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Initial- and final-state alignment and orientation effects in Ca energy pooling

Harold V. Parks and Stephen R. Leone
JILA, University of Colorado and National Institute of Standards and Technology

and Department of Physics, University of Colorado, Boulder, Colorado 80309-0440
~Received 12 April 1999!

An experimental investigation is performed to determine the initial- and final-state alignment effects in the
energy-pooling process Ca(4s4p 3P1)1Ca(4s4p 3P1)→Ca(4s4p 1P1)1Ca(4s2). This paper represents a
type of four-vector correlation experiment, where two aligned atoms collide and the alignment of the final
excited state is observed. The initial Ca(4s4p 3P1) state polarization is controlled with polarized lasers and
magnetic fields, and the final-state alignment is partially resolved by observing the polarization of the fluores-
cence from the Ca(4s4p 1P1)→Ca(4s2) emission. The mathematics are developed in this paper to provide a
full quantitative description of the four-vector alignment cross sections observed here. Relative values that
describe 18 of the 39 total independent parameters are obtained, thus defining the results of this collision
process at an unprecedented level of detail. The final-state Ca polarization is found to be only weakly depen-
dent on the initial-state alignment, with final-state fluorescence predominately polarized along the relative
velocity vector of the collision.@S1050-2947~99!00510-7#

PACS number~s!: 34.50.Pi, 34.50.Rk
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I. INTRODUCTION

Laser-alignment experiments provide a powerful meth
to study atomic interactions and the dynamics of collis
processes@1–4#. In these experiments, the colliding atom
are prepared in an electronic state with well-defined ene
and angular momentum before the collision. This influen
the molecular states that are explored during the collis
By changing the laser polarization, different angular mom
tum states can be created. Thus, there is partial control
the molecular states involved when two atoms collide. T
most common type of vector-correlation experiment involv
control of only two vectors, the initial relative velocity of th
colliding atoms and the alignment of one of the atoms bef
the collision @5–7#. Less frequent are three-vector expe
ments. Experiments performed on the extensively stud
Na(3p)1Na(3p) associative ionization system@8–10# rep-
resent one type of a three-vector experiment, where the
tial alignment of both the colliding atoms together with t
initial relative velocity are controlled. This type of three
vector experiment was also performed for the energy-poo
process:

Ca~4s4p 3P1!1Ca~4s4p 3P1!

→Ca~4s4p 1P1!1Ca~4s2 1S0!, ~1!

in previous work by this group@11#. This paper will be sub-
sequently referred to as Parkset al. There are only a few
examples of four-vector experiments in the literature. Th
involve the initial and final velocity together with initial an
final alignments@12–14#. In this paper we perform a type o
four-vector experiment by extending the experiments
Parkset al. Not only is the alignment of both initial state
with respect to the relative velocity vector of the collisio
controlled, but now the alignment of the final Ca(4s4p 1P1)
state is also partially resolved. In addition, the mathema
are developed in this paper to quantify the detailed res
PRA 601050-2947/99/60~4!/2944~15!/$15.00
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obtained here and to relate them to the individual cro
section parameters for four-vector correlations.

As in Parkset al., the initial-state alignment is controlle
with a polarized laser and weak-magnetic fields. T
Ca(4s4p 3P1) states are excited with a pulsed dye laser. T
polarization of this laser beam creates states with a spe
alignment. After the laser pulse, the atoms precess in a w
magnetic field, allowing different alignments to be sampl
at different time delays after the laser pulse. The relat
energy-pooling rates are determined by observing fluo
cence on the Ca(4s4p 1P1)→Ca(4s2 1S0) transition. In or-
der to detect the final-state alignment, a polarizer is pla
between the photodetector and the collision region. In t
experiment, all of the initial states are prepared in the sa
alignment by the laser. However, a technique involving
magnetic-field gradient allows atoms with different alig
ments also to collide at various times after the laser pulse
order to describe quantitatively the experimental results
tained here, which contain information about a very lar
number of cross sections, a mathematical framework is
veloped. The methods of Driessen and co-workers@15,16#
are extended to cover the four-vector experiment descri
here.

Section II of this paper describes the experimental ap
ratus. The concept of the fundamental cross section is in
duced in Sec. III to describe quantitatively the four-vec
alignment effects of this experiment. These cross sections
used to reanalyze some of the data from Parkset al., where
the issue of possible azimuthal alignment is addressed. A
this mathematical framework is used to derive the form
the signal for the experiments where the final-state alignm
is detected. In Sec. IV the results of the experiments
reported. Next, the use of a magnetic-field gradient is
scribed in Sec. V. Finally in Sec. VI the results are summ
rized in terms of the fundamental cross sections, and c
cluding remarks are made in Sec. VII. Appendices A and
report the derivation of the fundamental cross sections
terms of the transition-matrix elements and the results
2944 ©1999 The American Physical Society
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PRA 60 2945INITIAL- AND FINAL-STATE ALIGNMENT AND . . .
how the fundamental cross sections are related to the m
sured experimental parameters, respectively. The latter
pression is used in Sec. III.

II. EXPERIMENTAL APPARATUS

The apparatus has been described in detail in Parkset al.
and is only outlined here. A schematic is shown in Fig.
Energy-pooling collisions are studied in a single atom
beam following pulsed laser excitation. The Ca beam is p
duced by an oven heated to 975 K. The Ca atoms em
from a 1-mm32-mm nozzle that is heated to a slight
higher temperature, 1020 K, to prevent clogging. Und
these conditions, the density in the collision region is a
proximately 831010Ca atoms/cm3, low enough for single-
collision conditions to prevail during the time scale of t
experiment. Also, the atomic beam defines thez axis for this
experiment; the relative velocity vector of the collisions mu
lie along this axis.

Initial states are prepared by pumping Ca(4s2 1S0)
→Ca(4s4p 3P1) with a 5-ns pulse from a dye laser tuned
657 nm. This laser is either circularly or linearly polarize
resulting in a population of initial states all with the sam
alignment. After the laser pulse, the Ca(4s4p 3P1) initial
states precess~with a period of about 0.8ms! in a magnetic
field imposed by a set of Helmholtz coils. This precess
allows different alignments to be compared in a single la
pulse. The lifetime of the initial state is 2 ms, but the ato
only remain in the observation region for about 10ms. The
final Ca(4s4p 1P1) state, which is populated by energ
pooling, decays in a very short time, 4 ns.

In addition to the Helmholtz coils, a set of small coils a
used to produce a magnetic-field gradient. The diamete
these coils is 5.5 cm, the separation, from coil center to

FIG. 1. A schematic diagram of the apparatus. The Ca be
emerges from a small hole in an oven. A 10-cm focal-length l
focuses the Ca fluorescence onto the PMT, and an interference
is placed in front the PMT to select the 423-nm fluorescence fr
the final state. Three orthogonal Helmholtz coils are placed aro
the interaction region to control the magnetic field. In the desc
tions used in this paper, thez axis is defined to lie in the direction o
the Ca beam propagation, thex axis points from the collision region
to the lens, and they axis is parallel to the laser-beam propagati
~pointing out of the page!.
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center is 2.45 cm, and the thickness of the coils in thz
direction is 1 cm. The upstream coil has 100 windings a
the downstream coil has 29 windings. These coils produc
magnetic gradient directed along the collision axis, with t
derivative of the field constant to within 15% in the collisio
region. A current of either 0.15 A or 0.30 A is passe
through these two coils to produce magnetic fields with
average strength of 3.5 G or 7 G and gradients of 0.75 G/cm
or 1.5 G/cm, respectively. The condenser lens used in P
et al. would distort the polarization of the collected fluore
cence, so it is replaced by a 10-cm focal-length lens. A
larizer is placed between the collision region and the pho
multiplier tube~PMT!. A stepper motor allows the polarize
to be rotated. An interference filter is placed in front of t
PMT to pass only the final-state fluorescence.

III. FOUR-VECTOR CORRELATION THEORY

A. Fundamental cross sections

A framework is introduced for quantitatively describin
the alignment and orientation effects when both 4s4p 3P1
initial states are polarized and the final-state alignment of
4s4p 1P1 state is observed. This discussion is based u
the work of Driessen and co-workers@15,16#, who applied
the analysis of Alexander, Dagdigian, and DePristo@17# and
others @18,19#. Originally, this is based upon the method
introduced by Arthurs and Dalgarno@20#. If the energy-
pooling cross section is averaged over all final-state ali
ments the results of Nienhuis can be recovered@21#, al-
though that analysis used slightly different methods.

The alignment effects can be described by a set of fun
mental cross sections. In terms of these fundamental c
sections,s, the experimentally observed cross section can
written

sexp5 (
m1 ,m18 ,m2 ,m28

rm1m
18
rm2m

28
rm3m

38
sm1m2m3 ;m

18m
28m

38
. ~2!

Here,m1 , m2 , andm3 are themj magnetic quantum num
bers of the initial states of the two colliding atoms and t
final state of the 4s4p 1P1 atom, respectively. The quantiza
tion axis lies along the relative velocity vector of the col
sion; in this case the collision frame is the axis of the sin
effusive beam. Alsorm1m

18
, rm2m

28
, andrm3m

38
, are the den-

sity matrices that describe the two initial and one final el
tronic angular momentum states of the atoms.

As shown in Appendix A, the fundamental cross sectio
sm1m2m3 ;m

18m
28m

38
, are given by

sm1m2m3 ;m
18m

28m
38

5
1

ki
2 (

j , j 8, j 9, j-,

ml8 ,J,J8,

l ,l 8,l 9,M ,M8

i l 2 l 9~21! j 1 j 91 j 81 j-2m2m8

3pA2l 11A2l 911~2J11!~2J811!

3S j l J

m11m2 0 2M D S 1 l 8 J

m3 ml8 2M D

m
s
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d
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3S 1 1 j

m1 m2 2M D S j 9 l 9 J8

m181m28 0 2M 8
D

3S 1 l 8 J8

m38 m18 2M 8
D S 1 1 j 9

m18 m28 2M 8
D

3Tjl ; l 8
J Tj 9 l 9; l 8

J* , ~3!

whereTjl ; l 8
J is the transition matrix, and the initial-state wav

vector iski . The other symbols used in Eq.~3! are as fol-
lows: j and j 8 are the total electronic angular momenta
the colliding system for them11m2 andm181m28 states, re-
spectively. Also,l and l 8 are the total orbital angular mo
menta~of the two atoms! for them11m2 andm181m28 states,
respectively. J, J8, M, andM 8 are the corresponding tota
~electronic plus orbital! angular momenta of the colliding
system. The initially prepared state may be a superposi
of different m11m2 states. Likewise, the final state that
detected may be a superposition of differentm3 states. Thus
the unprimed and singly primed quantities represent two
terfering pathways from the initial state to the final detec
state if (m1 ,m2 ,m3)Þ(m18 ,m28 ,m38). Finally, j 9 and l 9 are
the electronic and orbital momenta of the excited atom a
the collision.

There are a large number of fundamental cross secti
36, but the number of nonzero independent cross section
considerably less. A fundamental property of the 3j symbols
is that the bottom row must add to zero. From the firstj
symbol this givesM5m11m2 , and from the fourth 3j sym-
bol, M 85m181m28 . Then, from the second and fifth 3j sym-
bols, we get

sm1m2m3 ;m
18m

28m
38
50

unless

m11m22m35m181m282m38 . ~4!

Also, it can easily be shown that

sm1m2m3 ;m
18m

28m
38
5sm

18m
28m

38 ;m1m2m
3*
, ~5!

sm1m2m3 ;m
18m

28m
38
5s2m12m22m3 ;2m

182m
282m

38
, ~6!

and

sm1m2m3 ;m
18m

28m
38
5sm2m1m3 ;m

28m
18m

38
. ~7!

Finally, there is one additional relation between the cr
sections. We follow Driessen and Eno@15#, who proved a
similar relation for the case where there is only one initia
aligned state. Consider the scattering amplitu
f m1m2l fm

(u,w), given by Eq.~A2! of Appendix A, for the

particular case thatm11m25m3 . This is
f

n

-
d

r

s,
is

s

,

f m1m2l fm
~u,w!5

1

Akikf
(

j , j 8,J,
l ,l 8,M

i l 2 l 811~21! j 1 j 81 j 12 j 22m

3ApA2l 11~2J11!Tjl l l ;1l 8l f

J Yl 80~u,w!

3S j l J

m 0 2mD S 1 l 8 J

m 0 2mD
3S 1 1 j

m1 m2 2mD , ~8!

wherem5m11m2 . If we takem1→2m1 , m2→2m2 , and
m2→2m3 , then using the general property of the 3j sym-
bols that

S j 1 j 2 j 3

2m1 2m2 2m3
D 5~21! j 11 j 21 j 3S j 1 j 2 j 3

m1 m2 m3
D ,

~9!

the scattering amplitude goes to

f 2m12m2l f2m~u,w!→~21! l 1 l 811f m1m2l fm
~u,w!. ~10!

Now, the parity of the initial-state electronic wave functio
is even, and the parity of the final electronic state is o
This means that in order to conserve total parity,l 1 l 8 must
be odd. This gives one final relation between the cross s
tions:

s2m12m22m3 ;m
18m

28m3
5sm1m2m3 ;m

18m
28m3

if m11m25m3 .

~11!

Using Eqs.~4!–~7! and Eq.~11!, there are 39 parameter
needed to describe this four-vector collision process. Th
are represented by 15 real-valued fundamental cross
tions:

s000, s001, s010, s011, s0121 , s110, s111,

s1121 , s1210, s1211, s1210;2110, s1211;2111,

s010;100, s011;101, and s0121;1021 , ~12!

and 12 complex valued cross sections:

s000;1210, s001;1211, s110;0121 , s111;010, s1211;0210,

s1211;010, s1210;011, s100;0021 , s000;011, s111;0021 ,

s1211;001, and s12121;111. ~13!

In the notation used heresm1m2m3
5sm1m2m3 ;m1m2m3

, which
is called a conventional cross section. It represents
energy-pooling cross section for an atom in the statem1
colliding with an atom in the statem2 . The cross section
sm1m2m3 ;m

18m
28m

38
, when (m1 ,m2 ,m3)Þ(m18 ,m28 ,m38), is

called a coherence cross section and represents the con
tion from the interference between anm11m2→m3 collision
and anm181m28→m38 collision.
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B. A reanalysis of previous data

A type of four-vector experiment was already described
Parkset al. In that experiment two aligned atoms are co
lided and the azimuthal variation in the final-state fluor
cence was investigated. This experiment is reanalyzed
terms of the fundamental cross sections of Sec. III A and
demonstrated here that there is a slight final-state alignm
effect. In the next section, experiments are described
provide much more information on the final-state alignme

Consider first the reanalysis of Parkset al. If Ca atoms are
excited from the grounds state to ap state with a linearly
polarized laser, a puremj50 excited state is produced whe
the polarization is parallel to the quantization axis. The sy
metry axis of the orbital is defined to be the quantization a
that, at any instant, gives a puremj50 state. In the experi-
ment, the initial-state atoms are excited so that their sym
try axis lies in thex-y plane ~perpendicular to thez axis!.
With linear excitation polarization, this is accomplished
polarizing the laser beam along thex axis. With circular
polarization, the laser beam is polarized around they axis. In
this case, the symmetry axis is defined to be the axis aro
which the atoms are in a puremj51 state. For both the
linear and circular cases, a magnetic field is directed al
the z axis causing the symmetry axis to precess in thex-y
plane~always remaining perpendicular to thez axis!.

The fluorescence from the final 4s4p 1P1 state is ob-
served with a detector that lies in thex direction from the
collision region. Fluorescence from thepy and pz states is
observed with equal probability, but no fluorescence is
tected from thepx state. Note also that the alignment of th
initial states is the only thing that breaks the azimuthal sy
metry of the colliding system. This means that the precess
of the electronic states can be thought of as equivalen
rotating the detector around the collision region while t
symmetry axis is held fixed. In this way, azimuthal variatio
in the final-state fluorescence can be mapped out. Inse
the appropriate density matrices into Eq.~2!, we find the
signal ~proportional to the cross sections! as a function of
time will be

I ~ t !5ml ,c1nl ,c cos 2vt, ~14!

wherev is the precession frequency in the magnetic field

v5mBgB/\. ~15!

HeremB is the Bohr magneton andg is the Lande factor. In
the case of linearly polarized excitation, the relationship
tween the measured parameters and the desired cross
tions is rather limited because of the complexity:

ml5
1
8 s1111

1
4 s12101

1
4 s12111

1
4 s1101

1
8 s1111

1
4 s1211;2111

1 1
4 s1210;2110,

nl52 1
2 s111;12121 . ~16!

In the case of circular polarization, the parametersmc andnc
are again linear combinations of the cross sections in E
~12! and ~13!. The equations for these parameters are m
complicated than Eq.~16!, and are given in Appendix B.

The results of the experiment are shown in Fig. 2. Th
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is no detectable modulation seen in the linear case. T
means that the value ofnl is too small to be detected. In thi
experiment, we are only looking for relative modulation
since we do not measure the absolute size of the signal.
is, we have not determinednl , but rathernl /ml . The mea-
sured value for this parameter isnl /ml50.00060.008. The
uncertainty here is derived from the error in the direction
the magnetic field. The uncertainty in the magnetic-fie
alignment is610°. If the field is not directed exactly alon
thez axis, the symmetry axis will wobble slightly in and ou
of the x-y plane. From the data obtained in Parkset al. it
was found that any time the angle between the symm
axis and thez axis changes, there is a modulation in t
energy-pooling signal. In this case, a 10° misalignment of
magnetic field would result in a 0.008 relative modulation
the energy-pooling signal. This then represents the low
limit on the real modulation signal that can be detected r
ably.

In the circular case, small but distinct modulations can
seen in Fig. 2. The amplitude of these oscillations isnc /mc
520.0460.02. The negative sign means that the signal is
a minimum when the symmetry axis is pointing at the det
tor ~along thex axis! and maximum when the symmetry ax
is parallel with they axis. The uncertainty quoted here
again the modulation that would result from a 10° misalig
ment in the magnetic field. This uncertainty is larger than
the linear case, because, as seen in Parkset al., the circular
signal is much more strongly dependent on the angle
tween the symmetry axis and thez axis. A careful analysis of
the circular data also reveals a modulation with a per
equal to one full precession around thez axis, as opposed to
twice this period as expected by Eq.~14!. However, it can be
shown that this spurious modulation can be explained b
magnetic-field misalignment, which is well within the610°
error range.

While the connection to the fundamental cross section
complex, the results do show that there is a four-vector c
relation effect. This section serves as a first example of
four-vector correlation theory developed in the last secti
Even though no large final-state alignment is observed h
this experiment represents one small piece of the larger

FIG. 2. The data from Parkset al. where no final-state polarize
is used and the magnetic field is directed along thez axis @11#. This
tests for azimuthal alignment in the final state. No modulation
seen in the linear case, but a small amount of modulation is see
the circular case.
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2948 PRA 60HAROLD V. PARKS AND STEPHEN R. LEONE
ture that will be expanded upon in the next experiments. T
fit parameters found in this section will be used together w
the results of the next experiments to solve for the value
the fundamental cross sections, as given in the conclus
We do already have the value of one fundamental cross
tion. Sincenl /ml is very small, it is immediately seen from
Eq. ~16! that s111;12121 must also be very small.

C. Polarized final-state detection

We now turn to a type of experiment that permits t
extraction of much more cross-section information. Here
initial-state atoms are excited with a laser linearly polariz
along thez axis ~parallel to the relative velocity vector!, and
a magnetic field is directed along thex axis. Thus, the sym-
metry axis of the electronic state remains in they-z plane
and precesses around thex axis. The final-state fluorescenc
detector is located along thex axis from the collision region.
A polarizer is placed between the detector and the collis
region with its axis making an angleu with thex-z plane. In
the case of linearly polarized excitation, Eq.~2! gives a sig-
nal:

I ~ t !5~dl1el cos 2u!cos 2vt1 f l sin 2u sin 2vt

1~gl1hl cos 2u!cos 4vt1 j l sin 2u sin 4vt1kl

1 l l cos 2u. ~17!

The parametersdl ,...,l l are equal to linear combinations o
the fundamental cross sections listed in Eqs.~12! and ~13!.
These relationships are quite complicated and are give
Appendix B. Here,vt is the angle between thez axis and the
symmetry vector, if the laser pulse is att50. The precession
frequency is again given by Eq.~15!. When the linearly po-
larized laser beam is replaced with a laser beam that is
cularly polarized around they axis, we get an expressio
with the same form but different coefficients,~Appendix B!:

I ~ t !5~dc1ec cos 2u!cos 2vt1 f c sin 2u sin 2vt

1~gc1hc cos 2u!cos 4vt1 j c sin 2u sin 4vt

1kc1 l c cos 2u. ~18!

Strictly speaking, ift50 is to be defined as the time whe
the laser pulse occurs,vt in Eq. ~18! should be replaced by
vt1p/2, because the laser is circularly polarized around
y axis. Thus, att50 the symmetry vector is perpendicular
thez axis. However, in practice the time origin is defined
fitting the signal, averaged overu, to Eq.~18!. Also it can be
seen from the equations in Appendix B that

gl54gc , hl54hc , and j l54 j c . ~19!

A number of parameters can now be obtained by fitting
observed data to the forms in Eqs.~17! and ~18! and the
physical meaning of these parameters is examined briefl

D. The meaning of the alignment parameters

There are the two parametersnl ,c and ml ,c that describe
the modulation in the signal when the system is rota
around thez axis. These were described in the last subs
e
h
of
n.
c-

e
d

n

in

ir-

e

e

d
c-

tion. Then we obtain the parametersdl ,c , gl ,c , andkl ,c . If
we average Eqs.~17! and~18! overu, then all the terms tha
depend onu average to zero and we get

I ~ t !5dl ,c cos~2vt !1gl ,c cos~4vt !1kl ,c . ~20!

This is exactly the form for the signal observed in Par
et al. when the polarization of the final-state fluorescence
not resolved. This is not surprising since without the detec
polarizer the observed fluorescence is averaged over au.
Thus the parametersdl ,c , gl ,c , and kl ,c have already been
obtained in the data of Parkset al. In addition, if Eqs.~17!
and ~18! are averaged over allvt we can extractkl ,c
1 l l ,c cos(2u). Thus, the parameterl l ,c describes how the
mean signal, averaged over the modulations due to the m
netic precession, varies as the detector polarizer is rota
Finally the parametersel ,c , hl ,c , f l ,c , and j l ,c describe how
the modulations due to the magnetic precession chang
the detector polarizer is rotated. The parametersel ,c , and
hl ,c describe the modulation of the cos 2vt and cos 4vt
terms, respectively. Also,f l ,c , and j l ,c give the modulation
of the sin 2vt and sin 4vt terms, respectively. Note that thes
last two terms are antisymmetric around thez axis, and their
contributions vanish when the detector polarizer is paralle
or perpendicular to thez axis. That is when there is symme
try around the atomic beam axis.

The fundamental cross sections of Sec. III A provide
quantitative interpretation of the alignment effects in ter
of the magnetic sublevels of the colliding atoms. The fit p
rameters of Secs. III B and III C, on the other hand, are
values that are actually measured in the laboratory. Thes
parameters are linearly related to the fundamental cross
tions, but have no intuitive interpretation beyond that of E
~14!, ~17!, and~18!. The explicit relationships between the fi
parameters and the fundamental cross sections are give
Appendix B. Much of the rest of this paper describes t
details of the experimental method by which the fit para
eters are obtained. Once all of the fit parameters have b
obtained, they are converted into the more physical fun
mental cross sections by solving the equations in Appen
B.

Taking Eq. ~19! into account, there are 15 independe
parameters that can be obtained in these experiments. I
ality, since relative signals are always measured, the ac
measured quantities will always be ratios of these para
eters. The net effect is that we first measure 14 values r
tive to one another. In Sec. V, four more values will b
measured. This is still far short of the 39 parameters nee
to fully describe the alignment effects of the Ca energ
pooling process. In order to get all 39 possible paramet
we could, for example, prepare two circularly polariz
states with the symmetry axis 45° off of thez axis and a 45°
azimuthal angle between the two states. This is beyond
scope of the present experiments.

IV. FINAL-STATE POLARIZATION RESULTS

A. Experimental procedure

As indicated above, these experiments are performed w
a constant magnetic field directed parallel to thex axis. In the
case of linearly polarized initial-state excitation, the laser
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polarized parallel to thez axis, and in the case of circula
excitation, the laser is polarized around they axis. The angle
between the symmetry vector and thez axis changes periodi
cally, resulting in a modulation of the energy-pooling cro
section. A polarizer is placed between the detector and
collision region. The resulting signal is described by E
~17! and ~18! and is a function of bothb (5vt), the angle
between the symmetry vector of the colliding atoms and
z axis, as well asu, the angle between the detector polariz
and thez axis. Thez axis is parallel to the atomic beam ax
and thus parallel to the relative velocity vector of the co
sions.

Figure 3 shows an example of the raw data with the
tector polarizer set at about 45° to thez axis when circularly
polarized excitation is used. Not surprisingly, the sign
looks very similar to the data obtained in Parkset al., when
the detector polarizer was not used. The signal here is m
noisier than in the earlier report because the fluoresce
collection angle is much smaller and the polarizer furth
reduces the signal. Recall that the condenser lens is not
to collect the fluorescence here because it alters the pola
tion of the light. In a full data run, the polarizer is rotate
180° and then rotated back to the starting point in 15° ste
At each 15° step the signal as a function of time is avera
over 1000 laser pulses. The data is averaged over the
range~10 ms!, and greater weight is given to earlier times
the analysis, when the signal strength is largest. This t
range means that the results represent the alignment ef
averaged over a velocity distribution with a mean of 400 m
and a full width at half maximum of 460 m/s.

B. Results

1. Change in the mean signal
(averaged over the modulations due to magnetic precession

as the detector polarizer is rotated

First we examine how the mean signal, averaged over
modulation due to the magnetic precession, varies as the
tector polarizer is rotated. Some of the results are show
Fig. 4 for both linear and circular excitation. The variatio
versusu is distinct and very similar for both cases. The s
nal is greatest when the axis of the detector polarizer is
allel to thez axis and decreases to about 60% of this va

FIG. 3. An example of the final-state fluorescence intensity p
ted as a function of time. Large modulations in the energy-poo
cross section are seen as the initial electronic states precess
magnetic field, which is directed along thex axis. Here circularly
polarized excitation is used and the detector polarizer is setu
545°.
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when y-polarized fluorescence is observed. The sign
shown in Fig. 4 have been normalized so that the aver
signal in each case is one. The fit in Fig. 4 is thus to the fo

I ~u!511
l l ,c

kl ,c
cos~2u!. ~21!

This simply uses Eqs.~17! and ~18! averaged overvt and
divided by the mean signal strength. For the case of lin
polarization the amplitude of the modulation isl l /kl
50.25460.019 and for the case of circular polarizatio
l c /kc50.24660.021. There is no expectation that the mod
lation is the same for the linear and circular cases, but thi
what the data determines. In order to rule out artifacts,
initial-state fluorescence was separately observed through
detector polarizer, and no preference forz-polarized fluores-
cence was observed.

2. Modulations due to magnetic precession averaged overu

The parametersdl ,c /kl ,c andgl ,c /kl ,c from Eqs.~17! and
~18! describe when the signal is averaged over all values
u. These values were found in A, and when averaged o
the velocity distribution of this experiment they aredl /kl
50.11760.006, gl /kl50.05460.007, dc /kc520.56
60.01, andgc /kc50.08160.009.

t-
g
the

FIG. 4. The signal averaged over the modulations due to m
netic precession plotted as a function of the detector polarizer a
u. Both of these curves have been normalized so that the m
value is 1. The top plot shows the signal when linearly polariz
excitation is used, and circularly polarized excitation is used in
bottom plot.
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FIG. 5. The parametersp, q, u,
andn, in the case of circularly po-
larized excitation plotted as a
function of the detector polarize
angle, u. These parameters de
scribe the modulation in the signa
due to the magnetic precessio
which has the form p cos 2vt
1 q sin 2vt 1 u cos 4vt1v sin 4vt
11. The fits are described in th
text.
t
s
n

its
th
th

re
th

o

ie

c-

of
ly
es

d

the
llel

e
4

3. Change in the modulations due to magnetic precession
as the detector polarizer is rotated

Next consider the parametersel ,c , hl ,c , f l ,c , and j l ,c .
These parameters describe how the modulation due to
magnetic precession changes as the detector polarizer i
tated. To find these parameters, the signal as a functio
time must be fit at each angle ofu. As in Parkset al., the
long-time decay is removed by dividing the signal by
value averaged over one modulation period. The form of
signal as a function of time can be then written, for bo
linearly and circularly polarized excitation:

I ~ t !5p cos 2vt1q sin 2vt1u cos 4vt1v sin 4vt11,
~22!

where the parametersp, q, u, andv depend onu.
By comparing Eq.~21! with Eqs. ~17! and ~18!, and

knowing that the divisor, when the long-time decay is
moved, is the value of the signal when averaged over
time modulations, orkl ,c1 l l ,c cos 2u, the result is

pl ,c5
dl ,c1el ,c cos 2u

kl ,c1 l l ,c cos 2u
, ql ,c5

a1 f l ,c sin 2u

kl ,c1 l l ,c cos 2u
,

ul ,c5
gl ,c1hl ,c cos 2u

kl ,c1 l l ,c cos 2u
, v l ,c5

b1 j l ,c sin 2u

kl ,c1 l l ,c cos 2u
. ~23!

The parametersa andb are used to compensate for any err
in the time origin. The valuesl l ,c /kl ,c , dl ,c /kl ,c , and
gl ,c /kl ,c have already been obtained above. It is conven
to dividepl ,c andql ,c by dl ,c /kl ,c andul ,c , and to dividev l ,c
by gl ,c /kl , . The result is
he
ro-
of

e

-
e

r

nt

pl ,c

dl ,c /kl ,c
5

11
el ,c

dl ,c
cos 2u

11
l l ,c

kl ,c
cos 2u

,
ql ,c

dl ,c /kl ,c
5

a1
f l ,c

dl ,c
sin 2u

11
l l ,c

kl ,c
cos 2u

,

ul ,c

gl ,c /kl ,c
5

11
hl ,c

gl ,c
cos 2u

11
l l ,c

kl ,c
cos 2u

,
v l ,c

gl ,c /kl ,c
5

b1
j l ,c

gl ,c
sin 2u

11
l l ,c

kl ,c
cos 2u

.

~24!

The fitting procedure is as follows. The signal as a fun
tion of time for each value ofu is fitted to Eq.~22! to find p,
q, u, andv. These parameters are then divided bydl ,c /kl ,c or
gl ,c /kl ,c . This gives the quantities pl ,c /(dl ,c /kl ,c),
ql ,c /(dl ,c /kl ,c), ul ,c /(gl ,c /kl ,c), and v l ,c /(gl ,c /kl ,c) as a
function of u. These parameters are then fit to the form
Eq. ~24!. An example of the data obtained with circular
polarized excitation is shown in Fig. 5. Here the valu
pc /(dc /kc), qc /(dc /kc), uc /(gc /kc), and vc /(gc /kc) are
plotted as function ofu. These values are the normalize
coefficients in front of the cos 2vt, sin 2vt, cos 4vt, and
sin 4vt terms, respectively, in Eqs.~17! and ~18!. There is
clearly a modulation in the cos 2vt and sin 2vt terms
@pc /(dc /kc) andqc /(gc /kc)#. This modulation is symmetric
around the beam axis for the cos 2vt term and antisymmetric
for the sin 2vt term. Also the cos 2vt term is about 20%
smaller when the detector polarizer is perpendicular to
atomic-beam axis than when the detector polarizer is para
to the beam axis. The data for the cos 4vt and sin 4vt terms
@uc /(gc /kc) andvc /(gc /kc)# are not as clear. There is som
modulation, barely detectable over the noise, in the cosvt
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PRA 60 2951INITIAL- AND FINAL-STATE ALIGNMENT AND . . .
term, but no detectable modulation in the sin 4vt term. The
data shown in Fig. 5 givesec /dc50.3960.03, f c /dc50.08
60.01, hc /gc50.460.1, and j c /gc50.0460.10. Some of
the data for the cos 2vt and cos 2vt terms of the linearly
polarized excitation case are shown in Fig. 6. The resu
less obvious here, but there is definitely some modulat
For linear polarization, the results areel /dl50.3060.04,
f l /dl50.1860.03, and hl /gl50.1260.10, j l /gl50.07
60.10.

The sump cos 2b1qsin 2b, which describes the signal a
the symmetry axis rotates with the polarizer set at a part
lar u, can be expressed as a cos 2b term with the maximum
shifted fromb50. Herevt has been replaced byb to em-
phasize that this quantity is the angle between the symm
axis of the atom and thez axis. When the detector polarize
is aligned with thez axis, the maximum is atb50. This is
not surprising because of the symmetry around thez axis in
this case. But as the detector polarizer is rotated off thez axis
the signal is no longer constrained to be symmetric ab
b50. Thus the maximum of the quantityp cos 2b
1qcos 2b can, and does, move off of thez axis. In this
experiment, it is found that the maximum point of the sign
rotates in the same direction as the detector polarizer.
maximum continues moving in the direction of the detec
polarizer untilu545°. As the angle of the detector polariz
increases still further the signal maximum moves back
wards thez axis, and symmetry about thez axis is again
restored whenu590°. This is true for both linearly and
circularly polarized excitation. When the detector polarize
at u545°, the maximum is shifted away from the beam a

FIG. 6. The parametersp and q plotted as a function ofu for
linearly polarized excitation. The signal, as the atoms precess in
magnetic field, has the formp cos 2vt1q sin 2vt1u cos 4vt
1v sin 4vt11. In the linear case nou dependence can be see
above the noise for the parametersu andv.
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by the maximum amount, 5° for linear excitation and 3° f
circular excitation.

All of the parameters defined in Eqs.~17! and ~18! have
now been determined. The signal modulation as the init
state atoms precess in the applied magnetic field has a w
dependence on the detector polarizer angle. The modulat
due to the magnetic precession change by only about 10%
the detector polarizer is rotated. There is, however, a 4
decrease in the average signal as the detector polariz
rotated from parallel to thez axis to perpendicular to thez
axis. This is true when both linearly and circularly polariz
initial-state excitation is used.

C. Uncertainties

The assignment of uncertainties todl ,c /kl ,c and gl ,c /kl ,c
has been discussed in Parkset al. and the uncertainties in
nl ,c /ml ,c were discussed in Sec. III. Experimental noise
the main source of error in the rest of the parameters.
cause there is such a small collection angle for the fluo
cence, long integration times must be used. It takes nearl
minutes to sweep the final-state polarizer 180° in 15° ste
During this time the Ca beam flux, as well as the laser tun
and power may change, resulting in the noise level in Fig
In addition, the low signal strengths make it difficult to fit th
modulation signals produced by the magnetic precession

Radiation trapping is another possible source of error. T
polarization of the final-state fluorescence could be altere
it is absorbed and re-emitted before it leaves the interac
region. Since the energy-pooling process is highly exoth
mic, the Ca atoms leave the collision at a velocity of ov
1300 m/s. This corresponds to a Doppler shift of 3 GH
much larger than the 200-MHz natural-line width of th
4s2 1S0→4s4p 1P1 transition and the 300-MHz Dopple
width of the atomic beam. Thus it is unlikely that a fina
state photon will be absorbed by another Ca atom befor
reaches the detector. In order to test for radiation trapp
the oven temperature was decreased from 1020 to 93
resulting in a factor of 2 decrease in Ca density in the int
action region. The signal strength with linearly polarized e
citation, averaged over the magnetic precession, was m
sured with the detector polarizer first parallel, th
perpendicular, to thez axis. The result is thatl l /kl (930 K)
50.2860.06, which agrees well with the value at 1020
l l /kl (1020 K)50.25460.019. Thus we conclude that radia
tion trapping does not have a large effect on these resul

V. THE APPLICATION OF A MAGNETIC
FIELD GRADIENT

A. Theory

The experiments described thus far involve two initia
state atoms colliding with the same alignment. More alig
ment information can be obtained by studying collisions b
tween atoms that do not have parallel alignments. O
obvious way to do this is to excite the initial-state atoms w
two laser beams, each with a different polarization. With t
method the exact population of the excited-state atoms
duced by each laser beam must be known. This will not
simple if the laser beams are not perfectly overlapped an
the pumping transitions are approaching saturation. A diff

he
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2952 PRA 60HAROLD V. PARKS AND STEPHEN R. LEONE
ent approach is used here. A magnetic-field gradient is
plied, with both the direction of the magnetic field and t
direction of the gradient parallel to the atomic beam ax
When linear polarization is used, the laser is now polariz
along thex axis instead of thez axis as in the previous
sections. When circular polarization is used, the laser is
polarized around they axis. Since the collisions occur wit
faster atoms catching up to slower atoms, the collisions
time occur between atoms that have experienced diffe
amounts of magnetic precession. So collisions between n
parallel orbitals are realized.

With the magnetic gradient switched off, collisions on
occur between atoms with parallel symmetry axes. IfDa
denotes the azimuthal angle between the symmetry axe
the two atoms, thenDa50 when the gradient is switche
off. However, with the field gradient present, the observ
signal is averaged over collisions with all values ofDa. To
understand how this works, an experiment is discusse
more detail. Consider an orbital that is initially in apx state
and then has been rotated by an anglea1 around thez axis.
If this atom collides with another atom that is initially in apx
state that has then been rotated by an anglea2 around thez
axis, the experimentally observed energy-pooling cross
tion is

sexp5
1
2 ~s12101s1210;2110cosDa1s110!, ~25!

whereDa is equal to the difference betweena1 anda2 .
First, if the px orbitals are in a weak uniform magnet

field of strengthB0 directed along thez axis, the atoms will
precess at a ratev so that at any timet, a15a25vt. Ex-
plicitly this is

a15a25
mBB0gt

\
~26!

andDa50 always. Now consider a system with a magne
field described byz(B01zs), wheres is a constant. We will
assume that the gradients is small enough so that it has
negligible effect on the motion of the atoms. ThenDa(t) can
be found by integrating Eq.~26! for each atom over the
magnetic field experienced by each atom before the collis
Takey1 andy2 to be the velocity of the two atoms. Take th
collision to occur at timet and at positionz50. Atom one
has moved fromz52y1t at t50 to z50 at t. The average
magnetic field that is felt by this atom isB02y1ts/2. There-
fore, a1(t)5tmBg(B02y1ts/2)/\. The same is true for
atom two, so

Da5
~y12y2!mBgst2

2\
. ~27!

Thus,

sexp5
1
2 H s12101s1210;2110cosF ~y12y2!mBgst2

\ G1s110J ,

~28!

The contribution from the coherence term oscillates in tim
Finally, to obtain the experimentally observed signal, E
~28! must be integrated over the velocity distribution of t
atomic beam. The result of the integration over the bro
p-
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velocity distribution of the beam is that the oscillation of E
~28! quickly averages to zero. A model result of this integr
tion for the coherence term is plotted in Fig. 7, assuming t
the cross sections are independent of the collision veloc
Also, the collision velocity is taken to be the relative veloci
of the beam given by Eq.~1!. Actually, the situation is
slightly more complicated than this. As seen in Parkset al.,
the fundamental cross sections do depend on velocity,
the collision velocity distribution is time dependent. How
ever, the rough form of the experimental data will still loo
quite similar to Fig. 7.

Only the contribution of the coherence term to the to
cross section is shown in Fig. 7. To get the actual cr
section, this must be added to the contribution of the conv
tional terms, which are not affected by the magnetic gradie
In effect, the magnetic-field gradient allows the coheren
terms to be switched off by randomizing the azimuth
angles of the colliding atoms, leaving only the convention
cross sections. In the basis that is used, all of the azimu
information is contained in phase information. The ratio
the signal at long times, when the contribution from the c
herence term has gone to zero, to the signal att50 is
(s12101s1210;21101s110)/(s12101s110). This ratio will
be denoted byzl . The values ofs12101s1210;2110 ands110
have already been measured in the experiments describ
the last section. Now the separate values of all three c
sections can be obtained. This experiment can be repe
with the detector polarizer perpendicular to thez axis, giving
a parameteryl . This parameter is a ratio of more compl
cated sums of the fundamental cross sections, obtained
sexp from Eq. ~2!. Then the parameteryl can be found by
taking the ratio of*0

2psexp(Da)da andsexp(Da50). This can
be repeated with circularly polarized excitation to get t
parametersyc andzc .

B. Experiment

The experiment is performed by first switching on t
magnetic-field gradient and averaging 1000 laser pulses
the detector aligned parallel to thez and then they axes.
Then the gradient field is switched off leaving a consta
magnetic field of 0.2 Gauss directed along thez axis. The
signal, averaged over 1000 laser pulses, is again reco
with the polarizer directed along they then thez axes. In the
circular case the strength of the gradient isdB/dz
51.5 G/cm and the average value ofB in the interaction
region is 7 G. In the linear casedB/dz50.75 G/cm and the
average value ofB is 3.5 G.

FIG. 7. The contribution of the coherence terms to the to
signal when a magnetic-field gradient is applied. Due to the br
velocity distribution in the Ca beam, the coherence terms quic
average to zero.



th
e
he
t

th
se
gn
r
n
th
lo
e

nt
t o

b

st

u
n
4

is
b

ient

t
d for
nal
ase,
tate

be
nt.
be-
s is
odu-
te,
d.

am-
ts in
to a
dix

ntal
f we
ter-
er,
en
sec-

ith
th
th

th
n
h

he
ra-
p

nal
oher-

PRA 60 2953INITIAL- AND FINAL-STATE ALIGNMENT AND . . .
In order to remove the long-term decay seen in all of
signals, the signal with the gradient switched on is divid
by the signal with the gradient switched off for each of t
above cases. The data for the case of linear laser polariza
is shown in Fig. 8. The experimental data looks similar to
predicted form shown in Fig. 7. The signal decrea
sharply, and one oscillation can be seen before the si
goes to roughly a constant value. The data gets noisie
time progresses because of the long-time decay of the sig
This decay has been divided out, but this means that
noise gets relatively larger for longer times. The top p
corresponds to the experiment described in detail in S
V A. Since s110 is small ~about 6% of the value ofs1210
1s1210;2110!, the fact that the signal with the gradie
turned on decreases to 50% of the value with the gradien
means thats1210's1210;2110. In fact, the parity rule given
in Eq. ~11! means that these two cross sections must
equal. Thus the corresponding parameterzl does not really
give any new information. However, no such relation exi
in the y-polarized case, and the parameteryl is truly a new
parameter. Notice that the signal does not decrease as m
here. The parameterszl andyl are obtained from the data i
Fig. 8 by taking the average value of the signal between
and 8 ms. These values arezl50.5560.07 andyl50.74
60.07.

The data for the case of circularly polarized excitation
shown in Fig. 9. Here the coherence terms turn out to

FIG. 8. These plots show the signal as a function of time w
the magnetic-field gradient present divided by the signal with
gradient turned off. Linearly polarized excitation is used here. In
top plot the detector polarizer is oriented parallel to thez axis, and
in the bottom plot the polarizer is perpendicular to this. Since
coherence terms are positive here, the signal decreases whe
gradient is applied. Notice that the signal does not drop as muc
the y-polarized case as in thez-polarized case.
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negative, so the signal increases when the magnetic grad
is switched on. The values obtained from this data arezc
51.6960.16 and yc51.8160.18. The magnetic gradien
used here has twice the magnitude as the gradient use
the case of linearly polarized excitation. However, the sig
here evolves over the same time scale as in the linear c
not twice as fast. This is because in the linear case, the s
returns to itself when rotated by 180°~except for a global
phase factor!, while in the circular case the state must
rotated by a full 360° in order to return to the starting poi
The signal with the gradient switched off was smoothed
fore it was used as the divisor to make these plots. Thi
significant, because, as seen in Sec. III, there are some m
lations in this signal due to the alignment of the final sta
which would be seen in the data if they were not remove

VI. RESULTS AND DISCUSSION

We have measured 18 of the 39 independent fit par
eters needed to completely describe the alignment effec
Ca energy pooling. Each of these parameters is equal
sum of the fundamental cross sections, as given in Appen
B. These equations can be inverted, giving fundame
cross sections in terms of the measured fit parameters. I
were able to measure all 39 fit parameters, we could de
mine all 39 of the fundamental cross sections. Howev
since not all of the possible alignment information has be
extracted in these experiments, not all fundamental cross

e
e

e
the
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FIG. 9. Shown here is the signal as a function of time with t
magnetic-field gradient present divided by the signal with the g
dient turned off for the circularly polarized excitation. In the to
plot the detector polarizer is oriented parallel to thez axis, and in
the bottom plot the polarizer is perpendicular to this. The sig
increases when the gradient is applied because the dominant c
ence terms in this case are negative.
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2954 PRA 60HAROLD V. PARKS AND STEPHEN R. LEONE
tions are solved for individually. The results are given
Table I, where the relative values of 18 fundamental cr
sections or sums of cross sections are reported. The a
ment effects are large and distinct. The conventional cr

sectionss110, 1
2 (s1111s1121), and 1

2 (s0111s0121) are over
an order of magnitude smaller than the largest conventio
cross sections000. Also, the cross sections with a finalmj
50 state are generally larger than the cross sections
form the mj561 states. The cross sections010 is several
times larger than1

2 (s0111s0121), while s000 is one and a
half times larger thans001. As for the coherence terms, sum
containing the cross sections Res000;1210 and Res001;1211
have large negative values~the exception is the sums011
22 Res001;12112s010;101, where Res001;1211 has a minus
sign!. The cross sections1211;2111 has a small but distinc
positive value. As shown in Sec. V, the coherence te
s1210;2110 is constrained to be equal tos1210, which is
large and positive. In addition, it was seen in Sec. IV th
when the initial states are precessing, small sin 2vt and
sin 4vt terms appear if the final-state polarization is resolv
This effect is described here by the small but nonz
values for Res2100;0012Res000;011 and Res21210;2101
2Res010;111.

A complete explanation of these alignment results
likely to be quite complicated. Models involving single o
multiple curve crossings are often invoked to explain alig
ment effects in atomic collisions. A few of the many e
amples of this include work on Ca(1F)1He @22# and
Na1He @23,24# inelastic collisions, as well as the theoretic
models of the Na(3p)1Na(3p) system @25–27#. In the
Ca(3P)1Ca(3P) case, the situation is complicated by th
large number of states involved. While there are only th
molecular states, which correspond to the1P11S final state,
there are 18 molecular states that correlate with the3P
13P initial state. None of the Ca-Ca curves relevant to t
experiment have been published, although a few of
curves in the analogous Sr-Sr system do exist@28#.

TABLE I. Values of the four vector fundamental cross sectio

Fundamental cross section Measured Va

s000 1.4760.04
s001 0.8760.03
s110 0.12460.014
1
2 (s1111s1121) 0.09860.011
s010 0.5160.16
s010;100 20.1760.17
1
2 (s01211s011) 0.1360.11
s1210 1.1560.15
s1211 0.9560.11
s1211;2111 0.3760.10
Res000;1210 20.7360.04
Res12121;111 0.0060.01
2 Res001;12111s0121;10211s011;101 20.9260.18
s01122 Res001;12111s011;101 0.8960.05
1
2 Res001;21212112 Res001;12111

1
2 Res0021;111 21.0060.08

Res2100;21111Res0210;211122 Res1210;011 0.01160.015
Res2100;0012Res000;011 20.02960.007
Res21210;21012Res010;111 20.01760.005
s
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ss
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e
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A more important complication is spin-orbit coupling
Most of the previous theoretical work has focused on sta
with no spin, such as the Ca1He work. In the case of the
Na(3p)1Na(3p) work, states with spin are involved but th
models assume that the spin-orbit coupling is too weak
affect the alignment on the collision time scale. Howev
this condition is not met in the Ca(3P)1Ca(3P) case. The
spin-orbit precession period of Ca is 1310213s. At the av-
erage collision velocity of these experiments, the Ca ato
will only move a distance of one bohr (a0) in this time. In
the Sr-Sr system, the3P13P and the1P11S curve crossing
occurs at an internuclear separation near 10a0 and the atoms
may interact significantly at separations of greater th
50a0 , if this system is anything like the Na(3p)1Na(3p)
system that has been theoretically studied@27#. Thus the ef-
fects of spin-orbit coupling will have to be taken into a
count. Despite over ten years of work on the Na(3p)
1Na(3p) collision data, no theory yet takes into account t
weaker spin-orbit effects in this system@25–27#. All
Na(3p)1Na(3p) calculations apply only to high-collision
velocities where spin-orbit coupling can be neglected. Ho
ever, the fact that such large polarization effects are obse
indicates that important general principles are likely to
uncovered by a careful theoretical analysis of this system

VII. CONCLUSION

In this paper, we have carried out a type of four-vec
experiment, where two aligned atoms are collided and
alignment of one of the final states is partially resolved.
our knowledge, the detailed information obtained in th
four-vector experiment is unprecedented. In Parkset al. it
was found that the energy-pooling cross section is stron
dependent on the initial-state alignment. Here it is found t
the final state is produced with an alignment predominan
along the relative velocity vector of the collision. This fina
state alignment is only weakly correlated with the initia
state alignment. Furthermore, we have shown that a m
netic gradient can be used to turn off the interference te
and thus obtain additional alignment information. A com
plete explanation for the data goes well beyond the rema
here. Describing the dynamics of this type of collision w
be a very stringent test of theory.
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APPENDIX A

Following Arthurs and Dalgarno@20#, consider a partial-
wave expansion of the scattering amplitudes. Arthurs a
Dalgarno deal only with a rigid rotor colliding with a struc
tureless atom. This is extended to the case of two ident
atoms colliding here. The amplitude for two atoms initial
in magnetic statesm1 andm2 to scatter into a final state with
the excited-state atom in a magnetic substatem3 can be writ-
ten

.
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f jml fm8~u,w!5 (
j 9,ml9 ,J,

l ,l 8,M

~21! j 1 j 8i l 2 l 811ApA2l 11~2J11!

Akikf

3S j l J

m 0 2M D S j 9 l 9 J

m3 ml9 2M D
3Tjl l; j 9 l 9l f

J Yl 9m
l9
~u,w!. ~A1!

Herej and j 8 represent the total angular momenta before a
after the collision, respectively. The orbital angular mome
before and after the collision are given byl and l 9, respec-
tively. Also ml9 is the magnetic quantum number correspon
ing to l 9. J andM represent the total~electronic plus orbital!
angular momentum of the colliding system. In addition,m
[m11m2 . The symbolsl i andl f represent all of the othe
quantum numbers needed to specify the initial and fi
atomic states, respectively.Tjl ; l 8

J is the transition matrix,
and the initial- and final-state wave vectors areki and kf ,
respectively Finally, the scattering angles are represente
w and u. Equation~A1! is nearly identical to the equatio
derived by Arthurs and Dalgarno@20#, except that nowj
represents the coupled electronic angular momenta of
colliding atoms before the collision. It is more useful to e
press the scattering amplitudes in terms ofm1 andm2 instead
of j andm. To do this, we must construct a superposition
states with differentj’s to describe an (m1 ,m2) state. Thus,
we get

f m1m2l fm3
~u,w!5

1

Akikf
(

j , j 8,ml8 ,

J,l ,l 8,M

i l 2 l 811~21! j 1 j 81 j 12 j 22m

3ApA2l 11~2J11!Tjl l i ; j 8 l 8l f

J

3Yl 8m
l8
~u,w!S j l J

m 0 2M D
3S j 8 l 8 J

m3 ml8 2M D S j 1 j 2 j

m1 m2 2mD .

~A2!
i f l
d
a

-

l

by

th

f

Since the bottom rows of the 3j symbols must add to zero
we have m5m11m2 , M5m11m2 , and ml85m11m2

2m3 .
The experimentally observed cross section is found

taking the modulus squared of the scattering amplitudes,
tegrating over all scattering angles,

sexp5
kf

ki
(
l f

(
m1 ,m2

E uam1m2
@ f m1m2l fm3

~u,w!

1 f m2m1l fm3
~p2u,w1p!#u2 sinu du dw

5
kf

ki
(

m1 ,m18 ,

m2 ,m28

am1m2
am

18m
28

* (
l f ,l f8

E @ f m1m2l fm3
~u,w!

1 f m2m1l fm3
~p2u,w1p!#@ f m

18m
28l

f8m3
* ~u,w!

1 f
m

28m
18l f8m3

* ~p2u,w1p!#sinu du dw. ~A3!

In this notation,l f gives the statel f with the electronic
states of the two atoms switched. The fundamental cross
tions are now defined as

sm1m2m3;m
18m

28m
38

5
kf

ki
(

l f ,l f8
E @ f m1m2l fm3

~u,w!

1 f m2m1l fm3
~p2u,w1p!#@ f m

18m
28l

f8m3
* ~u,w!

1 f
m

28m
18l f8m3

* ~p2u,w1p!#sinu du dw. ~A4!

Using Eq.~A2!, this can be written
sm1m2m3 ;m
18m

28m
38
5

1

ki
2 (

l f ,l f8
(

j , j 8, j 9, j-,

ml8 ,ml9J,J8,

l ,l 8 l 9,l-,M ,M8

i l 2 l 82 l 92 l-~21! j 1 j 91 j 81 j-2m2m8

3pA2l 11A2l 911~2J11!~2J811!~21! j 12 j 21 j 182 j 28S j l J

m11m2 0 2M D S j 8 l 8 J

m3 ml8 2M D
3S j 1 j 2 j

m1 m2 2m11m2
D S j 9 l 9 J8

m181m28 0 2M 8
D S j - l- J8

m3 ml9 2M 8
D S j 18 j 28 j 9

m18 m28 2m181m28
D

3E @Tjl l i ; j 8 l 8l f

J Yl 8m
l8
~u,w!1~21! l 8T

jl l i ; j 8 l 8l̄ f

J
Yl 8m

l8
~u,w!#@Tj 9 l 9l i ; j- l-l

f8
J* Yl-m

l9
* ~u,w!

1~21! l-T
j 9 l 9l ; j 8 l-l̄8
J* Yl-m9

* ~u,w!#sinu du dw. ~A5!
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Upon integration over theu andw, the spherical harmonic
can be replaced byd l 8,l-dm

i8m
l9

and the result is~taking, for

this experiment,j 85 j -5 j 15 j 251!

sm1m2m3 ;m
18m

28m
38
5

1

ki
2 (

j , j 8, j 9, j-,

ml8 ,J,J8,

l ,l 8,l 9,M ,M8

i l 2 l 9~21! j 1 j 91 j 81 j-2m2m8

3pA2l 11A2l 911~2J11!~2J811!

3S j l J

m11m2 0 2M D
3S 1 l 8 J

m3 ml8 2M D S 1 1 j

m1 m2 2M D
3S j 9 l 9 J8

m181m28 0 2M 8
D

3S 1 l 8 J8

m38 ml8 2M 8
D

3S 1 1 j 9

m18 m28 2M 8
DTjl ; l 8

I Tj 9 l 9; l 8
J* , ~A6!

whereTjl ; l 8
J Tj 9 l 9;8 l 8

J* represents the products ofTjl l i ; j 8 l 8l f

J and

Tjl l i ; j 8 l 8l f

J* from Eq. ~A1! summed overl f .

APPENDIX B

The equations for the fit parameters in terms of the f
damental cross sections are listed here. All of these par
eters were calculated by inserting the appropriate density
trices into Eq.~2!.

mc5s21211;21211/321s2101;2101/81s2110;2110/16

1s2111;2111/161s2111;001/41s0211;2101/8

1s000;2110/41s000;000/81s001;001/81s010;010/4

1s011;011/81s1210;2110/161s1211;2111/16

1s100;010/41s101;011/81s110;110/161s111;111/32,

~B1!

nc5s212121;001/161s21121;111/81s0021;111/16

1s011;011/81s101;011/8, ~B2!

kc525s212121;001/128135s21211;21211/256

15s2101;2101/6425s21121;111/6413s2110;2110/128

13s2111;2111/12813s2111;001/3215s0211;2101/64

25s0021;111/12813s000;2110/3213s000;000/64

13s001;001/6415s010;010/321s011;011/32

13s1210;2110/12813s1211;2111/12815s100;010/32

1s101;011/32135s110;110/128135s111;111/256, ~B3!
-
m-
a-

l c55s212121;001/128235s21211;21211/256

25s2101;2101/6415s21121;111/6413s2110;2110/128

23s2111;2111/12823s2111;001/3225s0211;2101/64

15s0021;111/12813s000;2110/3213s000;000/64

23s001;001/6415s010;010/322s011;011/32

13s121;02110/12823s1211;2111/12815s100;010/32

2s101;011/32135s110;110/128235s111;111/256, ~B4!

dc5s21212;001/3217s21211;21211/642s2101;2101/16

1s21121;111/162s2110;2110/322s2111;2111/32

2s2111;001/82s0211;2101/161s0021;111/32

2s000;2110/82s000;000/162s001;001/162s010;010/8

2s1210;2110/322s1211;2111/322s100;010/8

17s110;110/3217s111;111/64, ~B5!

ec52s212121;001/3227s21211;21211/641s2101;2101/16

2s21121;111/162s2110;2110/321s2111;2111/32

1s2111;001/81s0211;2101/162s00211;11/32

2s000;2110/82s000;000/161s001;001/162s010;010/8

2s1210;2110/321s1211;2111/322s100;010/8

17s110;110/3227s111;111/64, ~B6!

gc5s212121;001/1281s21211;21211/2562s2101;2101/64

1s21121;111/641s2110;2110/1281s2111;2111/128

1s2111;001/322s0211;2101/641s0021;111/128

1s000;2110/321s000;000/641s001;001/642s010;010/32

2s0110;11/321s1210;2110/1281s1211;2111/128

2s100;010/322s101;011/321s110;110/1281s111;111/256,

~B7!

hc52s212121;001/1282s21211;21211/2561s2101;2101/64

2s21121;111/641s2110;2110/1282s2111;2111/128

2s2111;001/321s0211;2101/642s0021;111/128

1s000;2110/321s000;000//642s001;001/642s010;010/32

1s011;011/321s1210;2110/1282s1211;2111/128

2s100;010/321s101;011/321s110;110/1282s111;111/256,

~B8!

kl52s212121;001/3213s21211;21211/641s2101;2101/16

13s21121;111/1613s2110;2110/3213s2111;2111/32

2s2111;001/81s0211;2101/162s0021;111/32
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2s000;2110/813s000;000/1613s001;001/161s010;010/8

1s011;011/813s1210;2110/3213s1211;2111/32

1s100;010/8s101;011/813s110;110/3213s111;111/64,

~B9!

l l5s212121;001/3223s21211;21211/642s2101;2101/16

23s21121;111/1613s2110;2110/3223s2111;2111/32

1s2111;001/82s0211;2101/161s0021;111/32

2s000;2110/813s000;000/1623s001;001/161s010;010/8

2s011;011/813s1210;2110/3223s1211;2111/32

1s100;010/82s101;011/813s110;110/3223s111;111/64,

~B10!

dl52s21211;21211/162s211;21;111/42s2110;2110/8

2s2111;2111/81s000;000/41s001;001/42s1210;2110/8

2s1211;2111/82s110;110/82s111;111/16, ~B11!

el5s21211;21211/161s21121;111/42s2110;2110/8

1s2111;2111/81s000;000/42s001;001/42s1210;2110/8

1s1211;2111/82s110;110/81s111;111/16, ~B12!

gl5s212121;001/321s21211;21211/642s2101;2101/16

1s21121;111/161s2110;2110/321s2111;2111/32

1s2111;001/82s0211;2101/161s0021;111/32

1s00021;10/81s000;000/161s001;001/162s010;010/8

2s011;011/81s1210;2110/321s1211;2111/322s100;010/8

2s101;011/81s110;110/321s111;111/64, ~B13!

hl52s212121;001/322s21211;21211/641s2101;2101/16

2s21121;111/161s2110;2110/322s2111;2111/32

2s2111;001/81s0211;2101/162s0021;111/32
p.

of

B

, J

hy
1s000;2110/81s000;000/162s001;001/162s010;010/8

1s011;011/81s1210;2110/322s1211;2111/322s100;010/8

1s101;011/81s110;110/322s111;111/64, ~B14!

f c57s21210;2101/161s2100;2111/161s2100;001/8

1s0210;2111/162s000;001/827s010;111/162s1210;011/8,

~B15!

j c5s21210;2101/322s2100;2111/322s2100;001/16

2s0210;2111/321s000;011/162s010;111/32

1s1210;011/16, ~B16!

f l52s21210;2101/41s2100;2111/42s2100;001/2

1s0210;2111/41s000;011/21s0101;11/42s1210;011/2,

~B17!

j l5s21210;2101/82s2100;2111/82s2100;001/4

2s0210;2111/81s000;011/42s010;111/81s1210;011/4,

~B18!

yl~s21211;2121112s2111;211112s1211;21111s111;111!/4

5s21211;2121112s2111;21111s111;111/4, ~B19!

yc~s21211;2121114s2101;210112s2111;2111

18s2111;00114s0211;210114s001;00114s011;011

12s1211;211114s101;0111s111;111!/16

5s21211;2121114s2101;210112s2111;2111

14s001;00114s011;0111s111;111/16, ~B20!

zc~s2110;2110/81s000;2110/21s000;000/41s010;010/2

1s1210;2110/81s100;010/21s110;110/8!

5s2110;2110/81s000;000/41s010;010/21s110;110/8.

~B21!
.

ett.
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