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Contribution of bound-electron pair production to the dispersion relation for Delbrü ck scattering
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~Received 17 May 1999!

In photon-atom scattering the customary partitioning of the elastic scattering amplitude into Rayleigh and
Delbrück amplitudes~as well as nuclear amplitudes! in the single-electron formalism involves summations
over complete sets of intermediate electron states in the atomic potential. This leads to the Rayleigh amplitude
which is usually compared with experiment. However, another consequence of the partition is that the total
cross section for bound-electron pair-production into all bound states, regardless of occupation, is included in
the optical theorem for the imaginary part of the forward Delbru¨ck amplitude. The corresponding real part of
the forward Delbru¨ck amplitude can be obtained through the use of a dispersion relation. We show that for
Z592 the inclusion of the bound-electron pair-production cross section leads to a contribution to the real part
of forward Delbrück amplitude, which can be as much as'12% of the Born approximation result, for photon
energies near the pair-production threshold. This bound-electron pair-production contribution is therefore com-
parable in magnitude to the corrections due to Coulomb and screening effects in the ordinary pair-production
cross section~electron in continuum!. The net correction to Born approximation is small well below threshold,
significant well above threshold.@S1050-2947~99!07310-2#

PACS number~s!: 32.80.Cy
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I. INTRODUCTION

Coulomb and screening effects in Delbru¨ck scattering, the
scattering of light by an electromagnetic field, are a sub
of ongoing theoretical interest. Experimental results
~large-angle! scattering from high-Z atomic targets at 1.33
MeV @1,2# appear to be in agreement with theory if the ava
able Born approximation results@3–5# are used to describ
the Delbrück amplitude~they are not in agreement if th
Delbrück amplitude is neglected altogether!. However, re-
sults at 2.754 MeV are not in agreement with theory ev
when the Delbru¨ck amplitude is included in the Born ap
proximation, and it has been argued this indicates the imp
tance of Coulomb effects in the Delbru¨ck amplitude there
@6,7#.

There is still no completeS-matrix calculation of the Del-
brück scattering amplitude, including effects beyond Bo
approximation, though analogousS-matrix calculations have
been done numerically for other processes, such as Ray
scattering@8–10#, Compton scattering@11#, and bremsstrah
lung @12#, A formalism has been given@13#, ~based on the
formalism of Wichmann and Kroll@14# for vacuum polariza-
tion!, and some limited numerical results and partial cal
lations have been reported@15# within this formalism. This
calculation is complicated both numerically and in princip
since the amplitude describing this process is divergent
requires performing~external-field! renormalization.~There
are calculations which involve limiting approximations, e.
assumptions of small angles and high energies@16,17#.! For
a detailed discussion of the current situation we refer
reader to the recent review article@18#, which builds on an
earlier review@19#.

For forward-angle Delbru¨ck scattering one can use th
optical theorem~in an expansion in the fine-structure co
stant a) and a dispersion relation to obtain the scatter
amplitude from knowledge of the lower-order total cross s
tions for pair production. Though a discussion of forwar
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angle Delbru¨ck scattering takes us away from the situatio
of present experimental interest, it still serves as a us
check for a future more general calculation.

Rohrlich and Gluckstern@3# calculated the forward Del-
brück scattering amplitude in the Born approximation by u
ing the optical theorem to relate the imaginary part of t
amplitude to the total cross section for pair producti
~evaluated in the Born approximation!, and using a disper-
sion relation to then obtain the real part.~They also derived
the same result for the forward Delbru¨ck scattering ampli-
tude by evaluating the corresponding Feynman graphs.!

One can proceed to include effects beyond the Born
proximation by replacing the results for the pair-producti
cross section in the Born approximation with better estima
for the pair-production cross section, including Coulomb a
screening effects. This directly gives the imaginary part
the forward Delbru¨ck amplitude, including Coulomb and
screening effects, and the dispersion relation gives the
part. Solberget al. @20# obtained the corrections to the Bor
result for the forward Delbru¨ck amplitude due to Coulomb
and screening effects in the ordinary~electron in continuum!
pair-production total cross section using this proced
~though, as will be discussed, their screening correcti
were not accurate for photon energies near the p
production threshold!.

However, the Born approximation completely neglec
bound-electron pair production, which should also be cons
ered. Furthermore, given the usual partitioning of the elas
scattering amplitude~see next section!, one should conside
the total cross section for bound-electron pair production i
all bound states, regardless of occupation~and not just the
physically accessible unoccupied bound states!. We will
show that these corrections can be comparable with the
rections due to Coulomb and screening effects in ordin
pair production in the energy regime around the pa
production threshold and below, while they are becom
unimportant at higher energies.
3020 ©1999 The American Physical Society
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PRA 60 3021CONTRIBUTION OF BOUND-ELECTRON PAIR . . .
In Sec. II the elastic amplitude is partitioned into Raylei
and Delbru¨ck amplitudes in the single-electron formalism
describing elastic scattering off the bound atomic electr
and off virtual electron-positron pairs, respectively, toget
with amplitudes describing elastic scattering off the nucle
The optical theorem and dispersion relation are written
each amplitude separately, corresponding to this partition
In Sec. III numerical results are given for the contribution
the bound-electron pair-production total cross section to
forward Delbrück amplitude in the case of scattering fro
neutral ground-state uranium (Z592). This contribution is
compared with the corrections due to Coulomb and scre
ing effects in the ordinary pair-production cross sectio
Conclusions are presented in Sec. IV.

II. PARTITIONING OF THE ELASTIC SCATTERING
AMPLITUDE

The total amplitude for coherent elastic photon-atom sc
tering is traditionally partitioned into Rayleigh, Delbru¨ck,
and nuclear amplitudes, which can be thought of as desc
ing scattering off the atomic bound electrons, off virtu
electron-positron pairs in the atomic field, and off t
nucleus, respectively. In going to a single-electron formali
@21#, one has written the Rayleigh amplitude for a giv
bound state as a sum over all possible intermediate st
including other occupied bound states and negative en
states. By writing the Rayleigh amplitude in such a way o
has defined a partitioning scheme for the Rayleigh am
tude, and for consistency the same partitioning scheme m
be used for the Delbru¨ck amplitude. This in particular im-
plies that the Delbru¨ck amplitude must be written so as
include the influence of all virtual electron-positron pai
even when the electron is created in an occupied bound
of the atomic potential. CurrentS-matrix predictions for Ray-
leigh scattering@10# use this partitioning~which is regarded
as attractive since the ability to sum over all intermedi
states in closed form allows one to solve the inhomogene
wave equation for a perturbed orbital instead of explici
constructing the Green’s function as a summation over
states!.

This partitioning scheme implies that there will be u
physical spurious transitions present in the separate p
tioned amplitudes, which violate the Pauli principle. O
course such spurious transitions must cancel when the p
tioned amplitudes are added to obtain the total coherent
plitude, on which the physical observables depend. It is w
known that such a phenomena occurs in the individual R
leigh amplitudes defined for each of the bound electrons
the case of multielectron atoms and ions. The Rayleigh
plitude for one of the occupied bound statesn will contain
spurious resonances corresponding to virtual transition
another occupied bound statem. Similarly, the Rayleigh am-
plitude for the occupied bound statem will contain spurious
resonances corresponding to virtual transitions to the oc
pied bound staten. In summing to get the total Rayleig
amplitude the spurious resonances corresponding to tra
tions between occupied states cancel.

Now, write the optical theorem involving the single
particle partitioned Rayleigh amplitude for one of the occ
pied bound statesn @21# as
s
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Im Rn5
v

4pc
~sn

PE1sn
BBT12sn

BBT22sn
BPP!, ~1!

wherev is the photon energy,sn
PE is the photoeffect total

cross section for the bound staten, sn
BBT1 is the total cross

section for upward bound-bound transitions starting from
bound staten, sn

BBT2 is the total cross section for downwar
bound-bound transitions starting from the bound staten, and
sn

BPP is the bound-electron pair-production total cross s
tion with the electron being created in the bound staten. As
discussed in@10# the subtraction of the bound-electron pa
production cross section in Eq.~1!, needed in the single
electron formalism for a complete set of intermediate sta
is necessary in order that the real part of the Rayleigh a
plitude, defined through the dispersion relation, will have
finite high-energy limit. To get the total Rayleigh amplitud
one sums over all occupied bound statesn.

In this partitioning scheme the optical theorem written f
the Delbrück amplitude is

Im D5
v

4pc
~sPP1sBPP!, ~2!

where sPP is the ordinary~electron in continuum! pair-
production total cross section, andsBPP is the bound-
electron pair-production total cross section, summed o
production into all bound states, regardless of occupation
summing to get the total coherent amplitude, for which
can again write the optical theorem for the imaginary p
@that being just the sum of Eq.~1!, summed over all occupied
bound statesn, and of Eq.~2!# we see that the contribution o
the total bound-electron pair-production cross section
production into theoccupied bound states cancels, as
should.

III. NUMERICAL RESULTS AND DISCUSSION

We write the forward Delbru¨ck amplitude D5D(v,u
50) in terms of a Born termDBorn, a correction term due to
Coulomb and screening effects in the ordinary~electron in
continuum! pair-production cross sectionDDPP, and a cor-
rection term due to the inclusion of the bound-electron pa
production cross sectionDDBPP,

D~v,u50!5DBorn1DDPP1DDBPP. ~3!

Note that the Born term can be obtained from the ordin
pair-production cross section in the Born approximati
~given by @22#, and in terms of simple expansions by Max
mon @23#!. It can also be obtained directly through the eva
ation of the appropriate lowest-order Feynman graphs@3–5#.

The correctionsDDPP to the Born result obtained by us
ing the ordinary pair-production cross section, but includi
Coulomb and screening effects, have been investigated
Solberget al. @20#, who gave separately the corrections d
to Coulomb and screening effects. This was based on pr
ous work on the Coulomb@24,25# and screening@26,27# cor-
rections to ordinary pair production. While the Coulomb co
rections reported in these works are valid throughout
threshold regime, the screening corrections~based on screen
ing corrections to the Born term and shifted Coulomb valu
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to account for screening corrections to the Coulomb te!
are not valid for low photon energies close to the pa
production threshold (v&2.5 mc2 for Z592) @26#. Since
the threshold region is our region of interest, we will use
pair-production tabulation of Hubbellet al. @28# to calculate
the total correction due to Coulomb and screening effect
ordinary pair production for comparison with our results f
corrections due to the bound-electron pair-production cr
section. At low photon energies, near the pair product
threshold, the tabulation of Hubbellet al. @28# uses screening
corrections based on the numerical work of Tseng and P
@29,30#, which are then matched to the screening correcti
of O” verbo” @26,27# so as to accurately account for screeni
throughout the threshold regime. The Coulomb correcti
@24,25# are also included, as are radiative corrections@31,32#
which are small ('1% or less!.

We consider the correctionDDBPP, defined as the correc
tion to the forward amplitude due to bound-electron pair p
duction into all bound states. The imaginary part of the c
rection is given directly by

Im DDBPP5
v

4pc
~sBPP!, ~4!

wheresBPP5sBPP(v) is the total cross section for bound
electron pair production with production into all boun
states, regardless of occupation. The real part of the cor
tion is obtained by use of the dispersion relation

ReDDBPP5
v2

2p2 PE
2mc22EK

` sBPP~v8!

v822v2
dv8, ~5!

where P indicates that the principal value of the integ
should be taken. Note the lower limit of the integral
2mc22EK rather than 2mc2, whereEK is the binding en-
ergy of theK shell (sBPP vanishes for photon energies low
than 2mc22EK).

Though the bound-electron pair-production cross sec
to be used in Eqs.~4! and ~5! includes production into al
bound states, it is well known that production into the inn
shells dominates, as in the case of bound-electron pair a
hilation and photoeffect at the same energies@33–35#. We
have calculated explicitly the bound-electron pair-product
cross sections for production into theK and L shells. Our
results for theK and L shell taken separately exhibit th
expectedL to K shell ratio of '0.18 ~above theL-shell
threshold! seen in photoeffect cross sections for the samZ
at similar energies@35#. In @35# the ratio of theL-shell photo-
effect cross section to the sum of theM- and higher-shell
photoeffect cross sections is given forZ592 as 3.105 at
1.332 MeV and as 3.090 at 0.662 MeV, quite insensitive
energy. Therefore we approximate the effect of bou
electron pair production into theM and higher shells by as
suming a ratio of 0.06 to theK-shell result.

In Fig. 1 we show the real and imaginary parts of t
forward Delbrück amplitudeD, given in terms of the classi
cal electron radiusr 0, for photon energies in the range 0.5
100 MeV. This result includes both corrections due to Co
lomb and screening effects in ordinary pair production, a
corrections due to bound-electron pair-production. We
that the real amplitude dominates the imaginary amplitu
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around and below the pair production threshold, with
crossover near 7 MeV. The lowest-lying threshold f
~bound-electron! pair production is shown, 0.906 MeV, cor
responding to production into theK shell. Below 0.906 MeV
the imaginary amplitude vanishes.~Note that without the in-
clusion of corrections due to bound-electron pair product
the imaginary Delbru¨ck amplitude vanishes below 1.02
MeV, the threshold for ordinary pair production.!

In Figs. 2 and 3 we show the real and imaginary pa
respectively of the correctionsDDBPP andDDPP, expressed
as fractions of the corresponding real or imaginary parts
the full forward Delbru¨ck amplitudeD. The net correction
due to beyond-Born-approximation effects, being the sum
these, is also shown. At high energies, well above thresh
the correctionDDBPP becomes unimportant, and our resu
are in general agreement with those of@20#, where only the
correctionDDPP was considered.

Below 7 MeV it is effects in the real amplitude that wi
most affect the scattering cross section. Figure 2 shows

FIG. 1. Real and imaginary parts of the full forward Delbru¨ck
amplitudeD for Z592, including corrections due to Coulomb an
screening effects in ordinary pair production, and due to bou
electron pair production, in terms of the classical electron radiusr 0.
The threshold for production into theK shell ~0.906 MeV! is indi-
cated, below which the imaginary amplitude vanishes.

FIG. 2. Real part of the correctionsDDBPP and DDPP for Z
592, given as a fraction of the corresponding real part of the
forward Delbrück amplitudeD. The net correction, being the sum
of these, is also shown. The fraction ReDDPP/ReD and the net
correction are shown with a multiplicative factor of 1021 above 2.2
MeV, so as fit on the scale used.
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PRA 60 3023CONTRIBUTION OF BOUND-ELECTRON PAIR . . .
below 2 MeV the correction ReDDBPP is comparable with
ReDDPP, and both need to be considered. ReDDBPP ac-
counts for as much as'11% of the real forward Delbru¨ck
amplitude in the threshold region. At low energies the c
rections ReDDBPP and ReDDPP cancel each other, so tha
the Born result is accurate at the 1% level~though the Del-
brück amplitude is unimportant at low energies!. At some-
what higher energies ReDDPP is dominant, and the net cor
rection to Born approximation is significant. It is interestin
that qualitatively similar features are found in the experim
tal large-angle scattering results.~But note that in forward
scattering ReDDBPP is the dominant and significant corre
tion around 1.3 MeV.!

The primary effect of the correction ImDDBPP on the
imaginary part of the forward Delbru¨ck amplitude is to shift
the threshold below which the imaginary part of the amp

FIG. 3. Imaginary part of the correctionsDDBPP andDDPP for
Z592, given as a fraction of the corresponding imaginary par
the full forward Delbru¨ck amplitudeD. The net correction, being
the sum of these, is also shown. The thresholds for production
theK shell ~0.906 MeV! and ordinary pair production~1.022 MeV!
are indicated.
G.
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oc
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tude vanishes from 1.022 MeV~ordinary pair-production
threshold! down to 0.906 MeV~threshold for production into
the K shell for Z592). Consequently ImDDBPP/Im D[1
below 1.022 MeV as bound-electron pair production is th
responsible for the entire contribution of the imaginary fo
ward Delbrück amplitude. The correction ImDDPP becomes
comparable with ImDDBPP above threshold and dominate
by 10 MeV.

IV. CONCLUSIONS

We have considered the corrections due to the inclus
of the bound-electron pair-production cross section~com-
pletely neglected in the Born approximation! in the optical
theorem for the imaginary part of the forward Delbru¨ck scat-
tering amplitude. The real part is obtained via a dispers
relation. The usual single-electron partitioning of the elas
scattering amplitude implies that the cross section for bou
electron pair production into all bound states~both occupied
and unoccupied! should be included. Numerical results fo
the correction to the real part of the forward Delbru¨ck am-
plitude due to bound-electron pair production indicate a c
rection as large as'12% of the Born approximation resu
in the region just above the pair-production threshold.~The
real part of the forward Delbru¨ck amplitude dominates in this
regime.! Thus, these effects are comparable in this regi
with the corrections due to Coulomb and screening effect
the ordinary~electron in continuum! pair-production cross
section ~they become unimportant at higher energies!, and
both need to be considered for energies near and below
pair-production threshold. The net correction to Born a
proximation is small well below threshold and significa
well above threshold.
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