done over the past decade using both perturbative
nonperturbative methods. It is anticipated that predictio
from lowest-order perturbative theory might fail for hea
colliding systems and at high impact energies. Theoret
treatments for higher-order perturbative expansions h
been developed by several authors@11–15#. They all found
that multiple pair creation probability can be written in th
form of a Poisson distribution, which restores unitarity. T
recent measurements of electron-positron pairs@16,17# pro-
vided notable agreements and differences with prediction
lowest-order perturbation calculations. It was pointed
@10,17# that one of the sources for the differences might
the screening effect of the target atom in the measured
liding system. Comparisons with predictions in theo
should be made with calculations which include the effe
of screening on the fields.

More recently, use of the electromagnetic production
electron-positron pairs has been proposed by various aut
for the energy measurements of ultrarelativistic heavy i
@18,19# in the cosmic ray studies, since the direct process
pair production is purely electromagnetic and the pair yi
does not saturate at high energies. In the practical design
direct electron pair detector, the cross section, or the yiel
pairs, is used to measure the energy of the cosmic rays. H
it is also essential to include the screening effects of
atomic electrons in the target atom in pair production a
some background sources such as the production
knock-on electrons in the simulations. It is the purpose of
present paper to report the study on the atomic scree
effects on pair production in detail.
PRA 601050-2947/99/60~5!/3722~5!/$15.00
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II. CLASSICAL FIELD APPROXIMATION

We follow the model@20# previously developed for par
ticle production induced by colliding ultrarelativistic nucle
In this model, the sharply peaked electromagnetic fields n
the nuclei are approximated by their classical counterpa
and the coherent production mechanism is treated as the
citations of quantum fields using perturbation theory. For
lowest-order processes the cross section of pair produc
can be written as a Feynman integral in momentum spa
and carried out numerically using the Monte Carlo meth
@8#. Here, we shall extend our existing formalism to al
include a form factor which accounts for the charge distrib
tion of the electron cloud around the nucleus.

We start at the interaction picture in the quantum fie
theory with a Hamiltonian density to describe the interact
between the particle fields and the radiation fieldAm(x). The
classical field model is obtained by replacingAm(x) by their
classical counterparts. The electromagnetic potentials ari
from the motion of two colliding nuclei are

Am~x!5Aa
m~x!1Ab

m~x!, ~1!

wherea andb label the nuclei. These potentials can be c
culated from the nuclear charge density in the local r
frame of each nucleus, and then boosted to the cente
velocity frame.

In the center-of-velocity frame ofa1b, the potentials in
momentum space are given by

Aa,b
m ~q!52pZa,bed~q07bqz! f a,b~q!exp~6 iqW'•bW /2!ua,b

m ,
~2!

wherebW is the impact parameter which displaces the traj
tories of two nuclei as shown in Fig. 1,q5A2qmqm andqm
is the four-momentum transfer, and

ua,b
m 5~1,0,0,b! ~3!

are the ‘‘boost’’ four velocities.f (q) can be written in terms
of the invariant form factorF(q) for the charge distribution
3722 ©1999 The American Physical Society
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f ~q!5
1

q2
F~q!. ~4!

Here, the screening effects can be explicitly introduced in
target atom by using the atomic form factor arising from t
charge distribution of the electron cloud around the nucle

Since the electromagnetic fields are treated asc-number
fields, they can be factored out from the evaluation of
S-matrix element with Feynman rules applying to the
maining part of the calculation. The total cross section
obtained by integration over the impact parameter and s
ming over all final states

s5E d2b(
f

z^ f uSu0& z2. ~5!

In our calculation theS-matrix element is obtained from th
second-order processes as shown in the Feynman diag
in Fig. 2. After carrying out the integration over the impa
parameter, we obtain the cross section

FIG. 1. Schematic diagram depicting a relativistic collision
two chargesZA andZB , in the center-of-velocity frame with impac
parameterb and velocityb.

FIG. 2. Shown are the lowest-order Feynman diagrams
electron-positron pair production in heavy-ion collisions:~a! direct
diagram and~b! exchange diagram.
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sab→e1 e2

5E d3k1d3k2

~2p!62E12E2
E d2b (

s1 ,s2

z^kW1s1kW2s2uS(2)u0& z2

5
Za

2Zb
2~4pa!4

4b2 E d3k1d3k2d2qa'

~2p!82E12E2

3 f a
2~qa! f b

2~qb! (
s1 ,s2

U ū~kW1 ,s1!H u” a

1

k”2m
u” b

1u” b

1

k” 82m
u” aJ v~kW2 ,s2!U2

. ~6!

The integral is carried out numerically using the Monte Ca
method. The advantage of Monte Carlo integration is that
standard error in the calculation can be followed to the
sired precision, and all the distributions of produced partic
can be accumulated while the total cross section is car
out.

III. ATOMIC FORM FACTOR

It is a general approach to the screening effect to int
duce an atomic form factor to the nucleus@21# using the
Thomas-Fermi approximation@22#.

Generally, for a spherical charge distribution the norm
ized form factorF(q) is given by

F~q!5
4p

ZeqE0

`

rdr sin~qr !r~r !, ~7!

wherer(r ) is the charge density.
For a neutral atom the atomic form factor can be writt

as

f ~q!5
1

q2
@FN~q!2Fe~q!#, ~8!

where FN(q) and Fe(q) are the form factors due to th
nuclear and electronic charge distributions, respectively.

The analytical representations of atomic potentials h
been proposed by many authors@23#. Most such attempts
have made use of analytic approximations to the statist
model of Thomas-Fermi. In the simplest form of the theo
the potential of a neutral atom is taken as

V~r !52ZefTF~x!/r , ~9!

where x5rZ1/3/m0 is dimensionless, and m0
5 1

2 (3p/4)2/3(\2/mee
2)'0.8853 (\2/mee

2), and the
screening function fTF(x) satisfies the dimensionles
Thomas-Fermi equation

x1/2
d2fTF~x!

dx2 5@fTF~x!#3/2. ~10!

In the usual treatment, the screening function satis
fTF(0)51 andfTF(x)→0 asx→`. Equation~10! can be
solved numerically. However, for the purpose of Mon

r
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Carlo integration an analytical form factor is preferred. W
choose the form suggested by Teitz@24#,

fT~x!5F11S p

8 D 2/3

xG22

, ~11!

which works very well over a wide range ofx. The electron
charge densityre(r ) is written in terms of the Thomas-Ferm
function as

re~r !5
e

4p F Z

m0r
fTFS rZ1/3

m0
D G3/2

. ~12!

The analytical form of the form factor using the Teitz fun
tion fT(x) as an approximation can be expressed in term
the incomplete gamma function,

Fe~q!5
1

Q
Im$G~Q!%, ~13!

whereQ5qb/Z1/3, a5(p/8)2/3, and

FIG. 3. Depicted are the form factors as a function ofq. The full
line is for the screening form factor 12Fe(q) of electrons in the
neutral atom of208Pb, the dashed line is for the form factor of th
nucleus208Pb, and the dotted line is for the form factor of a proto
of

G~Q!5Ap

a H e2 i (Q/a)GS 1

2
,2 i

Q

a D S 3

8
2

Q2

2a2 1 i
Q

2aD
2F3A2

8 S Q

a D 1/2

1
A2

4 S Q

a D 3/2G J . ~14!

HereG(a,z) is the incomplete gamma function. The deta
of the derivation and the numerical scheme for calculat
the incomplete gamma function are discussed in the App
dix. Figure 3 gives a numerical comparison between
2Fe(q) and FN(q) for 208Pb, where the proton form facto
Fp(q) is also shown for comparison. Since the regions wh
12Fe(q) andFN(q) are significantly different from 1 do no
overlap, it is a good approximation to factorize the atom
form factor into the product of 12Fe(q) andFN(q), i.e.,

f ~q!5
1

q2 FN~q!@12Fe~q!#. ~15!

The way we introduce the atomic form factor for th
screening effect agrees with Refs.@25# and@10# except for its
specific analytical form that we chose.

IV. RESULTS AND DISCUSSION

We carried out the Feynman integral of the total cro
section for electron-positron pair production in nucleus-at
collisions for various colliding systems and beam energ
using Monte Carlo integration. The results are compa
with the total cross section for nucleus-nucleus collisions
the same nuclei at the same energies. Table I shows
comparison for Au-Au collisions at beam energies in t
target frame ranging from 200 GeV/n to 200 TeV/n. The
total cross section increases dramatically with the beam
ergy. The total cross section for pair production in nucle
nucleus collisions goes up asymptotically@8# as @ ln(g)#3,
where theg factor represents the beam energy in the cen
of-velocity frame. This behavior can be understood since t
ln(g) factors account for the boost of the virtual photon fl
carried by each nucleus, and the other ln(g) factor is from the
photon-photon cross section. The reduction of the cross
tion due to screening in the atom also increases with
beam energy and rises from less than 5% to more than 3
as the beam energy is raised from 200 GeV/n to 200 TeV/n.
This can also be understood from the boost of the pho
flux. The screening due to the electrons tends to reduce
flux of the low momentum virtual photons in the rest fram
of the nucleus, and, therefore, the boosted virtual photon

.

ious
TABLE I. The total cross sections in units of barns for pair production in Au-Au collisions at var
beam energies.

Beam energy (TeV/n) Nucleus-atom Nucleus-nucleus Reduction

0.2 3.573103 3.743103 4.55%
2.0 1.223104 1.413104 13.5%
20 2.803104 3.563104 21.3%
200 4.823104 7.033104 31.4%



c

io

f

ht
ha
ro
en
a

er
th
lit
tri
rg
t
t

he
on
ra

fo
ng
i

w
s
nt

th

ve
on
th
et
re
in

l-
Ad
e
r’

ak

tin
ons
ina
arch

ir

on

ced
of
e

PRA 60 3725SCREENING EFFECT IN ELECTROMAGNETIC . . .
seen that the total cross section for pair production is redu
accordingly.

Table II shows the total cross sections of pair product
at a beam energy of 20 TeV/n for various colliding systems
and the reduction due to screening. The cross section
nucleus-nucleus collisions goes up dramatically asZ4, how-
ever the reduction due to screening increases only slig
with Z. The slight increase can be explained by the fact t
the scale of the Thomas-Fermi distribution is inversely p
portional toZ1/3. The heavier the nucleus, the more scre
ing in the atom at the same distance from the nucleus,
the Z1/3 factor accounts for the weakZ dependence.

The Monte Carlo integration is performed in the cent
of-velocity frame, while the observables are collected in
target frame after a Lorentz transformation. The probabi
for each Monte Carlo event is accumulated for all the dis
butions. Figure 4 shows the momentum spectra in the ta
frame for the produced positrons. The reduction due
screening is visible across the board in the spectrum, and
reduction is more significant at higher momenta.

Our calculations do show a significant reduction in t
total cross section of electromagnetic production of electr
positron pairs, especially in the energy range of cosmic
measurements, i.e., 1 TeV/n to 1000 TeV/n. Thus, it is es-
sential to include the screening effect in the simulations
the energy measurement of cosmic rays in this energy ra
As for the CERN experiments, the data were collected
beam-on-target experiments, and, therefore, we have
implement the screening effect in the calculation before
can really assess the discrepancy between theoretical re
from the lowest-order Feynman diagrams and experime
data. The reduction at a beam energy around 200 GeV/n in
the target frame may not be a very significant effect for
total cross section, especially for low-Z targets. However, the
reduction in the high momentum spectrum needs to be in
tigated. Currently, we are repeating the detailed simulati
with the screening effect implemented and the cutoffs on
Monte Carlo events defined according to the exact geom
in the detector used in the CERN experiments. We will
port the comparison between theory and experiments
future publication@26#.
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APPENDIX

If we define

gn~Q,a!5E
0

` 1

Ax~11ax!n eiQxdx ~A1!

and

P~Q,b!5E
0

` 1

Ax~x1b!
eiQxdx ~A2!

5
G~1/2!

b1/2 e2 iQbG~1/2,2 iQb!, ~A3!

g1(Q,a) can be written as

g1~Q,a!5
1

a
P~Q,1/a!. ~A4!

It can be proved that the functionG(Q) is given by

G~Q!5g3~Q,a! ~A5!

5
1

2
a2

]2g1~x,a!

]a2 12a
]g1~x,a!

]a
1g1~Q,a! ~A6!

FIG. 4. Depicted are the momentum spectra of the produ
pairs in the target frame for Au-Au collisions at a beam energy
20 TeV/n. The full line is for the nucleus-nucleus collision and th
dashed line is for the nucleus-atom collision.
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5Ap

a H e2 i (Q/a)GS 1

2
,2 i

Q

a D S 3

8
2

Q2

2a2 1 i
Q

2aD
2F3A2

8 S Q

a D 1/2

1
A2

4 S Q

a D 3/2G J . ~A7!
J

rd

.
.

T

The incomplete gamma functionG( 1
2 ,2 ix) has to be pro-

grammed using different methods for different ranges ox
values. We used the series expansion foruxu,1 and the con-
tinued fraction expansion foruxu.1 @27,28#. It is a numerical
check for the code when the two different ways of calcu
tion produce a perfect numerical match at the pointx51.
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