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Fivefold differential cross section of fast„e,2e… ionization of H2, D2, and T2
by a Franck-Condon approach

P. Weck, B. Joulakian, and P. A. Hervieux
Institut de Physique, Laboratoire de Physique Mole´culaire et des Collisions, Universite´ de Metz, Technopoˆle 2000, 1 Rue Arago,

57078 Metz Cedex 3, France
~Received 6 April 1999!

The fivefold differential cross sections of the simple ionization of hydrogen, deuterium, and tritium diatomic
molecules are determined by the use of one-center Coulomb continuum wave functions describing the slow
ejected electron. Vertical transitions from the lowest vibrational state of the fundamental1Sg state of the target
to the vibrational levels of the fundamental2Sg state of H2

1, D2
1, or T2

1 are considered. The results obtained
for two different energy resolutions~1 and 3 eV! show that the difference between these three species should
increase with a decrease of the energy resolution.@S1050-2947~99!04410-8#

PACS number~s!: 34.80.Dp
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INTRODUCTION

Simple ionization of atoms by electron impact is one
the important processes of atomic physics. Besides its
damental aspect, especially in the study of the electro
structure of the target, it is a powerful tool for the study
the mechanisms of ionization itself, whose comprehens
becomes important in many domains such as plasma phy
fusion experiments, and even in the study of ionising co
sions on living matter@1#.

(e,2e) experiments, which are simple ionization expe
ments with coincidence detection of the scattered and
ejected electron, have been performed for many atomic
gets in the domain of the electron momentum spectrosc
@2# and for lower incident energy values for symmetric a
asymmetric situations@3#. This has permitted the verificatio
of the different theoretical models proposed@4#, especially in
the description of the correlated electronic continuum@5#.

In spite of the fact that it is easier to obtain diatom
targets, which exist naturally in gaseous form, (e,2e) experi-
ments are less frequent on diatomic systems@6,7# than on
atoms. The basic reason for this is that very-high-ene
resolution is necessary to distinguish between the level
the residual ion~Fig. 2!. From the theoretical point of view
one has to underline that the basic two-center Coulomb w
has not yet found an appropriate expression, although
exact solutions of the corresponding two-center Schro¨dinger
equation that is separable in spheroidal coordinates h
been largely studied for the positive energy domain@8–10#.

The aim of the present work is to realize a comparat
study of the (e,2e) ionization of three isotopes H2, D2, or T2
to show for further experimental applications the similar a
particular aspects of their multiply differential cross sectio
in the case of high incident electron energy values~4 keV!.
Assuming that vertical transitions~Fig. 2! between the low-
est vibrational level of the fundamental1Sg electronic state
of H2, D2, or T2 and all the vibrational levels of the2Sg
electronic state of H2

1, D2
1, or T2

1, respectively, are pre
ponderant, one can express the multiply differential cr
section of an (e,2e) reaction as the product of an electron
transition matrix element and the probability density of ha
PRA 601050-2947/99/60~4!/3013~7!/$15.00
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ing the diatomic system at a given internuclear distance. T
appears to be a good compromise that makes the introduc
of the vibrational effects possible in an adiabatic regime.

THEORY

The system of axis used for our study is defined in F
1~a!. The origin coincides with the center of the diatom
molecule and thez axis is taken parallel to the direction o
the impinging electron. The vectorsrW , RW , rW1 , andrW2 shown

FIG. 1. ~a! The reference frame with the different wave vecto

kW i , kW s , andkWe representing the incident, scattered, and ejected e
trons, respectively.us ,ue denote the scattering and the ejection p
lar angles, respectively, andwe the azimuthal ejection angle.~b!
The different position vectors of the incident and the bound el
trons with respect to the two nuclei.
3013 ©1999 The American Physical Society
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on Fig. 1~b! define, respectively, the positions of the nucl
the incident electron, and the two target electrons. We ad
that the ionization process of a diatomic system by fast e
trons is purely an electronic transition for a givenrW and write
the sevenfold cross section for an (e,2e) experiment as fol-
lows:

snf ,ni

~7! 5
d7s

dVrdVedVsd~ks
2/2!

5
~2p!4keks

ki
E

0

`

r2druJnf
~r!u2uQni

~r!u2ut f i
e ~rW !u2,

~1!

where Vr , Ve , and Vs represent, respectively, the sol
angles corresponding torW , to the ejected electron, and to th
scattered electron;ki ,ks ,ke are the moduli of the wave vec
tors @Fig. 1~a!#. uJnf

(r)u2 and uQni
(r)u2 represent the prob

ability densities of having the nuclei at a given relative d
tancer in the final vibrationalnf state and initial vibrationa
ni state. Finally, t f i

e (rW ) represents the habitual electron
transition matrix element given by the first-order term of t
Born approximation:

t f i
e ~rW !5^C f

2~rW ,RW ,rW1 ,rW2!uVuC i~rW ,RW ,rW1 ,rW2!&. ~2!

Here the integration runs overRW , rW1 , and rW2 . C i and
C f

2 are the wave functions that correspond, respectively
the initial and final electronic states of the system for a giv
value ofrW . V represents the interaction between the incid
electron and the target@Fig. 1~b!#:

V52
Z

Ra
2

Z

Rb
1

1

r 1p
1

1

r 2p
. ~3!

We designate the ionization potential for a given tran
tion by I nf ,ni

1 which satisfies the energy conservation:

Ei5I nf ,ni

1 1Es1Ee , ~4!

where Ei , Es , and Ee represent, respectively, the ener
values of the incident, scattered, and ejected electrons. N
if in a given (e,2e) process the orientation of the molecule
not observed, one must average on all possible molec
orientations. Equation~1! then gives the fivefold differentia
cross section for a given transition:

snf ,ni

~5! 5
d5s

dVedVsd~ks
2/2!

5
1

4p E dVrsnf ,ni

~7! . ~5!

The electronic transition matrix element of an (e,2e) reac-
tion for two electron targets is treated by Schulz@11#. This
results in three types of terms corresponding to the di
term, where the scattered electron has the same label a
incident one, the exchange term, where the ejected elec
has the same label as the incident electron, and finally
‘‘capture’’ term, where the index of incident electron is a
tributed to the bound electron of the residual ion.

In the cinematically asymmetric situations (Es@Ee) stud-
ied in this paper, the exchange and the capture terms as
,
it
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fined above are negligible with respect to the direct ter
which we will write in the following form:

t f i
e ~rW !5K eikWs•RW

~2p!3/2G~kWe ,rW1!F1ssg
~r 2 ,r!U

3VU eikW i•RW

~2p!3/2F1Sg
1~r 1 ,r 2 ,r!L . ~6!

Here the fast incident and the scattered electron are desc
by plane-wave functions. The diatomic target molecule in
ground 1Sg

1 state is given by a Heitler-London@12# type
wave function:

F1Sg
1~r,rW1 ,rW2!5N~r!$e2ar 1ae2ar 2b1e2ar 1be2ar 2a%,

~7!

obtained by applying a variational method. In the final sta
we describe the ejected electron as in@13# by a Coulomb
wave function of the form

C~kW ,rW,g!5
e~2pg/2!

~2p!3/2 G~12 ig!eikW•rW

3 1F1„ig,1;2 i ~ker 1kWe•rW !… ~8!

in such a way that

G~kWe ,rW1!5C~kWe ,rW1 j ,g! ~9!

with r 1 j5r 1a or r 1b @Fig. 1~b!# depending on the initial cen
ter of the ejected electron@13,14# and g52a/ke . This
choice of the initial-state parametera in the final state is
justified by the fact thata represents approximately th
charge of the two screened nuclei in the asymptotic lim
More, it allows us to avoid the calculation of very cumbe
some terms in Eq.~6!, which, as we verified separately, a
always negligible for all values ofg. Replacing these expres
sions in Eq.~6! we obtain

t f i
e ~rW !5

N~r!

~2p!3 $pa~rW !1pb~rW !% ~10!

with

pa~rW !5^eikW•RW C~kWe ,rW1a ,g!F1ssg
~rW2 ,r!uVue2ar 1ae2ar 2b&,

~11!

wherekW5kW i2kW s represents the momentum transfer.
The bound electron of the residual ion H2

1 is also de-
scribed by linear combination of atomic orbitals@15#:

F1ssg
~rW,r!5M ~r!$e2br a1e2br b%. ~12!

The expressions ofpa(rW ) andpb(rW ) obtained in the Appen-
dix permit us to write the electronic transition matrix eleme
in the form

t f i
e ~rW !5

2N~r!M ~r!

~p!5/2k2 cosS kW•
rW

2Dv~kWe ,kW2kWe ,g,a!

3$J~b,a!1J~0,b1a!% ~13!
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with J(n,m)5*drW e2(nr a1mr b) and

v~kW ,qW ,g,a!5E drW e2 iqW •rWe2ar
1F1„2 ig,1;i ~kr1kW•rW !…,

which is a simplified Nordsieck-type integral@16# having a
simple analytical expression.

The modifications, that the application of more elabor
electronic initial- @17# and final- @18# state wave functions
can bring in the determination of the electronic transiti
matrix element@Eq. ~6!#, will be studied in a planned follow-
ing paper. This can be done by long and time-consum
procedures, in contrast to the present work. In the meant
we can already say that, as the modifications concern o
the electronic part, which is common to the three isotop
the general observations of the present work will not be
fected.

RESULTS

As we mentioned above, we consider the ionization of H2,
D2, and T2 by fast electron impact as a vertical transitio
from the lowest vibrational level of the fundamental1Sg
state potential well of each target to a given level of t
fundamental2Sg state of H2

1, D2
1, or T2

1, as shown in Fig.
2. One of the principal aims of the present work is to stu
the influence of introducing the mass of the nuclei in t

FIG. 2. The initial and final potential wells, with the differen
vibrational levels corresponding to H2 and D2 and the correspond
ing residual ions H2

1 and D2
1.
e

g
e,
ly
s,
f-

y

ionization of H2 and its isotopes. Recently, there has bee
new interest concerning this aspect in photodouble ioniza
of H2 and D2 @19,20#. Our procedure, which factors out th
nuclear probability density from the electronic transition m
trix element@Eq. ~5!#, is very well adapted to show the dif
ferences between these three species, which reside main
their initial and final vibrational state probability densitie
given, respectively, byuQni

(r)u2 and uJnf
(r)u2.

We have obtaineduQni
(r)u2 by solving numerically, for

each isotope with the appropriate reduced massesm, the fol-
lowing radial equation:

d

r2dr Fr2
dQn~r!

dr G12m@«n2U1Sg
1~r!#Qn~r!50,

~14!

where the potentialU1Sg
1(r), given in @17#, is obtained by

solving the electronic equation of H2. On the other hand

TABLE I. The ionization energy values from the fundamen
state of H2, D2, and T2 to the corresponding vibrational levels o
H2

1, D2
1 and T2

1.

ni50→nf Ionization energiesl n f (a.u.)

H2 D2 T2

0 0.567 149 0.568 513 0.569 116
1 0.577 137 0.575 701 0.575 034
2 0.586 544 0.582 593 0.580 753
3 0.595 391 0.589 198 0.586 279
4 0.603 692 0.595 522 0.591 614
5 0.611 463 0.601 571 0.596 762
6 0.618 712 0.607 351 0.601 727
7 0.625 449 0.612 865 0.606 511
8 0.631 676 0.618 118 0.611 117
9 0.637 396 0.623 113 0.615 547
10 0.642 607 0.627 851 0.619 804
11 0.647 304 0.632 335 0.623 888
12 0.651 477 0.636 565 0.627 8
13 0.655 113 0.640 542 0.631 543
14 0.658 195 0.644 263 0.635 116
15 0.660 697 0.647 826 0.638 519
16 0.662 592 0.650 935 0.641 753
17 0.663 845 0.653 878 0.644 817
18 0.664 438 0.656 554 0.647 71
19 0.658 956 0.650 43
20 0.661 077 0.652 977
21 0.662 91 0.655 348
22 0.664 442 0.657 539
23 0.665 664 0.659 609
24 0.666 562 0.661 373
25 0.667 128 0.663 006
26 0.667 377 0.664 444
27 0.665 681
28 0.666 71
29 0.667 525
30 0.668 12
31 0.668 493
32 0.668 661
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FIG. 3. The variation of the fundamenta
uQ0(r)u2 vibrational probability density in large
full lines and those of the final-state ion
uJn8(r)u2 in terms of the internuclear distancer.
~a! corresponds to H2 and H2

1, ~b! to D2 and
D2

1, ~c! to T2 and T2
1.
i-

im

r
f
d

.

e-

rgy
ls.

of

ntal
cal
rgy

the
uJnf
(r)u2 are obtained for H2

1, D2
1, and T2

1 by solving the

same equation~14! with the potentialU2Sg
(r) corresponding

to the adiabatic solution of the electronic equation H2
1 given

in @21#. We have verified our results by comparing our v
brational energy values«n to those given in@17# and @21#.

In Table I, we present the ionization potentialsI nf
corre-

sponding to the energy difference betweenni50 of a target
and nf50,1,2,3,... ,Nf of the corresponding ion.Nf corre-
sponds to the highest level that reaches the dissociation l

We also present in Figs. 3~a!–3~c! the variation of the
probability densities in terms of the internuclear distancer of
the three species as indicated. On each figure the large cu
with full lines centred onr51.4 a.u. correspond to that o
the fundamental state of the target; the others correspon
the different levels of the respective ions designated bynf . It
is interesting to observe thatuQ0(r)u2 for the three isotopes
vanishes outside the domain 1<r<2 a.u., and that
uJnf

(r)u2 for nf50,1,2 are relatively small in this domain
This means that most of the~ionization! events will take
it.

ves

to

place in this region, and that the states corresponding tonf
50,1,2 will have a very small participation on the total fiv
fold differential cross sections~5DCS! as we will observe
below.

Actual (e,2e) setups do not have the necessary ene
resolution to distinguish between two neighboring leve
The experimental setup of Che´rid et al. @7#, for instance, has
an energy resolution of about 3 eV for an incident energy
4000 eV and that of Junget al. @22# about 0.5 eV for an
incident energy of 250 eV. This means that the experime
value of 5DCS will correspond to the sum of the theoreti
5DCS corresponding to the levels found in the given ene
domain such that

s~5!5 (
nf5n0

n01M f

snf

~5! , ~15!

wheresnf

(5) correspond tosnf ,0
(5) given by Eq.~5!, and where

M f represents the number of the vibrational levels of
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FIG. 4. The variation of the fivefold differen
tial cross section~5DCS! of the (e,2e) ionization
of H2, D2, and T2 in terms of the ejection angle
ue for an energy resolution of 1 eV. The inciden
and the ejected electron energies are 4168 eV
100 eV, respectively; the scattering angleus

58.9°. The different curves correspond to th
transition designated.~a! corresponds to the tran
sitions from H2 to H2

1, ~b! to those of D2 to D2
1,

and ~c! to those of T2 to T2
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residual ion involved for a given energy resolution,n0 being
the label of the first level involved.

Choosing an energy resolution around 1 eV, we presen
Figs. 4~a!–4~c! the variation of the 5DCS given in Eq.~15!
for H2, D2, and T2, respectively, for an asymmetric situatio
with an incident electron energy value of 4168 eV~setup of
Chérid et al. @7#!, and an ejected electron energy value
100 eV, for a scattering angleus58.9° corresponding to the
favorable situation, whereukW u5ukWeu, which results, for the
particular value of the ejection angleue5280°, in a recoil
momentumkW recoil5kW2kWe equal to zero~Bethe ridge!. This,
as we observe on these figures, is confirmed for all the cu
corresponding to differentn0 that have their maximum a
this particular angle. It is also observed that, in the case
molecular hydrogen, the 5DCS involvingI 2

1 to I 7
1 is rela-

tively more important than the others. In the case of D2 we
must underline the fact that, for the same experimental re
lution of 1 eV, we have one or more extra levels to consi
as the levels are nearer to each other~Table I! and the pre-
dominant 5DCS corresponds to that involving the transitio
I 3

1 to I 10
1 . The same observation can be done in the cas

T2 for which the levels are still more concentrated. Here
predominant 5DCS correspond to those going fromI 5

1 to I 14
1

in

f

es

of

o-
r

s
of
e

involving nine levels. These observations can be explai
by the positions of the maxima of the curves correspond
to the different vibrational densities of the ions given in Fig
3~a!–3~c!. From this point of view one can say that an (e,2e)
experiment on a diatomic system can eventually probe
densities of the vibrational levels of the final-state ions.

For experiments with lower-energy resolution~'3 eV!
comparable to the dissociation energy of the residual ion,
consider all the levels present in the corresponding poten
well given in Table I. Figure 5 shows the variation of th
total 5DCS for the three molecules in terms of the eject
angle. In contrast to the higher-energy resolution case@Figs.
4~a!–4~c!# where the differences between the 5DCS of t
three molecules are around 0.04 a.u., here they are of
order of 0.1 a.u. This confirms what has been lately obser
@19# in the measurement of the multiply differential cro
section of the photodouble ionization of H2 and D2 where a
significant difference has been measured between the c
sections of the two molecules. Later@20#, this difference has
been observed to diminish for higher-energy resolutions
actly as in our case.

It has been sometimes considered@7# that, as the equilib-
rium internuclear distance of the fundamental level of H2 is
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at aboutr51.4 a.u., most of the ionization events shou
occur at this distance. In Fig. 6, where the variation of
5DCS of the three systems is given in terms of the inter
clear distancer for fixed values ofus58.9° andue5280° in
two resolutions~1 and 3 eV!, one can see that this approx
mation is not always true especially in the cases of hig
resolution~1 eV! where the curves are not centered on
equilibrium position.

Figure 7 shows, for a low resolution~3 eV!, the variation
of the total 5DCS of H2 in terms of the ejection and scatte
ing angles in the above asymmetric case~4168 eV, 100 eV!.
For scattering angles higher than 15°, the 5DCS is neglig
as expected. The maximum aroundus58.9° represents the
Bethe ridge as mentioned above. It is also observed that
small scattering angles (us,2°), theejected electron has th
tendency to emerge in the forward direction (ue5350°) for
this high incident electron energy value. This can be
plained by the fact that, at small scattering angles, the
mentum transfer is very small and is oriented in the forw
direction. Now, the recoil momentum (kW recoil5kW2kWe) will be
optimal in two situations, when the ejection direction is p

FIG. 5. The variation of the 5DCS of the (e,2e) ionization of H2

~full curve!, D2 ~dashed curve!, and T2 ~dash-dot curve! in terms of
the ejection angleue for an energy resolution of 3 eV. The inciden
and the ejected electron energies are 4168 eV and 100 eV, re
tively, the scattering angleus58.9°.

FIG. 6. The variation of the 5DCS of the (e,2e) ionization of
H2, D2, and T2 in terms of the internuclear distancer for two
energy resolutions 1 eV~dashed curves! and 3 eV~full curves!. For
the same energy conditions as in Fig. 4.
e
-

r
e

le

or

-
o-
d

-

allel to it or antiparallel to the momentum transferkW and thus
to kW recoil. These two favorable situations are represented
the two picks that we observe atue5170° and 350° as ex
pected.

CONCLUSION

We have developed a procedure for the determination
the multiply differential cross section of the (e,2e) ioniza-
tion of molecular hydrogen and its two isotopes conside
as a vertical transition, which permits the introduction
vibrational probability densities of the initial and the fin
states. As the three molecules present the same adia
electronic structure, it is shown that the 5DCS depen
strongly on the energy resolution of the experimental set
The experimental verification of these results, as was don
the case of photodouble ionization, will open the way f
further measurements on heavier diatomic targets such
nitrogen or sodium, whose vibrational levels in the initi
and final state are much closer having conseque
temperature-dependent population densities, in contras
H2, D2, and T2, which are considered to be initially in the
fundamental state as very high temperatures~thousands of
degrees! are necessary to have them vibrationally excited

APPENDIX

To determine

pa5 K eikW•RW C~kWe ,rW1a ,a!F1ssg
~r 2 ,r!U 1

r 1p
U$e2ar 1ae2ar 2b%L ,

we write

pa5 K eikW•RW C~kWe ,rW1a ,a!U 1

r 1p
Ue2ar 1aL ^F1ssg

~r 2 ,r!ue2ar 2b&.

~A1!

Using the relationsr 1p5uRW a2rW1au, RW 5RW a1rW /2 @Fig. 1~b!#
we obtain

ec-
FIG. 7. The variation of the 5DCS of the (e,2e) ionization of H2

in terms of the scattering and the ejection angles for the same
ergy conditions as in Fig. 4.
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pa5eikW•rW /2^F1ssg
~r 2 ,r!ue2ar 2b&

3E C~kWe ,rW1a ,a!e2ar 1adrW1aE eikW•RW a

uRW a2rW1au
dRW a

~A2!

as

E dRW
eikW•RW

uRW 2rW u
5

4p

k2 eikW•rW,

pa5eikW•rW /2A2/p
M ~r!

k2 v~kWe ,kW2kWe ,a!

3$J~b,a!1J~0,b1a!% ~A3!
,
l

. D

c-
, J
with J(v,m)5*drW e2(nr a1mr b) and

v~kW ,qW ,l!5E drW e2 iqW •r 2lr
1F1„2 iae,1;i ~kr1kW•r !…,

which represents a particular case of the Nordsieck inte
@16# that can be given in simple analytical expressions.

In a similar way we can obtain

pb5e2 ikW•rW /2A2/p
M ~r!

k2 v~kWe ,kW2kWe ,a!

3$J~b,a!1J~0,b1a!%5e2 ikW•rpa . ~A4!
s

ys.

A

ys.

im,

. B

ys.
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