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Complete roughness and conductivity corrections for Casimir force measurement
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We consider detailed roughness and conductivity corrections to the Casimir force in the recent Casimir force
measurement employing an atomic force microscope. The roughness of the test bodies—a metal plate and a
sphere—was investigated with the atomic force microscope and the scanning electron microscope, respec-
tively. It consists of separate crystals of different heights and a stochastic background. The amplitude of
roughness relative to the zero roughness level was determined and the corrections to the Casimir force were
calculated up to the fourth order in a small parameter~which is this amplitude divided by the distance between
the two test bodies!. Also the corrections due to finite conductivity were found up to fourth order in relative
penetration depths of electromagnetic zero-point oscillations into the metal. The theoretical result for the
configuration of a sphere above a plate taking into account both corrections is in excellent agreement with the
measured Casimir force.@S1050-2947~99!05011-8#

PACS number~s!: 12.20.Fv, 42.50.Lc, 61.16.Ch
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I. INTRODUCTION

The Casimir effect@1#, which arises in bounded region
and in spaces with nontrivial topology is of great interest
specialists in the most diverse fields of physics—from sta
tical and atomic physics to elementary particle physics
cosmology. It explores the dependence of the vacuum po
ization on the geometrical parameters of the quantization
main, leading to attractive and repulsive forces acting
tween the boundaries~see the review papers@2,3# and the
monographs@4,5#!.

A considerable amount of recent attention has been
cused on experimental verification of the Casimir force l
between metallic surfaces. The first experiment of this k
was performed more than 40 years ago@6# and provided
qualitative confirmation of the Casimir prediction. Then ov
a period of years the force between dielectric test bodies
used to measure the Casimir force~see, e.g.,@7,8# and the
other references in@4,5#!. During this period only one pape
may be cited@9# where the Casimir force between the pla
and the spherical lens covered by chromium layers was m
sured. It should be noted that chromium is a poor reflec
for a large portion of the measured distances. In this pa
considerable attention has been given to the finite conduc
ity corrections to the Casimir force. Also the possible corr
tions due to surface roughness were discussed qualitativ
In all the earlier experiments only variants of the spring b
ance were used to measure the force.

In the paper@10# that sets the modern stage of the Casim
force measurements between metals, the distance range
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0.6 mm to 6 mm was investigated. The test bodies were
plus Au coated quartz, optical flat, and a spherical lens. T
torsion pendulum was used to measure the Casimir force
mentioned in@10#, experimental data do not support the pre
ence of finite conductivity corrections that are negative a
can achieve 20% of the net Casimir force at the closest s
ing. The roughness corrections that can achieve 20– 30 %
the net result if there are deviations of the interacting s
faces from the perfect shape@11# were not investigated in
@10#. As discussed in@10# also, the data are not of sufficien
accuracy to demonstrate the finite-temperature correcti
We would like to point out that the temperature correction
room temperature is 129% and 174% of the net force w
the space separation is correspondingly 5mm and 6mm. The
values of both the Casimir force and temperature correc
to it at such distances are of the order of 10212N. Their
experimental measurement and investigation is the u
solved problem of paramount importance.

In @12# an atomic force microscope~AFM! was used to
make a precision measurement of the Casimir force betw
a sphere and a flat plate covered by the Al and Au/Pd lay
The measurements were done for plate-sphere separa
between 0.1mm and 0.9mm. The experimental data wer
shown to be consistent with the theoretical calculations,
cluding the finite conductivity and roughness corrections c
culated up to second order in appropriate parameters@13#.
No account has been taken in these calculations of the
cific shape of roughness peculiar to the test bodies in u
Also the third and fourth orders of these corrections w
neglected, although they could contribute to the compari
of the theory and experiment at an accuracy level of 1%
the smallest separations~temperature corrections are not im
portant in this distance range!. Other techniques for measu
ing the Casimir force have also been proposed~see, e.g.,
@14,15#!.

Here we present the complete experimental and theo
cal investigation of the surface roughness and roughness
rections to the Casimir force in the experiment@12#. For this
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3488 PRA 60KLIMCHITSKAYA, ROY, MOHIDEEN, AND MOSTEPANENKO
purpose the roughness of the plate was measured with
AFM, and the roughness of the sphere by the scanning e
tron microscope~SEM!. The surface is composed of larg
separate crystals situated irregularly on the surface. They
modeled by parallelepipeds of two different heights situa
on the stochastic background. The corresponding correct
to the Casimir force are computed by the use of the appr
mate method proposed earlier in@16,17#. The corrections due
to roughness up to fourth order in relative roughness am
tude are obtained.

To provide the higher-order finite conductivity correctio
the measurement range is subdivided into ranges of s
and large distances. It is shown that at small distances
possible to neglect the external Au/Pd cap layer. At la
distances the effective penetration depth of the electrom
netic zero-point oscillations into the metal is found. As
result the corrections due to finite conductivity up to t
fourth order are calculated, taking into account the effec
the surface roughness. The resulting Casimir force with b
corrections is in excellent agreement with the experime
data.

The paper is organized as follows. In Sec. II the necess
details of the experiment@12# are reviewed. Section III con
tains a brief formulation of the perturbative approach to
calculation of roughness corrections. In Sec. IV the inve
gation of surface roughness and the roughness correctio
presented in relation to the experiment@12#. Section V is
devoted to the corrections due to the finite conductivity
the metals. Here, the final expressions for the Casimir fo
including both corrections are also obtained. In Sec. VI th
are compared with the experimental data of@12#. Section VII
contains conclusions and a discussion. Throughout the p
units, in which\5c51, are used.

II. MEASUREMENT OF THE CASIMIR FORCE

In Ref. @12# a standard AFM was used to measure
force between a metallized sphere and flat plate at a pres
of 50 mTorr and at room temperature. Polystyrene sphere
20064 mm diameter were mounted on the tip of 300-mm-
long cantilevers with Ag epoxy. A 1.25-cm-diam optical
polished sapphire disk was used as the plate. The cantil
~with sphere! and plate were then coated with 300 nm of
in an evaporator. Aluminum is used because of its high
flectivity for wavelengths (sphere-plate separation
.100 nm. Both surfaces were then coated with less tha
20-nm layer of 60% Au/40% Pd. The sphere diameter w
measured using the SEM to be 196.060.5mm.

In the AFM, the force on a cantilever is measured by
deflection of its tip. A laser beam is reflected off the can
lever tip to measure its deflection. A force on the sph
would result in a cantilever deflection leading to a differen
signal between photodiodesA andB ~shown in Fig. 1!. This
force and the corresponding cantilever deflection are rela
by Hooke’s law:F5kDz, wherek is the force constant an
Dz is the cantilever deflection. The piezoextension with a
plied voltage was calibrated with height standards and
hysteresis was measured. The corrections due to the p
hysteresis~2% linear correction! and cantilever deflection
~discussed in@12#! were applied to the sphere-plate sepa
tions in all collected data.
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To measure the Casimir force between the sphere and
plate they are grounded together with the AFM. The plate
then moved towards the sphere in 3.6-nm steps and the
responding photodiode difference signal is measured~ap-
proach curve!. The signal obtained for a typical scan
shown in Fig. 2. Here ‘‘0’’ separation stands for contact
the sphere and plate surfaces. It does not take into acc
the absolute average separation between the Au/Pd la
due to the surface roughness, which is about 80 nm~see Sec.
IV !. If one also takes into account the Au/Pd cap layers t
are transparent at small separations~see Sec. V! the absolute
average separation at contact between Al layers is about
nm. Region 1 shows that the force curve at large separat
is dominated by a linear signal. This is due to increas
coupling of scattered light into the diodes from the approa
ing flat surface. Embedded in the signal is a long-range
tractive electrostatic force from the contact potential diffe
ence between the sphere and plate, and the Casimir f
~small at such large distances!. In region 2~absolute separa
tions vary from contact to 350 nm! the Casimir force is the
dominant characteristic far exceeding all the systematic
rors. Region 3 is the flexing of the cantilever resulting fro
the continued extension of the piezoelectric element a
contact with the two surfaces. Given the distance moved
the flat plate~x axis!, the difference signal of the photodiode
can be calibrated to a cantilever deflection in nanome
using the slope of the curve in region 3.

Next, the force constant of the cantilever was calibra
by an electrostatic measurement. The sphere was grou
to the AFM and different voltage in the range60.5 V to 63
V were applied to the plate. The force between a char
sphere and plate is given as@18#

F52pe0~V12V2!2(
n51

`

cschna~cotha2n cothna!.

~1!

HereV1 is the applied voltage on the plate,V2 represents the
residual potential on the grounded sphere, ande0 is the per-
mittivity of free space. One more notation isa5cosh21(1
1a/R), where R is the radius of the sphere anda is the
separation between the sphere and the plate. From the d
ence in force for voltages6V1 applied to the plate, we can
measure the residual potential on the grounded sphereV2 as

FIG. 1. Schematic diagram of the experimental setup. Appli
tion of voltage to the piezoelectric element results in the movem
of the plate towards the sphere.
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PRA 60 3489COMPLETE ROUGHNESS AND CONDUCTIVITY . . .
29 mV. This residual potential is a contact potential th
arises from the different materials used to ground the sph
The electrostatic force measurement was repeated at five
ferent separations and for eight different voltagesV1 . Using
Hooke’s law and the force from Eq.~1!, we measure the
force constant of the cantileverk. The average of all the
measuredk is 0.0182 N/m.

The systematic error corrections to the force curve of F
2, due to the residual potential on the sphere and the
separations between the two surfaces, are now calcula
Here the near linear force curve in region 1 is fit to a funct
of the form F5Fc(a1a0)1B/(a1a0)1C3(a1a0)1E.
Herea0 is the absolute separation at contact, which is c
strained to 12065 nm, and is the only unknown to be com
pletely obtained by the fit. The second term represents
inverse linear dependence of the electrostatic force betw
the sphere and plate forR@a, as given by Eq.~1!. The
constantB522.8 nN nm corresponding toV2529 mV and
V150 in Eq. ~1! is used. The third term represents the li
early increasing coupling of the scattered light into the p
todiodes andE is the offset of the curve. BothC andE can
be estimated from the force curve at large separations.
best-fit values ofC, E, and the absolute space separationa0
are determined by minimizing thex2. The finite conductivity
correction and roughness correction~the largest corrections!
do not play a significant role in region 1~see Sec. VI! and
thus the value ofa0 determined by the fitting is unbiase
with respect to these corrections. These values ofC, E, and
a0 are then used to subtract the systematic errors from
force curve in regions 1 and 2 to obtain the measured
simir force as (Fc)m5Fm2B/a2Ca2E, whereFm is the
measured total force.

This procedure is repeated for 26 scans in different lo
tions of the flat plate. The average measured Casimir fo
(Fc)m as a function of sphere-plate separations from all
scans is shown in Figs. 4 and 5 below as open squares.

III. ROUGHNESS CORRECTIONS
TO THE CASIMIR FORCE

For distances ofa;1 mm between the interacting bodie
the surface roughness makes an important contribution to
value of the Casimir force. Although an exact calculation
the roughness contribution is impossible, one can find
corresponding corrections approximately with the requi

FIG. 2. Typical force curve as a function of the distance mov
by the plate.
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accuracy. In the case of stochastic roughness the correc
to the van der Waals and Casimir forces were first calcula
in @19# up to second order in relative roughness dispersi
~the fourth order corrections were obtained in@20#!. Effects
of large-scale surface roughness on only the nonretarded
der Waals force were investigated in@21,22#.

The method of greatest practical utility is the summati
of retarded interatomic potentials over all atoms of two bo
ies distorted by roughness with a subsequent multiplica
normalization of the interaction coefficient@16,17#

U~a!52
CN1N2

K E
V1

dr1E
V2

dr2ur12r2u27. ~2!

Here N1,2 are the numbers of atoms per unit volume of t
bodies,C is the constant of the retarded van der Waals
teraction,K is a special normalization constant, anda is a
distance between bodies.

The appropriate choice of the normalization constanK
gives the possibility of increasing the accuracy of addit
summation. Its value can be found as a ratio of the addi
and exact potentials for the configuration admitting the ex
solution. For two plane parallel plates, as an example tha
most important for the experiment,

K5
CN1N2

C~«1 ,«2!
.1, ~3!

where theC is defined as@23#

C~«1 ,«2!5
5

16p3 E
0

`E
1

` x3

p2 H F ~s11p!~s21p!

~s12p!~s22p!
ex21G21

1F ~s11p«1!~s21p«2!

~s12p«1!~s22p«2!
ex21G21J dp dx.

~4!

Here,s1,25(«1,2211p2)1/2, and«1,2 are the static dielectric
permittivities of the plate materials.

From Eqs.~2! and ~3! the Casimir force is

F52
]U

]a
, U~a!52C~«1 ,«2!E

V1

dr1E
V2

dr2ur12r2u27.

~5!

For the configuration of two plane parallel plates, Eq.~5! is
exact by construction. We use here the word ‘‘exact’’ impl
ing that the approximative method does not bring any ad
tional error. Actually, the so-called ‘‘exact’’ results are o
tained in the approximation of large distances with t
proviso thata@l0 , where l0 is the characteristic wave
length of absorption spectra. At the same time the value
a must satisfy the conditionaT!1, whereT is a temperature
measured in energy units. For two plates, or a plate an
lens, or a sphere of large curvature radius covered by rou
ness, the relative error of the results obtained by Eq.~5! does
not exceed 1022% @17# ~this is proved under the suppositio
that the roughness amplitudeA is much smaller thana!. Be-
cause of this the proposed method is very useful for
calculation of the roughness contribution in experiments
the Casimir force.
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Recently, other methods for approximative calculation
the Casimir force have been proposed. Among them
semiclassical@24# and macroscopic@25# approaches are ap
plicable to the case of a sphere near a wall. They do not
into account the surface roughness. Also the path-inte
approach was suggested@26# to study the space and tim
deformations of the perfectly reflecting boundaries. It w
applied to describe the model example of corrugated pl
when the lateral component of the Casimir force arises.

Now consider a plane plate~disk! of dimension 2L, thick-
nessD, and a sphere above it of radiusR both covered by
roughness. The roughness on the plate is described by
function

z1
~s!5A1f 1~x1 ,y1!, ~6!

where the value of amplitude is chosen in such a way
maxuf1(x1,y1)u51. It is suitable to fix the zero point in thez
axis by the condition

^z1
~s!&5A1^ f 1~x1 ,y1!&[

A1

4L2 E
2L

L

dx1E
2L

L

dy1 f 1~x1 ,y1!50.

~7!
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The roughness on the sphere is most conveniently
scribed in the polar coordinates

z2
~s!5a1R2AR22r21A2f 2~r,w!. ~8!

The value of the amplitude is chosen as specified above.
value of R in Eq. ~8! is defined in such a way tha
^ f 2(r,w)&50.

The potentialU from Eq. ~5! for the configuration of a
plate and a sphere with roughness described by Eqs.~6! and
~8! can be represented as

U~a!52C~«1 ,«2!E
0

2p

dwE
0

R

r drE
z2
~s!

a12R

dz2 UA~r,w,z2!,

~9!

where
UA~r,w,z2!5E
2L

L

dx1E
2L

L

dy1E
2D

z1
~s! dz1

@~x12r sinw!21~y12r cosw!21~z12z2!2#7/2.
~10!
ns
ex-

ver-
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r all
the
ond
In Ref. @11# the perturbation theory was developed
small parametersA1,2/a based on Eqs.~5!, ~9!, and~10!. All
the results were obtained in zeroth order of the parame
a/D, a/L, anda/R, which are much smaller thanA1,2/a ~in
Ref. @13# it was shown that the corrections due to the fini
ness of a plate are negligible!. The perturbation expansio
for the Casimir force is

FR~a!5F0~a!(
k50

4

(
l 50

42k

CklS A1

a D kS A2

a D l

, ~11!

where the force acting between the perfect plate and
sphere is

F0~a!52C~«1 ,«2!
p2R

15a3 . ~12!

When the plate and the sphere are perfect metals we hav
limiting case«1,2→`, C→p/24 and Eq.~12! takes the form

F0~a!52
p3R

360a3 . ~13!

The first coefficient of Eq.~11! is C0051. The other co-
efficients were found in Ref.@11# for the configuration of a
lens ~sphere! above a plate and in Ref.@17# for two plane
parallel plates. They are complicated integrals involvi
functions describing roughness. In the case in which

dp ,ds!AaR, ~14!
rs

-

e

the

wheredp ,ds are the characteristic lateral sizes of distortio
covering the plate and the sphere, the simple universal
pression for the expansion coefficients of Eq.~11! can be
obtained. As a result, Eq.~11! takes the form

FR~a!5F0~a!H 116F ^^ f 1
2&&S A1

a D 2

22^^ f 1f 2&&
A1

a

A2

a

1^^ f 2
2&&S A2

a D 2G110F ^^ f 1
3&&S A1

a D 3

23^^ f 1
2f 2&&

3S A1

a D 2 A2

a
13^^ f 1f 2

2&&
A1

a S A2

a D 2

2^^ f 2
3&&S A2

a D 3G
115F ^^ f 1

4&&S A1

a D 4

24^^ f 1
3f 2&&S A1

a D 3 A2

a

16^^ f 1
2f 2

2&&S A1

a D 2S A2

a D 2

24^^ f 1f 2
3&&

A1

a S A2

a D 3

1^^ f 2
4&&S A2

a D 4G J . ~15!

Here the double angle brackets denote two successive a
aging procedures. The first one is the averaging over
surface area of interacting bodies. The second one is ove
possible phase shifts between the distortions situated on
surfaces of interacting bodies against each other. This sec
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PRA 60 3491COMPLETE ROUGHNESS AND CONDUCTIVITY . . .
averaging is necessary because in the experiment@12# the
measured Casimir force was averaged over 26 scans~see
Sec. II!.

Note that under condition~14! the result~15! can be ob-
tained in two ways: starting from Eqs.~9!,~10! for a sphere
above a plate@11# and applying the force proximity theorem
@27# to Eq. ~25! of Ref. @17#, which is an analog of Eq.~15!
for the configuration of two plane parallel plates. As o
would expect, the results coincide@in the case of large-scal
roughness violating the condition~14! the special redefini-
tion of a distance is needed for the correct application of
force proximity theorem@13##.

IV. INVESTIGATION OF THE SURFACE ROUGHNESS

Let us apply the result~15! to carefully calculate the
roughness corrections to the Casimir force in the experim
@12#. The roughness of the metal surface was measured
the same AFM. After the Casimir force measurement
cantilever with sphere was replaced with a standard can
ver having a sharp tip. Regions of the metal plate differing
size from 1mm31 mm to 0.5mm30.5mm were scanned
with the AFM. A typical surface scan is shown in Fig. 3. Th
roughness of the sphere was investigated with a SEM
found to be similar to the flat plate. In the surface scan
Fig. 3, the lighter tone corresponds to larger height.

As is seen from Fig. 3 the major distortions are the la
separate crystals situated irregularly on the surfaces. T
can be modeled approximately by the parallelepipeds of
heights. As the analysis of several AFM images shows,
height of the highest distortions is abouth1540 nm, and that
of the intermediate ones abouth2520 nm. Almost all sur-
face between the distortions is covered by the stocha
roughness of heighth0510 nm. It consists of small crystal
that are not clearly visible in Fig. 3 due to the vertical sc
used. All together they form the homogeneous backgro
of the averaged heighth0/2. The character of roughness o
the plate and on the lens is quite similar. Note that in@12#
only the highest distortionsh1540 nm were used to estimat
the distortion amplitude.

Now it is possible to determine the heightH relative to
which the middle value of the function, describing the to

FIG. 3. Typical atomic force microscope scan of the metal s
face. The lighter tone corresponds to larger height as shown by
bar graph on the left.
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roughness, is zero. It can be found from the equation

~h12H !S11~h22H !S22S H2
h0

2 DS050, ~16!

whereS1,2,0 are, correspondingly, the surface areas occup
by distortions of the heightsh1 ,h2 and stochastic roughnes
Dividing Eq. ~16! into the area of interacting surfaceS5S1
1S21S0 , one gets

~h12H !v11~h22H !v22S H2
h0

2 D v050, ~17!

where v1,2,05S1,2,0/S are the relative parts of the surfac
occupied by the different kinds of roughness. The analysi
the AFM pictures similar to Fig. 3 gives us the valuesv1
50.11, v250.25, v050.64. Solving Eq.~17! we get the
height of the zero-distortion levelH512.6 nm. The value of
the distortion amplitude defined relatively to this level is

A5h12H527.4 nm. ~18!

Below, two more parameters will also be used:

b15
h22H

A
'0.231, b25

H2h0/2

A
'0.346. ~19!

With their help the distortion function from Eq.~6! can be
represented as

f 1~x1 ,y1!5H 1, ~x1 ,y1!PSS1
,

b1 , ~x1 ,y1!PSS2
,

2b2 , ~x1 ,y1!PSS0
,

~20!

whereSS1 ,S2 ,S0
are the regions of the first interacting bod

surface occupied by the different kinds of roughness.
The same representation is valid forf 2 also,

f 2~x2 ,y2!5H 21, ~x2 ,y2!PS̃S1
,

2b1 , ~x2 ,y2!PS̃S2
,

b2 , ~x2 ,y2!PS̃S0
,

~21!

where S̃S1 ,S2 ,S0
are the regions of the second interacti

body surface occupied by the distortions of different kind
Note that the inequality~14! is easily satisfied. For the

roughness under consideration the characteristic lateral s
of distortions aredp ,ds;200– 300 nm, as can be seen fro
Fig. 3. At the same timeAaR.3000 nm. Thus Eq.~15! is
applicable for the calculation of roughness corrections.

Now it is not difficult to calculate the coefficients of ex
pansion~15!. One example is

^^ f 1f 2&&52v1
222b1v1v212b2v1v02b1

2v2
212b1b2v2v0

2b2
2v0

250, ~22!

which follows from Eqs.~17!–~19!. The results for the othe
coefficients are

-
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^^ f 1
2&&5^^ f 2

2&&5v11b1
2v21b2

2v0 ,

^^ f 1
3&&52^^ f 2

3&&5v11b1
3v22b2

3v0 ,

^^ f 1f 2
2&&5^^ f 1

2f 2&&50,
~23!

^^ f 1
4&&5^^ f 2

4&&5v11b1
4v21b2

4v0 ,

^^ f 1f 2
3&&5^^ f 1

3f 2&&50,

^^ f 1
2f 2

2&&5~v11b1
2v21b2

2v0!2.

Substituting Eq.~23! into Eq. ~15! we get the final expres
sion for the Casimir force with surface distortions includ
up to fourth order in relative distortion amplitude,

FR~a!5F0~a!H 1112~v11b1
2v21b2

2v0!
A2

a2

120~v11b1
3v22b2

3v0!
A3

a3 130@v11b1
4y21b2

4v0

13~v11b1
2v21b2

2v0!2#
A4

a4J . ~24!

It should be noted that exactly the same result can
obtained in a very simple way. To do this it is enough
calculate the values of the Casimir force~12! for six different
distances that are possible between the distorted surfa
multiply them by the appropriate probabilities, and then su
marize the results

FR~a!5(
i 51

6

wiF0~ai ![v1
2F0~a22A!

12v1v2F0„a2A~11b1!…

12v2v0F0„a2A~b12b2!…1v0
2F0~a12Ab2!

1v2
2F0~a22Ab1!12v1v0F0„a2A~12b2!….

~25!

The question arises as to whether there is a unique defin
of the distancea between the interacting bodies in Eqs.~24!
and ~25!. This point is discussed in the next section in co
nection with the reflectivity properties of the metals coveri
the plate and the sphere.

V. CORRECTIONS TO THE CASIMIR FORCE
DUE TO FINITE CONDUCTIVITY OF THE METALS

The interacting bodies used in the experiment@12# were
coated with 300 nm of Al in an evaporator. The thickness
this metallic layer is much larger than the penetration de
d0 of electromagnetic oscillations into Al for the wave
lengths ~sphere-plate separations! of interest. Takinglp

Al

5100 nm as the approximative value of the effective plas
wavelength of the electrons in Al@28#, one gets d0

5lp
Al/(2p)'16 nm. What this means is the interacting bo

ies can be considered as made of Al as a whole. Although
reflects more than 90% of the incident electromagnetic os
lations in the complete measurement range 100 nm,l
e

es,
-

on

-

f
h

a

-
l

il-

,950 nm, some corrections to the Casimir force due to
finiteness of its conductivity exist and should be taken in
account. In addition, to prevent the oxidation processes,
surface of Al in@12# was covered with aD520 nm layer of
60% Au/40% Pd. The reflectivity properties of this alloy a
much worse than those of Al~the effective plasma wave
length of Au is lp

Au5500 nm and the penetration depth

d̃0'80 nm. Because of this, it is incorrect to use Eq.~13! to
compare theory and experiment, as it is only valid for ide
metals of infinite conductivity. It is necessary to take in
account the finiteness of the metal conductivity.

Let us start our discussion with the large distancesa
.lp

Au for which both Al and Au/Pd are the good metals.
this case the perturbation theory in the relative penetra
depth can be developed. This small parameter is the rati
an effective penetration depthde ~into both the Au/Pd and
Al ! and a distance between the Au/Pd layersa. The quantity
de , in its turn, is understood as a depth for which the el
tromagnetic oscillations are attenuated by a factor ofe. It
takes into account both the properties of Al and of Au/
layers. The value ofde can be found from the equation

D

d̃0

1
de2D

d0

51, de5S 12
D

d̃0
D d01D'32 nm.

~26!

The first-order correction to Eq.~13! was found in@29,30#
for the configuration of two plane parallel plates. Togeth
with the second-order correction found in@31# the result is

Fde
~a!5F0~a!S 12

16

3

de

a
124

de
2

a2D . ~27!

From the general expression forFde
it is seen that the

Casimir force taking into account the finite conductivity
sign-constant for allde and has a zero limit whende→`.
This gives the possibility to obtain the simple interpolati
formula @31#

Fde
~a!'F0~a!S 11

11

3

de

a D 216/11

. ~28!

From Eq. ~28! we have the same result as in Eq.~27! for
small de /a, but it is applicable in the wider range 0<de /a
<0.2.

Let us now expand Eq.~28! in powers ofde /a up to
fourth order inclusive, and modify the result by the use of t
force proximity theorem@27# for the case of a sphere abov
a plate,

Fde
~a!5F0~a!S 124

de

a
1

72

5

de
2

a22
152

3

de
3

a3 1
532

3

de
4

a4D .

~29!

HereF0(a) is defined by Eq.~13!.
Now we combine both corrections—one due to the s

face roughness and the second due to the finite conduct
of the metals. For this purpose we substitute the quan
Fde

(ai) from Eq. ~29! into Eq. ~25! instead ofF0(ai). The
result is
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F~a!5(
i 51

6

wiFde
~ai !, ~30!

where different possible distances between the surfaces
roughness and their probabilities were introduced in
~25!. Equation~30! along with Eq.~29! describe the Casimi
force between Al bodies with Au/Pd layers, taking into a
count the finite conductivity of the metals and surface rou
ness for the distancesa.lp

Au . Note that Eq.~30! incorpo-
rates not only the corrections to the surface roughness
finite conductivity separately but also some ‘‘crosse
terms, i.e., the conductivity corrections to the roughn
ones.

Unfortunately, Eq.~30!, strictly speaking, cannot be use
for the distancesa,lp

Au . The most rigorous way of calcu
lating the Casimir force in this range is to apply the gene
Lifshitz theory without the supposition thata is much larger
than the characteristic absorption band of Au/Pd@this suppo-
sition leads to the result~12! with a definition~4!#. To do this
detailed information is needed concerning the behavior
the dielectric permittivity of Au/Pd on the imaginary fre
quency axis. This information should reflect the absorpt
bands of the alloy and the damping of free electrons@9#. In
doing so the actual dependence of the Casimir force oa
could be calculated, wherea is the distance between th
outer Au/Pd layers.

At the same time, there exists a more simple, phenome
logical, approach to the calculation of the Casimir force
distances less than the characteristic absorption wavele
of the Au/Pd covering. It uses the fact that the transmitta
of 20-nm Au/Pd films for the wavelength of around 300 n
is greater than 90%. This transmission measurement
made by taking the ratio of light transmitted through a gla
slide with and without the Au/Pd coating in an optical spe
trometer.

So high transmittance gives the possibility of neglect
the Au/Pd layers when calculating the Casimir force and
enlarging the distance between the bodies by 2D540 nm
when comparing the theoretical and experimental resu
With this approach for the distancesa,lp

Au , instead of Eq.
~30!, the following result is valid:

F~a!5(
i 51

6

wiFd0
~ai12D!, ~31!

where the Casimir force~with finite conductivity taken into
account! is defined by Eq.~29!.

Notice that in@32# an attempt was undertaken to nume
cally apply the Lifshitz theory to the test bodies made
gold, copper, or aluminum. The obtained results, howev
are not applicable in our case where one metal~Al ! is cov-
ered by a layer of alloy~Au/Pd!. Furthermore, the abov
computations do not take into account surface roughn
Consequently such numerical techniques can be used
for multiplicative roughness correction, without inclusion
‘‘crossed’’ terms~an approach that is criticized in@32#!. It
must also be noted that some of the conclusions made in@32#
ith
.
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fail because of arithmetical error: the second-order plas
model leads to an overall force correction factor of 0.75
not 0.687, as is used throughout Sec. III of@32#.

VI. COMPARISON WITH THE EXPERIMENT

Let us first consider large surface separations~the distance
between the Au/Pd layers changes in the interval 610
<a<910 nm). We compare the results given by Eqs.~30!
and ~31! with experimental data. In Fig. 4 the dashed cur
represents the results obtained by Eq.~30!, and the solid
curve those obtained by Eq.~31!. The experimental points
are shown as open squares. For 80 experimental po
which belong to the range ofa under consideration, the root
mean-square average deviation between theory and ex
ment in both cases iss51.5 pN. It is notable that for the
large a the same result is also valid if we use the Casim
force from Eq.~13! ~i.e., without any corrections! both fora
and fora12D. By this is meant that for largea the problem
of the proper definition of distance is not significant due
the large scatter in experimental points due to the experim
tal uncertainty. The same situation occurs with the corr
tions. At a12D5950 nm the correction due to roughne
~positive! is of about 0.2% ofF0 and the correction due to
finite conductivity ~negative! is 6% of F0 . Together they
give the negative contribution, which is also 6% ofF0 . It is
negligible if we take into account the relative error of for
measurements at the extreme distance of 950 nm of app
mately 660%~this is because the Casimir force is much le
than the experimental uncertainty at such distances!.

Now we consider the range of smaller values of the d
tance 80 nm<a<460 nm ~or, between Al, 120 nm<a12D
<500 nm). Here Eq.~31! should be used for the Casim
force. In Fig. 5 the Casimir forceF0(a12D) from Eq. ~13!
is shown by the dashed curve. The solid curve represents
dependence calculated according to Eq.~31!. The open
squares are the experimental points. Taking into accoun
100 experimental points belonging to the range of sma
distances we get for the solid curve the value of the ro
mean-square deviation between theory and experiments100
51.5 pN. If we consider a more narrow distance interval

FIG. 4. Measured average Casimir force for large distances
function of plate-sphere separation is shown as open squares
theoretical Casimir force with corrections to surface roughness
finite conductivity is shown by the solid line~when the space sepa
ration is defined as the distance between Al layers! and by the
dashed line~with the distance between Au/Pd layers!.
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80 nm<a<200 nm, which contains 30 experimental poin
it turns out thats3051.6 pN for the solid curve. In all the
measurement range 80 nm<a<910 nm the root-mean
square deviation for the solid curves of Figs. 4 and 5
s22351.4 pN ~223 experimental points!. What this means is
that the dependence~31! gives equally good agreement wit
experimental data in the region of small distances~for the
smallest ones the relative error of force measuremen
about 1%!, in the region of large distances~where the rela-
tive error is rather large! and in the whole measureme
range. If one uses less sophisticated expressions for the
rections to the Casimir force due to the surface roughn
and finite conductivity, the value ofs calculated for smalla
will be larger than in the whole range@12#.

It is interesting to compare the obtained results with th
given by Eq.~13!, i.e., without taking account of any correc
tions. In this case for the interval 80 nm<a<460 nm ~100
experimental points! we haves100

0 58.7 pN. For the whole
measurement range 80 nm<a<910 nm~223 points! there is
s223

0 55.9 pN. It is evident that without appropriate treatme
of the corrections to the Casimir force the value of the ro
mean-square deviation is not only larger but also depe
significantly on the measurement range.

The comparative role of each correction is also quite
vious. If we take into account only roughness correction
cording to Eq.~25!, then one obtains for the root-mea
square deviation in different intervals:s30

R 522.8 pN, s100
R

512.7 pN, ands223
R 58.5 pN. At a12D5120 nm the cor-

rection is 17% ofF0 . For the single finite conductivity cor
rection calculated by Eq.~29! with d0 instead ofde it follows
that s30

d 55.2 pN, s100
d 53.1 pN, ands223

d 52.3 pN. At 120
nm this correction contributes234% ofF0 . ~Note, that both
corrections contribute222% of F0 at 120 nm, so that thei
nonadditivity is demonstrated most clearly.!

Considering the case of small distances, we have
glected the contribution of thin Au/Pd layers that are alm
transparent for the essential frequencies. The correction
the Casimir force due to these layers can be calculated
considering them as being made of some effective dielec

FIG. 5. Measured average Casimir force for small distances
function of plate-sphere separation is shown as open squares
theoretical Casimir force with corrections to surface roughness
finite conductivity is shown by the solid line, and without any co
rection by the dashed line.
,
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with a small permittivity« @5#. Such corrections calculate
with «'1.1 lead, together with Eq.~31!, to the same value o
s if we increase the values of all distances by 1 nm. If t
effective value of permittivity would be«'1.2 this is
equivalent to the addition of 3 nm to all the distances witho
changing ofs. As can well be imagined, the corrections d
to Au/Pd layers are not essential when it is considered
the absolute uncertainty of distance measurements in the
periment@12# was about65 nm.

VII. CONCLUSIONS AND DISCUSSION

In the above, the surface roughness of the test bodies
in the experiment@12# on Casimir force measurement wa
investigated with the use of AFM and SEM. The correctio
to this force due to both surface roughness and finite cond
tivity of the metal were calculated up to fourth order in r
spective small parameters. The obtained theoretical res
for the Casimir force with both corrections were compar
with the experimental data. Excellent agreement was dem
strated that is characterized by almost the same value o
root-mean-square deviation between theory and experim
in the cases of small and large space separations betwee
test bodies and in the complete measurement range.

It was shown that the agreement between theory and
periment is substantially worse if any one of the correctio
is not taken into account. What this means is that the surf
roughness and finite conductivity corrections should be ta
into account in precision Casimir force measurements w
space separations of the order 1mm and less. They will also
be expected to play a strong role in experimental tests of
shape and topology dependences of the Casimir force.

Further improvements in the precision can be achie
through the use of smoother metallic coatings, thinner
layers~but of enough thickness to prevent the oxidation p
cesses of Al!, and larger radius spheres to increase the val
of force. The experimental uncertainties can be substanti
reduced by use of lower temperatures to decrease the the
noise in the AFM, and interferometric detection of cantilev
deflection@33#. This will provide the opportunity to increas
the accuracy of Casimir force measurements and to ob
stronger constraints on the constants of hypothetical lo
range interactions and light elementary particles. Such c
straints for the different ranges of Compton wavelengths
hypothetical particles were already obtained in@34# from the
experiment@10# and in@35# from the experiment@12#. There
is reason to hope that within the next few years the Casi
effect will become a strong competitor of the more tra
tional physical phenomena, which can provide us with n
data about long-range interactions and light elementary
ticles.
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