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Density-functional-theory calculations of the total energies, ionization potentials,
and optical response properties with the van Leeuwen–Baerends potential

Arup Banerjee and Manoj K. Harbola
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~Received 2 June 1999!

van Leeuwen and Baerends proposed a Becke-like nonlocal correction to the local-density-approximation
~LDA ! exchange-correlation potential so that its asymptotic structure becomes exact i.e.,21/r @Phys. Rev. A
49, 2421~1994!#. They showed that it significantly improves the value of the highest occupied orbital eigen-
value of atoms and molecules. However, the correction is exchangelike in nature. With this in mind, in this
paper we investigate how this correction affects the total energies and highest eigenvalues within the exchange-
only approximation. We show that the potential also corrects the LDA errors substantially within this approxi-
mation, and leads to total energies and high eigenvalues which compare well with their Hartree-Fock coun-
terparts. Improvement in the asymptotic behavior of the potential should also result in better values of the
response properties of these systems. We show that with this correction one obtains better estimates, both
within the exchange-only approximation and with correlation included, of the linear and nonlinear polarizabil-
ities of inert gas atoms . This is quite significant, since the LDA is known to overestimate the nonlinear
polarizabilities of these atoms by roughly 100%. On the other hand, for alkaline-earth atoms the values of
polarizabilities obtained with this correction are not satisfactory. Nonetheless, hyperpolarizabilities show a
marked improvement over the LDA results.@S1050-2947~99!06711-6#

PACS number~s!: 31.15.Ew, 31.10.1z, 32.10.Dk
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I. INTRODUCTION

Over the years, density-functional theory~DFT! @1,2# has
emerged as a powerful method to determine the electr
structure of many-electron systems. Although the theory
be implemented only with approximate forms of the e
change and correlation energy functionals, its popula
stems from the fact that it is computaionally easy and le
to reasonably accurate results for a number of propertie
interest. The most popular among the various approxim
tions is the local-density approximation~LDA ! @1,2#, which
has been the mainstay of DFT calculations since its incep
@3,4#. However, one of the most serious drawbacks of
LDA is that it fails to describe the asymptotic region of
system accurately. This is because the tail of the LDA
tential is exponential rather than21/r , which is the correct
asymptotic structure@5# of the exact potential. Thus, prope
ties that depend primarily upon the density or orbitals in t
region are not given as accurately as, for example, the t
energy. As an example, the highest occupied orbital eig
values, which in principle should be equal to the negative
the ionization energies@5–7#, are roughly only half as much
This implies that the LDA does not bind the outer electro
as tightly as they are in reality. This is also manifest
clearly in the values of the response properties of ato
@8–10# and molecules@11,12#. For example, the linear polar
izabilities of the noble gas atoms calculated from the LD
orbitals are always overestimates~by about 10%! of the ex-
perimental results. The nonlinear polarizabilities are mu
more sensitive and are overestimated by a much la
amount ('100%) when calculated from the LDA orbitals
Although over the past decade or so, many new function
@13,14# have been constructed that improve upon the LD
by including the nonlocality in terms of the gradients of t
PRA 601050-2947/99/60~5!/3599~5!/$15.00
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density, they still do not give the asymptotic potential co
rectly. For example, the Becke@13# correction to the LDA
gives the exact exchange-energy density in the asymp
region, but the corresponding potential decays@15# as
21/r 2. Thus, whereas the total energies obtained from th
functionals may be highly accurate, the highest occupied
bital eigenvalues still remain@16# way off from their exact
values of the negative of the ionization potential. One way
rectifying this situation is to add to the LDA potential a ter
which leads to the correct asymptotic behavior. In the c
text of theXa @17# potential, this was done with the additio
of Latter @18# correction. Recently van Leeuwen and Bae
ends~LB! @16# also took this approach to modify the LDA
potential. They showed@16# that with the correction sug
gested by them accurate estimates of the highest occu
orbital eigenenergies and linear response properties@12,19#
are obtained. However, whereas it is evident that the
correction improves the orbitals and the density in t
asymptotic region, it is not clear how the overall density
affected. In this paper we study the LB potential from th
perspective, and show that it also describes a many-elec
system well in this respect. We do this by calculating t
total energies, highest occupied orbital eigenvalues,
static linear and nonlinear response properties of so
atomic systems. In Sec. II below, we describe the LB corr
tion and show within the exchange only, that both the to
energies and the highest occupied orbital eigenvalues
these systems come out to be quite close to the corresp
ing Hartree-Fock~HF! values. In Sec. III we calculate th
linear- and non-linear-response properties of these atoms
ions employing the orbitals obtained from this potential a
demonstrate the effect of the LB correction both in t
exchange-only~XO! case as well as in the fully correlate
~XC! case. We conclude the paper with a discussion
Sec. IV.
3599 ©1999 The American Physical Society



-
s
g

th

o
t

,
its
t t

i
s

un
n

d
ul

s
he

he
a
h

e
e

an

n
-

sti-
tive
s

ch

n-
e

on-
l
ss,

rom

fact,
ntal

h
to

lues
m-
ter

ues
the

8
50
1

9
3

96

of
ed in

3600 PRA 60ARUP BANERJEE AND MANOJ K. HARBOLA
II. VAN LEEUWEN AND BAERENDS CORRECTION
TO THE POTENTIAL AND THE ENERGY

Taking a cue from Becke’s correction@13# to the ex-
change energy density, LB proposed@16# a similar correction
to the LDA potential directly instead of modifying the en
ergy functional and then taking its functional derivative. A
noted above, Becke’s correction gives the correct exchan
energy density in the asymptotic region but fails to give
exact behavior for the corresponding potential~derived as
the functional derivative!. To rectify this, LB wrote the ef-
fective exchange-correlation potential as

vxc~r !5vxc
LDA~r !1vLB~r !, ~1!

where

vLB~r !52br1/3
x2

113bx sinh21~x!
, ~2!

with x5u“ru/r4/3, and b50.05. With this correction term
added to the LDA, the effective potential does go as21/r
asymptotically. Since the extra term added to the LDA p
tential is like the Becke term, it represents the correction
only the exchange component of the potential. In fact
scales@20# like the exchange potential. To investigate
accuracy, it is therefore important that it be assessed a
level of exchange only. The total potential is then given as
Eq. ~1! with vxc

LDA(r ) replaced by its XO counterpart. Thu
the effective exchange potential is

vx~r !52S 3r~r !

p D 1/3

1vLB~r !. ~3!

Since the potential above has not been derived as a f
tional derivative, it is not clear what the corresponding e
ergy is. However, the exchange energy can be evaluate
applying the virial theorem based Levy-Perdew sum r
@20#

Ex@r#52E drr~r !r•“vx~r !, ~4!

and is given as

Ex@r#5Ex
LDA@r#2E drr~r !r•“vLB~r !. ~5!

With this, the prescription for performing DFT calculation
with the LB potential is complete. Within the XO case, t
potential and the energy are given by Eqs.~3! and ~5!, re-
spectively. If the fully correlated problem is to be solved, t
LDA correlation functional and the corresponding function
derivative are added to the respective XO quantities. T
results of these calculations are described below.

In Table I we present the exchange-only ground-state
ergies and2emax obtained from the LB potential and th
corresponding functional@see Eq.~5!# for the noble gas at-
oms He, Ne, and Ar, the alkaline earths Be, Mg, and Ca,
the halogen anions F2 and Cl2 along with their LDA and HF
values@21#. As is evident, the LB potential improves upo
the LDA total energies andemax substantially. The magni
e-
e

-
o
it

he
n

c-
-
by
e

l
e

n-

d

tude of the total energies are, however, slightly overe
mated. Significantly, whereas no stable solutions for nega
ions are obtained within the LDA, the LB potential give
stable solutions for both F2 and Cl2 ions. However, the
highest occupied orbital eigenvalue for both the ions is mu
smaller in magnitude than the corresponding HF value.

Next we ask what happens if the LDA correlation pote
tial is added to the XO LB potential. For this purpose w
employ the Gunnarsson-Lundquist@22# correlation func-
tional and then perform our calculations. As already dem
strated in Ref.@16#, this leads to a highly accurate orbita
energy for the highest occupied orbital. For completene
and also because we have used a functional different f
that in Ref.@16#, we present the results foremax in Table II.
As expected the values obtained are quite accurate. In
these eigenvalues are in better agreement with experime
ionization energies@23# than the XO eigenvalues are wit
their HF counterparts. Thus, whereas the LB correction
the exchange-potential does not correct the XO eigenva
fully, though bringing them close to the HF values, its co
bination with the local correlation potential does much bet

TABLE I. Total energies and the highest occupied eigenval
of inert gas atoms, alkaline earths, and halogen anions in
exchange-only LDA, LDA1LB and Hartree-Fock theory.

Atom Eground state 2emax

LDA LDA 1LB HF a LDA LDA 1LB HF a

He 2.724 2.810 2.862 0.517 0.796 0.91
Ne 127.491 129.426 128.547 0.443 0.725 0.8
Ar 524.518 529.045 526.817 0.334 0.528 0.59

Be 14.223 14.533 14.573 0.170 0.283 0.30
Mg 198.249 200.890 199.615 0.142 0.254 0.25
Ca 674.160 679.615 676.758 0.111 0.208 0.1

F2 100.433 99.459 0.097 0.181
Cl2 461.827 459.577 0.103 0.150

aReference@21#.

TABLE II. Comparison of the highest occupied eigenvalues
the inert gas atoms, alkaline earths, and halogen anions obtain
the fully correlated LDA and LDA1LB, with their experimental
ionization energies.

Atom 2emax Ionization energy
LDA LDA 1LB ~expt.! a

He 0.583 0.866 0.904
Ne 0.511 0.796 0.793
Ar 0.393 0.591 0.579

Be 0.213 0.329 0.343
Mg 0.182 0.298 0.281
Ca 0.146 0.248 0.225

F2 0.152 0.125
Cl2 0.154 0.133

aReference@23#.
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TABLE III. Polarizabilities and hyperpolarizabilities of inert gas atoms, alkaline-earth atoms, and ha
anions in the exchange-only~XO! approximation with and without the LB correction to the LDA.

Atom a g
LDA LDA 1LB HF LDA LDA 1LB HF

He 1.77 1.49 1.32a 114.24 54.31 36.2a

Ne 3.26 2.78 2.38a 268.31 116.55 71.20a

Ar 12.76 12.24 10.76a 2436 1476 966a

Be 47.13 46.19 45.61b 8.153104 5.583104 3.883104 b

Mg 77.82 65.38 81.59c 2.483105 1.243105 1.493105 c

Ca 162.55 132.46 185.45c 10.93105 5.123105 7.973105 c

F2 14.71 10.67d 3.833104 93103 e

Cl2 39.05 31.48d 1.093105

aReference@28#.
bReference@30#.
cReference@31#.
dReference@32#.
eReference@33#.
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in this respect. As such we expect the asymptotic den
obtained from the full LB potential to be close to the exa
density of the system, although the same may not be the
for the XO density in comparison with the HF density. No
that in Table II we have not shown the total energies, si
the accuracy of the functional was already demonstrate
Table I. From the above comparison we anticipate that
fully correlated orbitals obtained from the LB potenti
should give accurate polarizabilities and hyperpolarizabilit
for these systems. On the other hand, when compared
the LDA, the XO polarizabilities would come closer to, a
though still remain larger than their HF counterparts. Th
results are discussed in detail in Sec. III.

III. RESPONSE PROPERTIES

As noted above, we expect the LB potential to descr
the response properties better than the LDA. This has alre
been demonstrated in connection with the linear polariza
ity of the Be atom, inert gas atoms, and some molecu
@12,19#. In this section we obtain the linear and nonline
polarizabilities of the atoms and ions considered above w
the LB potential, and evaluate its accuracy with respec
these properties also.

We perform our calculations by employing@10# the
variation-perturbation method@24# within the Kohn-Sham
scheme. The method has been used extensively@10,25# in the
past, and the details about the variational form for the or
als, their orthonormalization, etc., are given in the literatu
As such, we do not describe these here and discuss th
sults directly. We note here, though, that irrespective of
potential being employed to obtain the ground-state orbit
the second- and fourth-order energy changes are always
culated@10# with the LDA for the exchange and correlatio
Further, we have chosen the variational form for the indu
densities to be a linear combination of the Slater-type or
als optimized to give the best LDA results@8,26#. We point
out that our LDA results for hyperpolarizabilities of inert g
atoms are around 10% less than that from the values of R
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@8,9# due to the use of a different~Gunnarsson-Lundquist!
functional for the correlation energy.

Shown in Table III are the polarizabilities (a) and hyper-
polarizabilities (g) for the systems under consideratio
within the XO approximation, along with the correspondin
HF values@28–33#. We have put the noble gas atoms, t
alkaline earths, and the negative ions in separate group
their response properties behave differently in the appro
mations considered. For the noble gas atoms, the LDA or
als lead to numbers which are overestimates of their ex
values. The error is not so large ('10%) for the linear po-
larizabilities as it is for the hyperpolarizabilities ('100%).
This shows the high sensitivity of nonlinear polarizabiliti
toward the nature of the orbitals or, equivalently, toward
structure of the approximate potential. When the LB corr
tion is added to the LDA, the resulting values of both t
polarizability and the hyperpolarizability shift toward the e
act HF numbers. Moreover, the correction is substantial
the nonlinear polarizabilities. On the other hand, for alkalin
earth atoms~except Be! the LDA polarizabilities are close
to the HF numbers than the results obtained with LB corr
tions to the LDA. However, for the nonlinear polarizabilitie
the trend is opposite: compared to their LDA values, th
move towards the HF with the LB correction to the LDA
Results for the polarizabilities of the inert gas atoms, alo
with the fact that the ground-state energies are also impro
~Table I!, indicate that the LB correction improves the p
tential all over the space including the asymptotic regio
Although the energies and the highest occupied orbital
genvalues for the other atoms are also as close to the e
values as they are for the inert gas atoms, the response p
erties show a different behavior. A possible explanation
this is given later in the paper.

Next, we include the correlation via the LDA
~Gunnarsson-Lundquist parametrization@22#!, and study its
effect on the response properies. The results of these ca
lations are presented in Table IV. As is evident, the values
linear polarizability of inert gas atoms thus obtained are qu
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TABLE IV. Same as Table III, with correlation included~XC!.

Atom a g
LDA LDA 1LB Ab initio/ LDA LDA 1LB Ab initio/

~Expt.! ~Expt.!

He 1.63 1.40 1.384a,b 82.84 42.84 43.104a

~1.39c! ~35.7d, 41.7e!

~42.6f, 52.4g!

Ne 3.00 2.61 2.6360.03b 184.89 89.87 11964b, 10665h

~2.67c! ~70.3e, 95.3g!

Ar 11.80 11.52 11.2060.1b 1631 1104 1220630b

~11.08!c ~858d, 1084e!
~1096f, 1251g!

Be 42.97 43.28 37.30i 4.593104 3.673104 3.153104 i

Mg 69.78 60.55 71.69j 13.23104 7.953104 10.183104 j

(75.063.5k!

Ca 145.0 122.5 163.25j 5.243105 3.153105 3.833105 j

169617l

F2 11.93 15.50m 1.353104 5.83104 m

Cl2 33.09 36.4n 4.613104

aReference@27#.
bReference@28#.
cReference@34#.
dReference@37#.
eReference@36#.
fReference@35#.
gReference@38#.

hReference@29#.
iReference@30#.
jReference@31#.
kReference@39#.
lReference@40#.
mReference@33#.
nReference@32#.
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close to theab initio results@27–29#, and match well with
the experimental results@34#. Similarly, the values of hyper
polarizabilities of these atoms show substantial improvem
over the LDA results when compared with both theab initio
@27–29# and experimental numbers@35–38#. Therefore, we
conclude that the combination of LB correction with LD
exchange-correlation potential produces highly accurate d
sities in the outer regions of these atoms. On the other h
for alkaline-earth atoms the trend in polarizabilities and h
perpolarizabilities are similar to their XO counterpart. Thu
compared to the LB-corrected results, their LDA polarizab
ities are closer to the experimental@39,40# values, whereas
the hyperpolarizabilities show the opposite trend. From th
results we infer that for loosely bound atoms the use of
LDA in the calculation of second- and fourth-order ener
changes is not as accurate as it is for the inert gas atom
this connection we mention that we have employed the L
for calculating energy changes, since it is the simplest fo
of the exchange-correlation energy for which the functio
derivatives to any order are easily calculated. We are
aware of any other functionals for which higher-order fun
tional derivatives are nonsingular and can be calculated
easily as for the LDA.

In Tables III and IV we also present results for F2 and
Cl2. The polarizabilities of these ions are estimated reas
ably accurately both in XO and XC cases. For example
the XC case the value of polarizability of F2 and Cl2 are
lower by 23% and 9%, respectively, from theirab initio
results@32#. In contrast, the hyperpolarizability of F2 is 76%
nt
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-
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l
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smaller than its accurate value@33#. For Cl2 no ab initio
hyperpolarizability result exists in the literature. But we e
pect that the error in the hyperpolarizabilty for this ion wou
also be of the same order. The large error in the results
hyperpolarizabilies of negative ions is attributed to the f
that although these anions have closed-shell structure
inert gas atoms, the valence electrons in these ions are
loosely bound. Thus the exchange and correlation play
important role in binding them@33#, and the LDA may not
be adequate in calculating the higher-order energy chan
This is similar to the case of the alkaline-earth atoms d
cussed above. Therefore, to obtain accurate response pr
ties of such systems, one needs to go beyond the LDA
solving the higher-order equations too.

Finally, we note that recently hyperpolarizabilities
some small molecules have also been calculated@41# with
the unperturbed orbitals obtained from the LB potenti
These calculations also lead to nonlinear polarizabilities b
ter than those calculated with the LDA orbitals.

IV. DISCUSSION AND CONCLUSION

In this paper we have considered the VLB correction
the LDA, and demonstrated that the potential gives accu
ground-state densities. This is reflected by the ground-s
energies calculated by evaluating the exchange-energy
the virial-theorem sum rule. Moreover this potential also d
termines accurately the value of the highest occupied orb
eigenvalue, which is the negative of the ionization energy
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the calculation of response properties we find that LB c
rection to the LDA leads to significant improvement in t
values of linear and nonlinear polarizabilities of inert g
atoms. The polarizabilities of the alkaline-earth atoms a
the hyperpolarizabilities of the halogen anions F2 and Cl2

are not obtained satisfactorily with LB correction to th
LDA. This is attributed to the use of the LDA for th
exchange-correlation energy in calculating the higher-or
energy changes. Motivated by the results obtained for
inert gas atoms, we are now employing the LB potentia
determine the frequency-dependent response propertie
s
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these systems by using the variation-perturbation met
@42,43# of the time-dependent DFT@44,45#. Further, we ex-
pect this to lead to reasonably accurate estimates of the
cited states via the time-dependent DFT route@46,47#.
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