
PHYSICAL REVIEW A OCTOBER 1999VOLUME 60, NUMBER 4
Quantum theory of high harmonic generation as a three-step process

M. Yu. Kuchiev and V. N. Ostrovsky*
School of Physics, University of New South Wales, Sydney 2052, Australia

~Received 19 January 1999!

A fully quantum treatment explicitly presents the high harmonic generation as a three-step process:~i! above
threshold ionization~ATI ! is followed by~ii ! electron propagation in a laser-dressed continuum. Subsequently
~iii ! stimulated~or laser-assisted! recombination brings the electron back into the initial state with emission of
a high-energy photon. Contributions of all ATI channels add up coherently. All three stages of the process are
described by simple, mostly analytical expressions that allow a detailed physical interpretation. A very good
quantitative agreement with the previous calculations on the harmonic generation by the H2 ion is demon-
strated, thus supplementing the conceptual significance of the theory with its practical efficiency. The virtue of
the present scheme is further supported by a good accord between the calculations in length and velocity
gauges for the high-energy photon.@S1050-2947~99!05909-0#

PACS number~s!: 42.50.Hz, 42.65.Ky, 32.80.Rm, 32.80.Wr
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I. INTRODUCTION

Under the influence of an intensive electromagnetic fi
an atom can emit electrons and photons. The number of p
tons absorbed from the field in the first process generally
exceed the minimum necessary for ionization resulting
distribution of the photoelectrons over the above thresh
ionization ~ATI ! channels. The photon production manifes
itself as the harmonics generation~HG! for the incident
monochromatic laser radiation. Both ATI and HG are c
pable of populating the channels with remarkably high
ergy, as has recently been registered in experiments~see,
e.g., Refs.@1–5#! and tackled by the theory@6–23# ~the list
of references is unavoidably incomplete, for more bibliog
phy see the reviews@24,25#!.

An idea that the two processes referred to above are
terrelated was articulated long ago. Since in the HG proc
an active electron ends up in the initial bound state, it
appealing to represent it as ionization followed by recom
nation. This mechanism presumes a strong interaction
tween the emitted electron and the core that is omitted in
standard Keldysh@26# model of multiphoton ionization. The
importance of this interaction was first pointed out
Kuchiev @27#, who predicted several phenomena for whi
the electron-core interaction plays a crucial role. The rela
mechanism was named the atomic antenna.

Specifically for HG, the simple relation between this pr
cess and ATI was suggested by Eberlyet al. @6# but proved
to be nonrealistic, see below. The hybrid classical-quan
model due to Corkum@8# ~see also the paper by Kuland
et al. @10#! casts HG as a three-step process: tunneling
ization and subsequent propagation in the continuum is c
pleted by recombination. This intuitive model has influenc
much research in experiment and theory. The simplicity
the model is due to some drastic presumptions. Usually
emphasized that the intermediate electron propagation in
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laser field is described by the Corkum@8# model classically.
Probably less attention is paid to the fact that neither
tunneling ionization through the time-dependent barrier,
the laser-stimulated recombination receive a genuine qu
tum treatment as well. Being successfully applied to
comparison with some experimental data, the model res
to such a loosely defined free parameter as the transv
spread of the electron wave function. From the concep
side the Corkum@8# model does not appeal to the ATI pro
cess just because the discrete ATI channels do not ap
within the classical framework. The subsequent theoret
developments were based on more sophisticated approa
and led to important advancements@11–13,15#, but appar-
ently abandoned a perspective to establish a quantitative
lation between ATI and HG. The ATI characteristics mere
do not emerge in the papers devoted to HG theory, with f
exceptions@14,16#. For instance, Ref.@20# establishes wha
the authors think to be ‘‘the most general formal relati
between ionization and high harmonic generation’’ that co
tains functional derivative of ‘‘the ground state persisten
amplitude’’ Z but not the ATI amplitude. As the author
recognize, this relation is ‘‘of limited practical use’’ since
requires knowledge ofZ for arbitrary electric fieldF(t).

Theoretically HG is governed by the Fourier compone
in the field-dresses wave function. The proper description
the high-order components is a challenging task for
theory. Although some important features could be und
stood in classical calculations, the significance of fully qua
tum quantitative theory could not be overestimated. T
computer-intensive numerical studies achieved substa
progress@7,9#, but the available computer facilities ofte
limit them to the one-dimensional models@6,21,22#. They
could be favorably complemented by analytical studies
pable of providing an important physical insight. Howeve
with the two different analytic quantum approaches be
developed recently@12,15#, the problem could not yet be
considered as closed. For instance, as far as we know, t
two approaches have never been applied to the same sy
in order to provide quantitative comparison of their resu
albeit the differences in the formulation were indicated
Beckeret al. @15#. The only exception known to us is pro

t.
ss:
3111 ©1999 The American Physical Society
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3112 PRA 60M. YU. KUCHIEV AND V. N. OSTROVSKY
vided by Ref.@20# where in Fig. 6 some comparison is pr
sented, albeit not for such a basic characteristics as HG r
but for harmonic ellipticity and offset angle that reflect rath
subtle peculiarities of HG process. For the offset angl
severe disagreement between the two theories is dem
strated. The lack of comparison looks quite typical to t
current state of theory when the attention is mostly direc
towards the qualitative aspects of the problem such as
description of the pattern of emitted harmonic spectrum.

The principal objective of the present study is to derive
fully quantum formulation for the HG amplitude in terms
the ATI amplitude and the amplitude of electron las
assisted recombination~LAR! in the laser field. Importantly
all the amplitudes are physical, i.e., no off-energy-shell e
ties appear. This circumstance adds to the conceptual ap
of the present theory its significance as a true working to
In our approach, briefly described in a Letter to the Edi
@28#, we base on the ideas outlined@27# and later developed
in more detail@29,30# by Kuchiev. We successfully test it
efficiency by comparison with the benchmark calculations
Beckeret al. @15# for HG by H2 ion. It should be empha
sized that we test and achieve quantitative agreement
absolute values of HG rates, in contrast to many theoret
works which concentrate mostly on the qualitative issu
The quantitative character of our development is further
lustrated by comparative calculations within the dipo
length and dipole-velocity gauges for the emitted hig
energy photons: the good agreement testifies in favor of
method. In the broader perspective it should be emphas
that our theoretical technique is directly applicable to ot
processes of current key interest, such as multiple ioniza
by laser radiation or enhanced population of high ATI cha
nels due to the photoelectron rescattering on the atomic c

We start~Sec. II! with exposure of the general relation
and outline our basic approximations. In Sec. III we cast
harmonic generation amplitude as a sum over contributi
coming from different ATI channels. The form and interpr
tation of this representation becomes particularly transpa
when we resort to the adiabatic approximation~Sec. IV!. The
general theory is illustrated by the quantitative results in S
V that is followed by the concluding discussion~Sec. VI!.

II. FORMULATION OF THE PROBLEM AND BASIC
APPROXIMATIONS

A. General relations

The generation of a harmonic with the frequencyV is
governed by the Fourier transform of the dipole transit
matrix element

D~V!5E
2`

`

dt exp~ iVt !d~ t !, ~2.1!
es,
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d~ t !5E d3rC f~r ,t !* d̂eC i~r ,t !, d̂e5e•r , ~2.2!

whereC i and C f are initial and final states of the atom
system dressed by the laser field~atomic units are used
throughout the paper!. We construct the initial field-dresse
stateC i

C i~r ,t !5Fa~r ,t !

1E
2`

t

dt8E d3r 8G~r ,t;r 8,t8!VF~r 8,t8!Fa~r 8,t8!,

~2.3!

developed out the initial field-free stationary stateFa

Fa~r ,t !5wa~r !exp~2 iEat !, ~2.4!

Hawa~r !5Eawa~r !, ~2.5!

using the retarded Green functionG(r ,t;r 8,t8) which obeys
the equation

F i
]

]t
2Ha2VF~ t !GG~r ,t;r 8,t8!

5d~ t2t8!d~r2r 8! ~ t.t8!,

G~r ,t;r 8,t8!50 ~ t,t8!, ~2.6!

whereHa5 1
2 p21Va(r ) is the Hamiltonian of an atomic sys

tem in the single active electron approximation,Va(r ) is the
interaction with the core,VF(r ,t) is the interaction with the
laser field that generally includes the field-switching effe
@below we presume thatVF(T) is real#.

We consider harmonic generation when the atomic s
tem ends up in the initial state. Other final states are a
feasible, but until now this possibility has not been explor
in experiment or in theory. In this case the final state tend
Fa(t) for t→` being presented similarly to Eq.~2.3! as

C f~r ,t !* 5Fa* ~r ,t !* 1E
t

`

dt8E d3r 8Fa~r 8,t8!*

3VF~r 8,t8!G~r 8,t8;r ,t !. ~2.7!

Employing ~2.3! and ~2.7! we transformd(t) to
d~ t !5^Fa~ t !ud̂euFa~ t !&1E
2`

t

dt8^Fa~ t !ud̂eG~ t,t8!VF~ t8!uFa~ t8!&1E
t

`

dt8^Fa~ t8!uVF~ t8!G~ t8,t !d̂euFa~ t !&

1E
t

`

dt9E
2`

t

dt8^Fa~ t9!uVF~ t9!G~ t9,t !d̂eG~ t,t8!VF~ t8!uFa~ t8!&, ~2.8!
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where^•••u•••u•••& notation is employed to represent int
gration over the space variables. This formula could be co
pared with Eq.~2.15! in Ref. @20# obtained under presump
tion C f[C i . Although the general structure is similar, th
important difference lies in the range of temporal integrati
In formula ~2.8! the first term in the right hand side turn
zero for the inversion-invariant~for instance, spherically
symmetric! potentials. Physically the second term describ
the process when the high harmonic photon is emittedafter
the interaction with the laser field,t>t8, whereas the third
term describes the ‘‘time-reversed’’ event in which the
diation precedesthe absorption of laser quanta. We deno
the second and the third terms, respectively, asd1(t) and
d2(t),

d1~ t !5E
2`

t

dt8^Fa~ t !ud̂eG~ t,t8!VF~ t8!uFa~ t8!&,

~2.9a!

d2~ t !5E
t

`

dt8^Fa~ t8!uVF~ t8!G~ t8,t !d̂euFa~ t !&.

~2.9b!

The last term in Eq.~2.8! includes the effect usually referre
to as continuum-continuum transitions@11,12,20#. In the
present outlook it corresponds to the ‘‘mixed’’ picture wh
a part of laser photons is absorbed prior to emission of
harmonic followed by absorption of missing low-ener
quanta.

In this paper the continuum-continuum transitions a
omitted as a rather standard approach, apparently assu
originally in Refs. @11,12#, albeit never scrutinized. Ther
exists a simple physical reason why this term should no
important. The absorption of large number of low-frequen
quanta happens when the active electron is well separ
from an atom, see discussion of the role of large distance
Refs.@31,32#. In contrast, one should anticipate that emiss
of the high-energy quantum occurs when the electron is
calized close to the atom. A transition of the electron fro
the outer region to the vicinity of the atom inevitably pr
duces a suppression factor that describes the electron p
gation. Later on it will be considered in detail, see the fac
1/R in Eq. ~4.14!. For a natural sequence of events, whe
electron first absorbsN laser quanta and then emits the hig
harmonic this suppression factor appears only once.
continuum-continuum transitions the electron has to go fr
the outer region into the vicinity of the atom thrice, th
induces appearance of three suppression factors, thus
stantially reducing the amplitude. Technically the expli
calculation of the continuum-continuum contribution mea
substantially higher level of difficulty, since it containstwo
Green functions; it is not pursued in the present study.
alternative, albeit indirect justification for omission o
continuum-continuum contribution could be seen in the f
that our calculations of HG rates within this approximati
are in a goodquantitativeagreement~Sec. V! with the results
obtained by Beckeret al. who apparently do not rely on it
One more argument in favor of this approximation ste
from the fact that it provides a very good agreement betw
the results in length and velocity gauges, as detailed
Sec. V.
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Further we presume that the monochromatic laser fiel

VF~r ,t !5r•F cosvt ~2.10!

is switched on adiabatically at some remote time (F is the
amplitude of the electric field strength in the laser wave!. In
this case one can easily check thatd2(t)5d1(2t). After
dropping in the right hand side of Eq.~2.8! the last term, that
describes the continuum-continuum transitions, we arrive
the formula

d~ t !5d1~ t !1d1~2t !. ~2.11!

One should remember that in our calculations according
Eqs. ~2.3! and ~2.7! we employeddifferent wave functions
C i and C f . Unfortunately, there is a strong trend in th
literature @6,11,12,15,18,33–36# ~to cite only part of refer-
ences! to presume thatC i[C f that leads to replacement o
the relation~2.11! by

d~ t !5d1~ t !1@d1~ t !#* , ~2.12!

and, consequently, to the real-valued dipole momentumd(t).
Contrary to this almost universal delusion the express

~2.12! is incorrect for description of harmonic emission by
single atom and the dipole momentumd(t) is not real-
valued, both in the exact formulation~2.8! and within the
approximation neglecting the continuum-continuum tran
tions ~2.11!. The recent paper on the unified theory of ha
monic generation by Beckeret al. @20# describes two differ-
ent approaches. The calculations of the dipole-mom
expectation presumeC f[C i and lead to the real-value
d(t) @see Eqs.~2.15! and ~2.16! in Ref. @20##, whereas the
S-matrix approach accounts for the distinction betweenC f
and C i and provides a similar formula~2.30! but with a
different range of temporal integration@see our discussion
below Eq. ~2.8!#. The mentioned formula~2.30! gives
complex-valued results. We agree with the authors comm
that theS-matrix approach is to be employed when the h
monic emission of a single atom is considered; namely,
process is the subject of our present study. However, R
@20# as well as Refs.@13,14# carry out all calculations for the
dipole moment expectation presuming that just this quan
is required as a source term for the integration of the M
well equations when the emission by the medium is cons
ered. We believe that the theory of collective emissi
should be ultimately based on the proper description o
single atom process, but further discussion of this issu
beyond the scope of the present paper.

For the high harmonic generation the ‘‘time-reverse
process described byd2(t)5d1(2t), i.e., emission of high
harmonics followed by absorption of a large number of t
laser quanta, is strongly suppressed as compared with
‘‘natural’’ sequence of events represented byd1(t), i.e.,
when at first a large number of laser quanta is gained
subsequently one high-frequency photon is emitted. The
fore the further approximation of Eq.~2.11!

d~ t !5d1~ t ! ~2.13!

should work well. Below~Sec. V! we demonstrate by ex
plicit calculation of the Fourier components that indeed
term d2(t) gives a negligible contribution.
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For the monochromatic laser field~2.10! d(t) is a periodic
function of time with the periodT52p/v wherev is the
laser frequency. Introducing the Fourier transform

dN5
1

TE0

T

dt exp~ iNvt !d~ t ! ~2.14!

we see that

D~V!52p(
N

d~V2Nv!dN . ~2.15!

This stationarypicture does not account for the depletion
the initial state by the laser-induced transitions. To desc
this effect one could employ forC i andC f the quasienergy
states with complex-valued quasienergies; however, we
not resort to this complication below~another method to ac
count for the depletion effects was suggested by Lewens
et al. @12#!.

Thus the problem under consideration is reduced to
culation of the finite Fourier transformdN ~2.14!. One
readily notices that

dN
15d2N

2 ~2.16!

and therefore

dN5dN
11d2N

1 , ~2.17!

whereas Eq.~2.12! leads to the distinct result

dN5dN
11~d2N

1 !* . ~2.18!

As discussed above, for high harmonic generation we an
pate thatud2N

1 u!udN
1u. If the term d2N

1 is negligible, then
formulas ~2.17! and ~2.18! agree. The quantitative asses
ment for the quality of this approximation could be found
Sec. V.

B. Keldysh-type approximation

Our basic approximation is to neglect the effect of t
atomic core potentialVa in the time propagatorG(t,t8). A
similar assumption underlies the Keldysh@26# model, whose
recentadiabatic modification@31,32,37# gives very reliable
quantitative results for photodetachment. A useful extens
of the Keldysh model accounts for the Coulomb electro
core interaction@38,39#. The Green function within this ap
proximation is straightforwardly represented via the stand
Volkov wave functions Fp(r ,t) @u(x)51,(x.0);u(x)
50,(x,0)#:

G~r ,t;r 8,t8!52 iu~ t2t8!E d3q

~2p!3
Fq~r ,t !Fq* ~r 8,t8!.

~2.19!

An explicit expression for the Volkov functions is conv
niently cast as

Fp~r ,t !5xp~r ,t !exp~2 iĒpt !, ~2.20!
e

o

in

l-

i-

-

n
-

d

xp~r ,t !5expH i F ~p1kt!r2E
0

t

@Ep~t!2Ēp#dt1
pF

v2G J ,

~2.21!

where the factorxp(r ,t) is time periodic with the period
T52p/v,

kt5
F

v
sinvt, ~2.22!

Ep~ t !5
1

2
~p1kt!

2, ~2.23!

Ēp5
1

TE0

T

Ep~t!dt5
1

2
p21

F2

4v2
. ~2.24!

Due to the property~2.16! it is sufficient to restrict sub-
sequent analysis to thedN

1 component. Using Eqs.~2.9a!,
~2.14!, and~2.19! one can rewrite Eq.~2.14! as

dN52
i

TE0

T

dtE
2`

t

dt8E d3q

~2p!3
^Fa~ t !ueiVtd̂euFq~ t !&

3^Fq~ t8!uVF~ t8!uFa~ t8!&

52
i

TE0

T

dtE
2`

t

dt8E d3q

~2p!3
^waud̂euxq~ t !&

3^xq~ t8!uVF~ t8!uwa&

3exp@ i ~Ea2Ēq1V!t1 i ~Ēq2Ea!t8# ~2.25!

with V5Nv. In the latter representation the phase fact
with the phases linear int and t8 are explicitly singled out;
the remaining factor in the integrand isT periodic both int
and t8.

III. GREEN-FUNCTION REPRESENTATION

A. Factorization technique

In the present section we use the theoretical techni
elaborated by Kuchiev@29,30#. It allows us to transform the
right-hand side of Eq.~2.25! to the form convenient for the
analysis. This transformation amounts to some special re
sentation of the time-dependent Green function, since
~2.25! can be considered as its generalized matrix eleme

Generally speaking the correct description of the h
Fourier componentsdN represents a formidable theoretic
task. Its numerical implementation via solving the nons
tionary Schro¨dinger equation requires both a supercompu
and exceptional effort. In representation~2.25! the difficulty
lies in the strong variation of the integrand as a function
the time variablest,t8. The application of the asymptoti
technique is hindered by the fact that in expression~2.25! the
integration variables are not independent: namely, the li
of t8 integration depends ont. The crucial simplification
gained by using thefactorization technique@29# allows us to
disentangle the integration variables at a price of introduc
an extra summation. Very importantly, this summation
physically meaningful as it corresponds to the contributio
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of different ATI channels. The integration over the interm
diate momentaq @coming from Eq.~2.19!# is carried out in
closed form. It should be emphasized that wedo notuse the
so called pole approximation@40# applied recently by Faisa
and Becker in their model of nonsequential double ionizat
by laser field@41,42#.

In order to implement this program we transform the
tegral overt8 using the identity

E
2`

t

dt8exp~ iEt8! f ~ t8!

52 i (
m52`

`
1

TE0

T

dt8 f ~ t8!exp$ i @~E2mv!t1mvt8#%

3
1

E2mv2 i0
~3.1!

that is valid for any periodic functionf (t)5 f (t1T). The
identity can be easily derived with the help of the Four
expansionf (t)5(mf mexp(2imvt). Employing it we rewrite
Eq. ~2.25! in the form of the series

dN
15(

m
dNm

1 , ~3.2!

where

dNm
1 52

1

T2E0

T

dtE
0

T

dt8E d3q

~2p!3

3
^waud̂euxq~ t !&^xq~ t8!uVF~ t8!uwa&

Ēq2Ea2mv2 i0

3exp@ i ~V2mv!t1 imvt8#. ~3.3!

The next step is to carry out the integration overq. To this
end we note that the wave functionxq(r ,t) @see Eq.~2.21!#,
depends onq in a very simple way. Namely, it is an expo
nent of a linear form of q: xq(r ,t)5exp$iq@r
1(F/v2)cosvt#1a%, wherea is q-independent phase. Th
other source ofq dependence in the integrand is its denom
nator that contains term1

2 q2. The calculation of three-
dimensional integrals of this type is standard. The integra
over uqu might be carried out as a contour integration in t
complex plane in order to specify the following validity co
ditions:

ReR.0, ~3.4!

Im Km.0, ~3.5!

where

Km5A2S mv2
F2

4v2
1EaD ~3.6!

is the photoelectron momentum after absorption ofm laser
quanta~see also Sec. III B!, R5AR2 is the function of all the
variables of integration
-

n

-

r

-

n

R5R~r ,r 8;t,t8!5E
t

t8
ktdt2r 81r

5
F

v2
~cosvt2cosvt8!1r2r 8. ~3.7!

Note that below we shift the integration to the comple
valued timet8, and hence complex-valuedR. After integra-
tion overq the expression fordNm

1 reads

dNm
1 52

1

T2E0

T

dtE
0

T

dt8E d3rE d3r 8wa~r !~e•r !

3~r 8•F cosvt8!wa~r 8!
1

2pR

3expH i FKmR1~V2mv!t1mvt81ktr2kt8r 8

1E
t8

t

dtS 1

2
kt

22
F2

4v2D G J . ~3.8!

Equation~3.8! is convenient for evaluating the paramete
governing the process. First of all note that integration o
the variablesr ,r 8 is localized in the vicinity of the atom. The
characteristic atomic dimensions should be compared w
the amplitudeF/v2 of the electron wiggling in the laser field
~the latter motion being described by* tktdt). This ampli-
tude becomes large even for quite moderate electric field

F

v2
@1. ~3.9!

Note that this inequality may be satisfied both for largeg
.1) as well as small (g,1) values of the Keldysh adiaba
ticity parameterg5vA2uEau/F. Therefore, for the fields sat
isfying Eq. ~3.9! we can assume that

F

v2
@r ,r 8. ~3.10!

Actually the applicability of the resulting approximation
even broader than outlined above since in fact relation~3.9!
has to be replaced by its more accurate version

~2eF!

v2
ucosvt2cosvt8u@1. ~3.11!

The main contribution corresponds to the complex values
time when ucosvt8u@1, as elaborated in the adiabatic a
proximation of Sec. IV.

These observations allow us to simplifyR by neglectingr
and r 8 in the pre-exponential factor of the integrand in E
~3.8! and retaining the first order terms in the phase

R'R01
R0•~r2r 8!

R0
, ~3.12!

R05R0~ t,t8!5AR0
2, ~3.13!
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R05R0~ t,t8!5
~F!

v2
~cosvt2cosvt8!. ~3.14!

As a result the Green function in Eq.~3.8! becomes simpler
in the ‘‘wave zone’’

1

R
exp~ iK mR!'

1

R0
exp$ i @KmR01Km•@r2r 8!#%,

~3.15!

Km5sKm

F

F
, s561. ~3.16!

Substituting Eq.~3.15! in Eq. ~3.8! and using Eq.~3.6! to
rewrite the exponent we find

dNm
1 52(

s

1

2pT2E0

T

dtE
0(C)

T

dt8E d3rE d3r 8wa~r !~er !

3~r 8Fcosvt8!wa~r 8!
1

R0~ t,t8!
expH i FKmR0~ t,t8!

1~V2mv!t1mvt81~Km1kt!r2~Km1kt8!r 8

1E
t8

t

dtS 1

2
kt

22
F2

4v2D G J . ~3.17!

Here the summation overs561 indicates that one has t
takeKm parallel or antiparallel toF depending on the sign o
(cosvt2cosvt8) in order to satisfy the convergence cond
tion ~3.4! ~we postpone the more detailed discussion of t
issue until the next section!. Note that the denominatorR0 in
Eq. ~3.17! can turn zero thus challenging convergence
integrals. This problem is circumvented if one presumes
the integration overt8 is shifted from the real axis into th
upper half-plane of complex-valued time. The integrati
contourC will be specified more exactly below.

Now we return to the time-dependent bound state w
functionFa(r ,t) and Volkov statesFp(r ,t) bearing in mind
relation ~3.6!. This gives us an appealing representation:

dNm
1 52(

s

1

2pT2E0

T

dtE
0(C)

T

dt8
1

R0~ t,t8!

3^Fa~ t !uexp~ iVt !d̂euFKm
~ t !&

3^FKm
~ t8!uVF~ t8!uFa~ t8!&. ~3.18!

B. Above threshold ionization and laser assisted
recombination

An interpretation of formula~3.18! is based on the fac
that the integrand is a product of physically meaningful fa
tors. In order to recognize the first of them one should re
that the amplitude ofm-photon detachment of electron from
the initial stateFa within the Keldysh@26# approximation is
given by

Am~p!5
1

TE0

T

dt^Fp~ t !uVF~ t !uFa~ t !&. ~3.19!
s

f
at

e

-
ll

Generally, the numberm of photons absorbed is larger than
minimum necessary for the electron detachment, there
the process corresponds to the above threshold ioniza
~ATI !. In the right hand side of Eq.~3.19! the indexm is
implicit. It enters via the absolute value of the final electr
momentump which is subject to the energy conservatio
constraint

1

2
p25mv2

F2

4v2
1Ea . ~3.20!

Note that2Ea[ 1
2 k2.0 is the electron binding energy i

the initial state;F2/(4v2) is the electron quiver energy in th
laser field. Comparing Eq.~3.20! with Eq. ~3.6! we confirm
thatKm is exactly the physical translational electron mome
tum in themth ATI channel.

The second relevant process is that of laser-assisted
combination~LAR! when the continuum electron with th
momentump collides with an atom in the laser field. Th
electron absorbs some extra laser quanta and goes to
bound stateFa emitting single photon of frequencyV. In the
Keldysh-type approximation this LAR process has the a
plitude

CNm~p!52
1

2pTE0

T

dt^Fa~ t !uexp~ iVt !d̂euFp~ t !&.

~3.21!

It could also be called laser-induced recombination. The
lowed values of the high-energy photon frequencyV are

V5
1

2
p21

F2

4v2
1mv ~3.22!

with integerm.
One readily notices that the integrand in Eq.~3.18! bears

a striking resemblance to the product of the integrands
Eqs.~3.19! and~3.21!. This allows us to interpret the ampli
tude ~3.18! as describing the two-step transition: at first t
electron goes to the laser-field dressed continuum~Volkov!
stateFKm

after absorption ofm photons; at the second step
returns to the initial state emitting single photon with t
frequencyV5Nv. Note that the intermediate momentu
p5Km is restricted not only in magnitude~3.6! but also in
direction: according to Eq.~3.16! the vectorKm is parallel or
antiparallel to the electric vectorF in the laser wave. The
physical implications of this circumstance are discussed
the next section.

There is an extra factor 1/R(t,t8) in the integrand of Eq.
~3.18! which prevents complete separation of integrations
t and t8. In fact its presence is physically well understan
able. Indeed, the definition ofR(t,t8) ~3.7! shows that clas-
sically it is the distance between the electron positions at
momentst and t8 with account for the electron wiggling in
the laser field. 1/R could be named anexpansion factorsince
in the absence of the laser field (F→0) it describes conven
tional decrease of the amplitude in a spherical wave a
expands in 3D space (;1/ur2r 8u). When the laser field is
operative, the form of the expansion factor is drastica
modified according to the approximation~3.14!. Hence the
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interpretation of the expression~3.18! is that the electron firs
is transferred to themth ATI channel, then propagates i
space under the influence of the laser wave and finally
combines to the initial state emitting the photon with t
frequencyV. The contribution of each path is labeled by t
number of virtually absorbed photonsm. These contributions
add up coherently as shown by Eq.~3.2!. For the actual ATI
process the momentumKm should be real. The summation i
Eq. ~3.2! includes also the virtual processes with the ima
nary values ofKm , but their contribution is anticipated to b
small.

It is worthwhile now to outline equivalent but more co
venient representation of ATI and LAR amplitudes. Beari
in mind the character ofr dependence of Volkov state
~2.20!,~2.21! it is easy to see that the space integration in
formulas ~3.19! or ~3.21! essentially reduces to the Fouri
transformation. For instance, as shown in much detail
Gribakin and Kuchiev@31#, the ATI amplitude~3.19! is ex-
actly presented as

Am~p!52
1

2TE0

T

dt@~p1kt!
21k2#f̃a~p1kt!exp@ iS~ t !#,

~3.23!

whereS(t) is the classical action

S~ t !5
1

2E
t

dt~p1kt!
22Eat, ~3.24!

f̃a(q) is the Fourier transform offa(r ),

f̃a~q!5E d3r exp~2 iqr !fa~r !. ~3.25!

Similarly, for the LAR amplitude one obtains

CNm52
1

2pTE0

T

dt exp$ i @Vt2S~ t !#%f̃a
(e)~2Km2kt!

~3.26!

with

f̃a
(e)~q!5 i ~e•¹q!f̃a~q!. ~3.27!

Before concluding this section it is worthwhile to make
important observation. It is well known that the Keldysh a
proximation in the theory of multiphoton ionization is n
gauge invariant. The detailed discussion of this issue ca
found in Ref.@43#. Basing on physical grounds we use t
dipole-length form~2.10! for the interaction of the electron
with the laser field. As thoroughly discussed earlier@31,32#,
this gauge stresses large separations of the active ele
from the core where one-electron approximation is better
tified and one can employ the asymptotic form for the initi
state wave function

fa~r !'Aar n21exp~2kr !Ylm~ r̂ ! ~r @1/k!, ~3.28!

wherek5A2uEau,n5Z/k,Z is the charge of the atomic re
sidual core (n5Z50 for a negative ion!, l is the active elec-
tron orbital momentum in the initial state andr̂5r /r is the
unit vector. The coefficientsAa are tabulated for many nega
e-

-

e

y

-

be

ron
s-
-

tive ions@44#. The Fourier transformF̃a(q) ~3.25! is singu-
lar at q25k2 with the asymptotic behavior forq
→6 ik defined by the long-range asymptote~3.28! in the
coordinate space

f̃a~q!54pAa~61! lYlm~ q̂!
~2k!nG~n11!

~q21k2!n11
, ~3.29!

with (61)l corresponding toq→6 ik.
At the present stage of our development the interpreta

of Eq. ~3.18! outlined above should be considered only
qualitative, since the two time integrations in Eq.~3.18! are
not completely separated due to the factor 1/R0(t,t8). The
complete factorization is possible under additional appro
mation which actually is not restrictive possessing a bro
applicability range.

IV. ADIABATIC ANALYSIS

A. Adiabatic approach to above threshold ionization

We start with reiterating the basics of the adiabatic a
proximation in multiphoton detachment theory@31,32# that
allows one to carry out analytically integration in expressi
~3.19! or ~3.23! for the amplitude. It is presumed that th
laser frequencyv is small, i.e., that the number of absorbe
photonsm is large ~the practical applicability of this ap
proach proves to be very broad, since it gives reasona
results even form52, see, for instance, Ref.@37#!. Then the
integrand in Eq.~3.19! or ~3.23! contains large phase facto
exp@iS(t)# and the integral may be evaluated using the sad
point method @31,32,37,45#. The positions of the saddle
points in the complext plane is defined by the equation

S8~ tmm!50, ~4.1!

or, more explicitly,

~p1ktmm
!21k2[S p1

F

v
sinvtmmD 2

1k250. ~4.2!

Equations~4.1! or ~4.2! are to be considered together wi
the energy conservation constraint Eq.~3.20!. Note that ac-
cording to formula~3.29! the position of the saddle poin
coincides with the singularity of the bound-state wave fun
tion in the momentum space thus stressing the importanc
describe correctly the long-range behavior of coordina
space wave function. The latter could be ensured much m
easily than the proper description of the wave function ins
the core region. Therefore the use of the adiabatic appr
mation and characterization of the bound wave funct
solely by its asymptotic behavior~3.28! constitutes a self-
consistent approach.

The result of calculations of the amplitude~3.19! in the
stationary phase approximation could be written as a mo
fication of formula~25! in Ref. @31#:

Am
(sp)~p!5(

m
Amm

(sp)~p!, ~4.3!
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Amm
(sp)~p!52

~2p!2

T
AaG~11n/2!2n/2knYlm~ p̂mm!

3
exp@ iS~ tmm!#

A2p@2 iS9~ tmm!n11#
. ~4.4!

In the plane of the complex-valued time the saddle po
tmm lie symmetrically with respect to the real axis. There a
four saddle points in the interval 0<Retmm<T, two of them
lying in the upper half plane (Imtmm.0). The integration
contour in the plane of complex time is shifted upward
Therefore only two saddle points with Imtmm.0 are opera-
tive being included into the summation in Eq.~4.3! (m
561); p̂mm is a unit vector in the direction ofp1ktmm

.

B. Adiabatic approach to harmonic generation

Although in the harmonic generation matrix eleme
~3.18! the time integration variablest and t8 are not fully
separated, as indicated above, the large phase fa
exp@iS(t8)# in t8 integration is the same as in the multiphot
detachment case~3.19!. Therefore we can apply the sadd
point approximation to carry out integration overt8. The
integration contour is again shifted upwards in the comp
t8 plane; this is the contourC in the formulas~3.17! and
~3.18!. The saddle points are defined from the same
~4.2!. By solving it we find for them-dependent saddle
points tmm8 :

sinvtmm8 5
v

F
~2Km1 imk!,

cosvtmm8 5A12S v

F D 2

~2Km1 imk!2

~ Im cosvtmm8 .0!. ~4.5!

For each value ofm there are two essential saddle points, i.
these with Imtmm8 .0, labeled by subscriptm561.

Thus in the stationary phase approximation for thet8 in-
tegration we obtain from Eq.~3.18!

dNm
1 ~V!5(

s
(
m

Amm
(sp)~Km!BNmm , ~4.6!

BNmm5

2
1

2pTE0

T

dt
1

R0~ t,tmm8 !
^Fa~ t !uexp~ iVt !d̂euFKm

~ t !&.

~4.7!

Similarly to Eq. ~3.26! one can conveniently employ th
Fourier transform which gives

BNmm52
1

2pTE0

T

dt
exp$ i @Vt2S~ t !#%

~F/v2!~cosvt2cosvtmm8 !

3f̃a
(e)~2Km2kt!. ~4.8!
s
e

.

t

tor

x

.

,

In particular, for a negative ion (n50) with the active elec-
tron in ans state (l 50) we have from Eq.~3.29! (q̂[q/q)

f̃a~q!5A4pAa

1

~q21k2!
, ~4.9!

f̃a
(e)~q!52 i ~e•q̂!A4pAa

2q

~q21k2!2
, ~4.10!

and Eq.~4.8! simplifies to

BNmm5 i
2Aa

ApT

v2

F

3E
0

T

dt
exp$ i @Vt2S~ t !#%

cosvt2cosvtmm8

e•~Km1kt!

@~Km1kt!
21k2#2

.

~4.11!

As noted above Eq.~3.18!, the summation overs561
indicates that in order to satisfy the convergence condit
~3.4! one has to choose a sign inR0(t,t8)56(F/
v2)(cosvt2cosvt8) that makesR0(t,t8).0. By consider-
ing the phase factor in Eq.~3.17!, we see that the upper sig
corresponds toKm parallel toF whereas the lower sign lead
to Km antiparallel toF ~without changinguKmu). This looks
natural since there is no reason to prefer one of these d
tions.

The right hand side of formula~4.6! contains also sum-
mation over the saddle pointstmm8 ~for the monochromatic
laser field two such points are operative being labeled by
index m561). However, as argued by Kuchiev@29#, actu-
ally only one saddle point~i.e., one value of the labelm)
contributes for each choice ofs561, i.e., forKm parallel to
F and forKm antiparallel toF ~as discussed below, this has
simple and clear physical interpretation!. Consequently the
double summation overs andm is effectively replaced by a
single summation. Moreover, in the latter sum both terms
equal. To see this one should remember that the preexpo
tial factor 1/R0(t,t8) changes sign depending on the value
s561. Hence the remaining single summation is equiv
lently replaced by the factor of 2. This allows us to final
rewrite Eq.~3.2! using Eq.~4.6! as

dN
152(

m
Amm0

(sp) ~Km!BNmm0
, ~4.12!

whereAmm0

(sp) (Km) andBNmm0
are given, respectively, by Eqs

~4.4! and~4.11! for negative ion (n50). Expression~4.12! is
to be calculated for the subscriptm corresponding to one o
the saddle pointstmm5m0

8 , for instance, that with the smalle

value of Retmm0
8 ~and Imtmm0

8 .0).

In formula ~4.12! the factorBNmm0
describes jointly the

3D-wave expansion and LAR. These two effects could
further factorized using the approximationucosvtmm0

8 u
@ucosvtu @29#:
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BNmm0
5

1

Rmm0

CNm~Km!, ~4.13!

dN
152(

m
Amm0

(sp) ~Km!
1

Rmm0

CNm~Km!, ~4.14!

where 1/Rmm0
5v2/(F costmm0

8 ) is the laser-modified expan

sion factor in its simplest form andCNm ~3.26! is LAR am-
plitude.

The adiabatic approximation could be further applied
carry out integration overt in BNmm ~4.11! or in CNm ~3.26!
by the saddle point method. However, below we do not p
sue this objective and evaluate these integrals numerica

Equation~4.12! and its simplified version~4.14! present
the main result of this paper. These formulas implement
very simple picture of the HG process as consisting of th
successive steps. First, the electron absorbsm laser photons.
The amplitude of this event isAmm . In order to contribute to
HG the photoelectron has to return to the parent atomic c
where LAR is solely possible. The amplitude of return
described by the expansion factor 1/R. It appears explicitly
in Eq. ~4.14!, while in Eq. ~4.12! it is incorporated in the
definition of the amplitudeBNmm0

. The propagation of the
electron describes the second phase of the event. At the
step the electron collides with the core absorbingN2m pho-
tons from the laser field and emitting the single hig
frequency quantumV5Nv as it recombines to the boun
state. This LAR process has the amplitudeCNm ~3.21!. The
summation overm in the total amplitudedN ~4.12! takes into
account interference of the transitions via different interm
diate ATI channels.

This appealing physical picture is supplemented by
very simple way to evaluate numerically all the quantities
Eq. ~4.12!. The amplitude of photoionizationAmm0

(sp) is calcu-

lated via plain analytical formulas with the validity well te
tified before. The LAR process did not attract much attent
in the literature and certainly deserves more study that
hope to present elsewhere. Here we emphasize only
sinceCNmm0

as well as closely related amplitudeBNmm0
are

very similar in structure to the amplitudeAmm0

(sp) , one can

hope that similar methods of evaluation also produce relia
results.

The nontrivial point in the presented picture is the pro
ability for the ATI electron to return to the core. Intuitively
one could anticipate that such a process is suppressed
cause the mostnatural behavior for the electron would b
simply to leave the atom. The proper description of the s
pression plays substantial role in the theory. According to
physical image of the ATI process worked out in the ad
batic approach@31#, after tunneling through the time
dependent barrier the ATI electron emerges from under
barrier at some point which is well separated from the co
As a result this point becomes the source of an expand
spherical wave. This occurs twice per each cycle of the la
field, at the two moments of timetmm8 when the source-point
lie up and down the fieldF from the core. The interference o
the two spherical waves originating from the two differe
source points results in nontrivial patterns in the angular A
photoelectron distributions obtained from Eqs.~4.3!,~4.4!
r-
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@31,32# in agreement with the available theoretical and e
perimental data. The probability for the ATI electron to r
turn to the core from the source-point is governed by
expansion factor 1/R and by the direction of propagation. A
each of the momentstmm8 only oneof the two possible direc-
tions of Km , labeled in Eq.~3.18! by s561, results in the
electron eventually approaching the core. For the oppo
direction ofKm the electron recedes from the core and do
not come back to recombine. In other words, for each dir
tion of Km only one of the two saddle pointstmm8 contributes
to HG. Since both values ofs give identical contributions,
summation overs simply gives an extra factor of 2 in Eq
~4.12!.

C. Choice of the gauge

Calculation ofdN according to the formulas~2.2!,~2.14!,
with exact wave functionC might be equivalently carried
out in various forms which correspond to different choice
gauge. As soon as the approximations are employed,
theory looses gauge invariance. Although the length gaug
known to be superior for the description of ATI within th
adiabatic approximation@31#, the situation is not that
straightforward for the high-energy photon. In the derivati
above we employed the dipole-length form for the opera
d̂e ~2.2!. In the velocity-length form this operator is to b
substituted according to the rule (p[2 i¹ r is the electron
momentum!

d̂e5e•r⇒ i

V
e•p ~4.15!

when calculation ofdN is concerned (V5Nv). It is easy to
see that this substitution is equivalent to replacement ofBmm
~4.11! by

Bmm
(v) 52

1

V

Aa

ApT

v2

F

3E
0

T

dt
exp$ i @Vt2S~ t !#%

cosvt2cosvtmm8

e•~Km1kt!

@~Km1kt!
21k2#

.

~4.16!

As compared with the expression~4.11!, the latter one differs
by the extra factor

~Km1kt!
21k2

2V
~4.17!

in the integrand.

V. RESULTS OF CALCULATIONS

Within framework of the present theory we calculate t
rates of generating theNth harmonic radiation (c is the ve-
locity of light!
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FIG. 1. Harmonic generation rates~5.1! ~in sec21) for the H2 ion in the laser field with the frequencyv50.0043 and various values o
intensity I as indicated in the plots. Closed circles, results obtained by Beckeret al. @15#; open circles, present calculations in the dipo
length gauge using the expression~4.11! for BNmm ; open squares, same but with the simplified formula~4.14! for BNmm .
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v3N3

2pc3
udNu2 ~5.1!

introduced by Beckeret al. @15# ~and denoted by these au
thors asdRN /dVK) who in particular carried out calcula
tions for the HG by H2 ion in the v50.0043 laser field.
Figure 1 provides a complete comparison of these res
with the results of our calculations. We employ the bindi
energy of H2 (k50.2354), but replace the true valueAa

50.75 @46# by A2k50.686 since this corresponds to th
zero-range potential model used by Beckeret al. @15#. Our
rates were multiplied by the extra factorNe

2 , whereNe52
accounts for the presence of two active electrons in H2. For
the real H2 ion the results shown in Fig. 1 are to be scal
by a factorAa

4/(2k)2.
Figure 1 shows harmonic spectra for the laser field int

sities I 51010, 231010, 531010, 1011 W/cm2 that corre-
spond respectively to the Keldysh adiabatic parameter va
g[vk/F51.898,1.342,0.849,0.600. Thus the most intere
ing region of transition from the multiphoton regime (g
@1) to the tunneling mechanism (g!1) is covered. Our
major results are shown by open circles in Fig. 1. They
obtained using the expression~4.12! for dN with the time-
integration inBNmm0

~4.11! carried out numerically. Base
on physical arguments, we extend the summation in
~4.12! only over open ATI channels with the real values
Km . Generally the HG spectrum is known to consist of t
initial rapid decrease, the plateau domain and the rapid
off region. The present theory is designed to describe
high HG but not the initial decrease, which in the case c
lts

-

es
t-

e
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ll-
e
-

sidered is noticeable only for one or two lowest harmoni
In the fall-of region, i.e., on the large-N side, our rates per-
fectly coincide with those obtained by Beckeret al. @15#
~closed circles in Fig. 1!. The slight difference that could b
hardly distinguished in the plot scale lies within uncertain
in retrieving data from the small-size plot published in R
@15#. Of course, our comparison is carried out in absol
scale without any fitting or normalization.

The deviations increase asN decreases, but within entir
plateau region the agreement of rates averaged over s
tures remains good. Remarkably, the positions of numer
dips and peaks that exist in the plateau region are well
produced by our calculations, although there exist so
generally not strong, discrepancies in their magnitudes.
structures has not yet received a universally accepted ph
cal interpretation in the current literature with two tentati
explanations being available. Beckeret al. @14# relate these
structures to ATI channel closing whereas Lewensteinet al.
@47# suggest that it stems from quantum interferences
tween the contribution of different electron trajectorie
Within the present framework we can say that the origin
these structures lies in the interplay of interfering contrib
tions of various ATI paths, but their precise descripti
would require an additional detailed analysis.

Approximation ~4.14! with numerical calculation of the
integral in CNm ~3.26! ~open squares in Fig. 1! somewhat
overestimates HG rate, but still retains the structure, tho
smoothed. It is worthwhile to emphasize two circumstanc
First, to the best of our knowledge, we present here alm
unique quantitative comparison of HG rates calcula
within different theoretical methods, namely, by the pres
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approach and by that developed by Beckeret al. We are
aware of only two cases when the quantitative compari
was carried out previously, one refers to some paramete
HG by elliptically polarized light in Ref.@20# ~see also dis-
cussion in the Introduction!, the other is comparison betwee
the approach of Ref.@12# and results of direct numerica
integration of the three-dimensional time-dependent Sch¨-
dinger approximation@48#. Second, the comparison is pr
sented in the log-scale, as are the results reported by Be
et al., because it is appropriate both for the physics of
problem and for the current state of experiment.

In the summation~4.12! over ATI channels~i.e., overm)
the coherence is very important, since large number of te
is comparable in modulus, but have rapidly varying phas
Many ATI channels contribute to HG for eachN. This is in
variance with the tentative conclusion by Eberlyet al. @6#.
The low ATI channels give appreciable contribution even
quite high harmonics. Only for the highest harmonics co
sidered the contribution of low ATI channels becomes n
ligible.

Although the length gauge is known to be superior for
description of ATI within the adiabatic approximation@31#,
the situation is not that straightforward for the high-ener
photon. Therefore our calculations for the rates were car
out using both the length and velocity gauges. For largeN
the results obtained are very close, see Fig. 2; the dip
velocity gauge producing the rates about 10% larger.
smaller N the difference increases and manifests rather
regularN dependence. However, even in the most unfav

FIG. 2. Ratio of rates for HG by the H2 ion in the laser field
with the frequencyv50.0043 calculated within the present a
proach using the velocity and length gauges~a! for the rates calcu-
lated using the expression~4.11! for BNmm . Circles, I 51010;
squares, I 5231010; triangles, I 5531010; diamonds, I
51011 W/cm2. ~b! Same as in~a! but with the simplified formula
~4.14! for BNmm .
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able situation the ratio of the length-form to velocity-for
results deviates from 1 not more than by 50%, which
rather reasonable, bearing in mind the multiphoton nature
the process.

An evolution of the parameters of the individualNth har-
monic radiation with variation of the laser field intensityI is
presented in Fig. 3 for some particular values ofN. We show
both udN

1u2 ~that is proportional to HG rate! and the phase
FN[argdN

1 . The intensity dependence of the phaseFN is
known @48–51,4# to play an important role in description o
the harmonic field propagation in the experimental con
tions when the spectral and spatial coherence properties
substantial. Our calculations demonstrate rapid variation
the phaseFN with the intensityI: as I increases by an orde
of magnitude the phase changes by about 10p ~for N59) or
15p ~for N511). The dependence of phase onI looks most
simple in the fall-off domain where it is essentially linea
Fig. 3~d!. As it is well known@14,15#, the HG rate manifests
spikes@see Fig. 3~a!, where the spikes are slightly smoothe
due to finite step overI used in plotting# at the intensitiesI m
that correspond to the threshold ofmth ATI channels, that is
closed forI .I m due to ponderomotive potentialF2/(4v2).

As discussed in Sec. II, in the Fourier componentdN

~2.17! the contribution ofd2N
1 5dN

2 is anticipated to be neg
ligible as compared with that ofdN

1 . The reader has to reca
that the physical reason for this is thatdN

1 describes thenatu-
ral sequence of events, when electron at first absorbs en
from the laser field and subsequently emits the high h
monic photon, whereas fordN

2 the sequence is inverted. I
order to illustrate how strong the preference is we show
Fig. 4 the ratioudN

2/dN
1u2. The ratio rapidly decreases withN

being very small in all cases where the present theory
plies. It becomes noticeable only for smallN in the case of
intense laser field.

VI. CONCLUSION

The major result of this paper is a quantum-mechan
description of the high-harmonic generation problem a
three-step process. In the first step the atomic electron
sorbs several laser quanta and populates some ATI cha
Secondly, the electron propagates in the laser field bac
the atomic core. The third step is the laser-induced recom
nation when the high harmonic photon is emitted. Th
mechanism is nothing more but interpretation of our prin
pal formulas ~4.12!,~4.14! derived quantum mechanicall
with minimal approximations and without resort to any cla
sical or intuitive arguments. The distinctive feature of o
formulas~4.12!,~4.14! is that they include only genuine am
plitudes of the three constituent processes, i.e., each am
tude describes true physical fully accomplished process, s
as HG, ATI, or LAR. Here lies a crucial difference betwee
our results and those of previous authors@12# ~see also In-
troduction! who discussed mathematical structure of the m
trix elements or integrals considered in their approach
terms of three-step mechanism but failed to present HG
plitude via amplitudes of physically observable acco
plished ATI and LAR processes. Even in a more broad c
text this is a rare and remarkable situation when
complicated process is reduced essentially exactly to the
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FIG. 3. Evolution of HG parameters with variation of the laser field intensityI. The harmonic intensity parameterMN[2 log10udN
1u and

the reduced harmonic phaseFN /p with FN[argdN
1 are shown for harmonics of various orderN. The bars with numbersm indicate the

threshold intensitiesI m such that forI .I m the mth ATI channel is closed due to the ponderomotive potential.
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over all possible paths with every path described as a
quence of real, fully accomplished physical processes. T
conceptual simplicity arises due to multiphoton, adiaba
nature of HG process.

With all three constituent amplitudes available from an
lytical formulas or simple numerical calculations our theo
promises to be an efficient practical tool. This hope is s
ported by good agreement of our quantitative results for
by H2 ion with the previous calculations by Beckeret al.
@15# in a wide range of laser intensities and frequencies
the emitted quantum. As the simplest example of poss
future extensions we note only that our approach can
straightforwardly applied to negative ions with the ou
electron having nonzero orbital momentum, such as halo

FIG. 4. ParameterQN52 log10udN
2/dN

1u as a function of har-
monic numberN for HG by H2 ion in the laser field with the
frequency v50.0043 and various intensities. Circles,I 51010;
squares, I 5231010; triangles, I 5531010; diamonds, I
51011 W/cm2.
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ions. These species could be easier accessible for the ex
mental studies.

The structure of the formulas~4.12!,~4.14! is so simple
that it is tempting to suggest that they will work well if on
substitutes in them ATI or LAR amplitudes obtained in som
approximations other than those used in the derivat
above. For instance, if ATI amplitude more accurate th
that given by the Keldysh approximation is available fro
some theory, one can employ it for HG calculations via E
~4.12!,~4.14!. This gives a hope to relatively simply improv
account for the electron rescattering effects in the HG theo

The distinctive feature of the present theory of HG is t
use of the representation based on the discrete set of
channels. To the best of our knowledge this simple and
parently straightforward idea has not been exploited befo
It would be underestimating it to consider it merely as
detail of theoretical technique. Indeed, if one pursues
objective of the most direct and far-reaching quantum imp
mentation of the three-step mechanism of HG, then the
of ATI channel representation becomes an unavoidable
crucial point. Otherwise, if the amplitudes of ATI do no
appear in the theoretical scheme, HG cannot be properly
scribed as a three-step process.

In this paper we do not discuss qualitative features of H
spectra, such as extension of plateau domain, etc. Deta
discussion of these issues can be found in other publicat
@8,11,12#, in particular in the paper by Beckeret al. @15#
whose results for HG by H2 ion we reproduce closely within
our theory. This implies that the analysis of thenumerical
resultscarried out by Beckeret al. @15# is fully applicable in
our case. Concerning themechanisms and physical interpre
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tation of HG spectra, the present theory, hopefully, can a
more to our understanding. However, the related anal
requires further theoretical developments which would ov
burden the present, already quite a long paper. We hop
present these subsequent developments elsewhere.
broader perspective, one can expect that modifications of
approach could be applied to a variety of processes suc
the population of high ATI channels and multiple ionizatio
of atoms.

As a summary, the three-step mechanism of the harm
generation is ultimately justified. The theory is quantitative
v.

et

s-

-

x,
.

. P

ev

ht
d
is
r-
to

a
ur
as

ic

reliable and easy to apply. It gives an important physi
insight being a particular realization of the general atom
antenna mechanism.
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