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Teleportation of a zero- and one-photon running-wave state by projection synthesis

C. J. Villas-Bôas, N. G. de Almeida, and M. H. Y. Moussa*
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We show how to teleport a running-wave superposition of zero- and one-photon field states through the
projection-synthesis technique. The fidelity of the scheme is computed taking into account the noise introduced
by dissipation and the efficiency of the detectors. These error sources have been introduced through a single
general relationship between input and output operators.@S1050-2947~99!04110-4#

PACS number~s!: 03.67.2a, 03.65.Bz, 42.50.Dv
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I. INTRODUCTION

About five years after the proposition of quantum telep
tation by Bennettet al. @1#, this phenomenon has recent
been demonstrated in a couple of experiments@2,3# through
photon polarized states. The required quantum channe
Einstein-Podolsky-Rosen state@4#, has been generated,
both experimental realizations, by photons emerging from
type-II degenerate parametric down-conversion@5#. Basi-
cally, a superposition of horizontally (uh&) and vertically
(uv&) polarized states of photon 1, i.e.,auh&1buv&, is tele-
ported to another photon, say 3, which is part of an entang
quantum channel (uv&uh&1uh&uv&)/A2.

Despite the fact that the experimental demonstration
teleportation of an atomic state has not yet been realiz
there are a number of proposals on this subject@6,7#. There is
even a proposal that considers two particles whose state
simultaneously teleported one to the other, namely the id
tity interchange process@8#. Experimental proposals for tele
porting a Schro¨dinger cat state of the radiation field, bo
trapped in a high-Q cavity @9# and as a running wave@10#,
have been reported. In Ref.@10# the authors analyze telepo
tation of continuous quantum variables and calculate the
delity of the process. Teleportation ofN-dimensional states
has also been proposed in the cavity QED domain and
garding other physical systems@11#.

In the present paper we show how to teleport a runn
wave superposition of zero- and one-photon field states.
teleportation machine is based on a recently reported sch
for optical state truncation by projection synthesis@12#. Such
a ‘‘quantum-scissors’’ device is suitable for teleportati
since both the processes rely exactly on the same princip
the possibility of entanglement, and so nonlocality, and
projection postulate. The technique of projection synthe
has been proposed originally by Barnett and Pegg@13# for
the experimental determination of the canonical quantum
tical phase probability distribution, and has also been app
for Q-function measurement@14#.

As sketched in Fig. 1~a!, the teleportation experiment con
sists of a couple of 50/50 symmetric beam splitters,BS1 and
BS2, and a couple of photodetectors,Db andDc . As in the
original Bennett teleportation scheme, Bob is supposed
share a quantum channel with Alice, here an entanglem
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composed by the output fieldsa andb. While the output field
a, which is expected to receive the teleported state, is gi
to Bob, the output fieldb is given to Alice. She is expected t
realize a Bell-type measurement on fieldb itself and the one
injected through the input modec in the state to be tele
ported. Obviously, such a state in modec is supposedly un-
known to both Alice and Bob. As the output modesa andb
had been previously entangled, the phenomenon of nonlo
ity plus the projection postulate lead to the achievemen
the teleportation process@1#.

Let us stress that for the desires of Alice and Bob rega
ing the teleportation of the unknown qubit, they need to co
sider just the apparatus in Fig. 1~a!. The preparation of the
state to be teleported through the additional ‘‘projectio
synthesis’’ step depicted in Fig. 1~b!, was introduced here
uniquely for further computation of the fidelity of the who
process, i.e., preparation and teleportation of a giv
running-wave superposition state. This is actually import
because tomeasurethe fidelity of the teleportation, it is nec
essary for the prepared state and the teleported state t
subjected to similar quantum tests.

FIG. 1. Sketch of the experimental setup for teleportation
projection synthesis.
2759 ©1999 The American Physical Society



ar
th

ig

es

o
of

te
th
ub

e
, i

um
od

ele
g

n

s

e
d

the

-
.

ra-
in
ffi-

he
put

c-
nd
and

elds
that

vin

tors
mu-

n-
ate
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II. IDEAL PROCESS

Let us briefly consider the situation where no losses
introduced. The state to be teleported, injected through
input modec, and expected to be described as

uc&c5c0u0&c1c1u1&c , ~1!

is prepared through a quantum-scissors device@12#, which is
a replica of the teleportation machine as depicted in F
1~b!. To prepare the state~1!, a single-photon field is injected
through the input modec on BS1 resulting in the entangled
field uc&cd5(u10&cd1 i u01&cd)/A2. Next, a coherent field
ug&e5(n50

` gnun&e5g0u0&e1g1u1&e1••• is sent through
the input modee with its vacuum and one-photon amplitud
satisfying g0 /c05g1 /c15C @ uCu25(ug0u21ug1u2)#. As
shown in@12#, when registering a single photon in detect
Dd and no counts inDe , one synthesizes the projection
the entanglement resulting fromBS18 on a given state of the
output fieldd, i.e., d^fuc&cd , leading to the prepared sta
~1!. Thus, when also accounting for the preparation of
state to be teleported, the whole machine consists of a do
quantum-scissors device: the output modec, where the state
to be teleported is supposed to be prepared@Fig. 1~b!#, and
the input modec of the teleportation device@Fig. 1~a!#.

In Ref. @12# the authors have pointed out that th
quantum-scissors device is a limited form of teleportation
that part of the coherent stateug&e , formed from the vacuum
and one-photon states, is ‘‘teleported’’ to modec. However,
we show below that it is possible to teleport a given quant
superposition of zero- and one-photon field state from m
c to modea.

Simultaneously to the preparation of the state to be t
ported, the quantum channel is prepared through a sin
photon fielda incident onBS1 in a way to superpose onBS2
both the state to be teleported and the output fieldb en-
tangled toa as uc&ab5(10&ab1 i u01&ab)/A2. The product of
Alice’s state to be teleported and the quantum channel ca
expanded, apart from an irrelevant phase factor, as

1

2
@ uC2&bc~c0u0&a1c1u1&a)1uF2&bc~c1u0&a1c0u1&a)

2uC1&bc~c0u0&a2c1u1&a)2uF1&bc~c1u0&c2c0u1&c)],

~2!

where we have introduced the complete set of eigenstate
Bell operators,

uC6&bc5
1

A2
~ u01&bc6 i u10&bc), ~3a!

uF6&bc5
1

A2
~ u00&bc6 i u11&bc). ~3b!

Hence, a measurement using Bell-state analyzers on fi
b andc projects the modea on a superposition of zero- an
one-photon field state as described in~2!. This required joint
measurement can be achieved throughBS2 by the
e
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projection-synthesis technique. In fact, by superposing
field state to be teleported with the output fieldb in BS2, we
get

ÛuF6&bc}H u01&bc

u10&bc,
~4a!

ÛuF6&bc}H u00&bc7
1

A2
~ u20&bc1u02&bc), ~4b!

where Û5exp@i(p/4)(b̂†ĉ1ĉ†b̂)# is the unitary operator de
scribing the action of an idealBS2. We thus see from Eqs
~4a! and ~4b! that a measurement of the field stateu10&bc ,
which requires the incoming Bell stateuC2&bc , projects the
output fielda exactly on the original state of fieldc. Other-
wise, a joint measurement of the Bell stateuC1&bc is
achieved by measuring the field stateu10&bc leaving the out-
put fielda in the original stateuc&c but phase-shifted through
p. However, the whole process, beginning with the prepa
tion of the state to be teleported, will be developed below
a noise environment and taking account of detector ine
ciency.

III. LOSSES IN THE BS’S

With the inclusion of errors due to photoabsortion in t
beam splitters, the general relationships between the in

and output operatorsâ,b̂, i.e., â,b̂ (d̂,ĉ) in BS1(BS18) or

b̂,ĉ(d̂,ê) in BS2(BS28) are @15#

âout5tâ in1r b̂ in1L̂a , ~5a!

b̂out5tb̂ in1r â in1L̂b , ~5b!

wheret and r are the beam-splitter transmission and refle
tion coefficients, respectively. In fact, such coefficients, a
so the operators, depend on the frequency of the fields
here a monochromatic source is considered. The input fi
and the noise sources are required to be independent so
the input operators must commute with the output Lange
operators:

@â in ,L̂a#5@â in ,L̂b#5@â in ,L̂a
† #5@â in ,L̂b

† #50, ~6!

with similar relations for theb operators. Imposition of the
bosonic commutation relations on the output mode opera
then leads to the requirements on the noise-operator com
tation relations:

@L̂a ,L̂a
† #5@L̂b ,L̂b

† #5G, ~7a!

@L̂a ,L̂b
† #5@L̂b ,L̂a

† #52V, ~7b!

where G512utu22ur u2 is the damping constant andV
5tr * 1rt * . For optical frequencies the state of the enviro
ment can be very well approximated by the vacuum st
even at room temperature, so that

L̂au0&5L̂bu0&5â inu0&5b̂ inu0&50, ~8!
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and, from the input-output relations@~5a! and ~5b!#, it also
follows that

âoutu0&5b̂outu0&50. ~9!

Finally, the quantum averages of the Langevin opera
vanish,

^L̂a&5^L̂b&5^L̂a
†&5^L̂b

†&50, ~10!

and the only nonzero ground-state expectation values for
products of pairs of noise operators are

^L̂aL̂a
†&5^L̂bL̂b

†&5G, ~11a!

^L̂aL̂b
†&5^L̂bL̂a

†&52V. ~11b!

As noted in Ref.@15#, the above relations for the averag
of the Langevin operators may also be derived from a
nonical one-dimensional theory applied to a dielectric sla

Next, it is easy to conclude that, similar to the relatio
~5a! and~5b!, the transformations leading from the output
the input operators preserving the above-mentioned pro
ties for the Langevin operators read

â in5t* âout1r * b̂out1L̂a , ~12a!

b̂ in5t* b̂out1r * âout1L̂b , ~12b!

where the bosonic commutation relations on the input m
operators are satisfied.

IV. EFFICIENCY OF THE DETECTORS

To deal with the efficiency of the detectors, we again ta
advantage of the Langevin operators. Introducing output
erators accounting for the detection of a given input fielda
„modesb,c(d,e) reaching the detectors in Fig. 1~a! @Fig.
1~b!#…, we write

âout5Ahâ in1L̂a , ~13!

considering the case in which the detectors have the s
efficiencyh. Obviously, different from theBS’s, the detec-
tors do not couple different modes in a way that the Lan

vin operatorsL̂a , despite satisfying all the properties o
those introduced above, obey the commutation relations

@L̂a ,L̂a
† #512h, ~14a!

@L̂a ,L̂b
† #50, ~14b!

and the ground-state expectation values for the product
pairs are

^L̂aL̂a
†&512h, ~15a!

^L̂aL̂b
†&50. ~15b!
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V. GENERAL RELATIONS FOR THE ERRORS

We next introduce an algebra accounting for both the
rors sources due to photoabsortion in theBS’s @Eqs.~5a! and
~5b!# and the efficiency of detectors@Eq. ~13!#. One can
check that in such an algebra, the output operatorsâ,b̂,

those describing the fields reaching the detectorsb̂,ĉ (d̂,ê)
in BS2(BS28), are

âout5tâ in1r b̂ in1L̂a , ~16a!

b̂out5tb̂ in1r â in1L̂b , ~16b!

where t5Aht,r5Ahr , and L̂a5L̂a1L̂a . In fact, from all
the above-mentioned properties of the operators in relat
~16a! and ~16b!, we get

@ L̂a ,L̂a
† #5@ L̂b ,L̂b

† #5hG1~12h!, ~17a!

@ L̂a ,L̂b
† #5@ L̂b ,L̂a

† #52hV. ~17b!

When consideringh51 in Eqs.~17a! and ~17b!, we re-
cover the relations~7a! and~7b!, while for G50, which also
implies V50, we recover the relations~15a! and ~15b!, re-
spectively.

VI. ENGINEERING THE STATE TO BE TELEPORTED

Back to the apparatus in Fig. 1~b!, when engineering the
state to be teleported in a noise environment by sendin
single-photon fieldc on BS18 , Eq. ~12a! leads thec and d
output fields, together with the environment, in the entang
ment

~ tu10&cd1r u01&cd1u00&cdL̂c)u0&E . ~18!

Next, onBS28 the field in moded is coupled to an additiona
field in mode e prepared in a coherent stateug&e
5(n gnun&e . As mentioned above, the synthesized proje
tion onto the state in moded leading to the engineered sta
~1! results when a single photon is registered inDd and no
counts are inDe , in a way that the output statec plus envi-
ronment reads

d^1uc^0u~ tu1&c1r u0&cd̂in
† 1u0&cL̂c

†)(
n

gn

êin
†n

An!
u00&deu0&E .

~19!

We note that the environmental states due to both beam s
ters have been put together. Since all the output opera
composingêin

† commute to each other, using the binom
formula

êin
†n

5 (
k5o

n

(
l 50

n2k S n

kD S n2k

l D tkr l d̂out
†l

êout
†k

L̂e
†n2k2 l

, ~20!

we end up with

uc&cE5N @g0u0&cuL0~ t,r !&E1g1u1&cuL1~ t,r !&E],
~21!

where the environmental states read
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uL0~ t,r !&E5
r

g0
(

n

gn

An!
~ tL̂e

†1nrL̂d
†1nL̂c

†!L̂e
†n21

u0&E ,

~22a!

uL1~ t,r !&E5
tr

g1
(

n

ngn

An!
L̂e

†n21
u0&E . ~22b!

Now we use the Wick’s theorem for boson operators,

^L̂a
n
L̂b

†m
&5dabdnmn! ^L̂aL̂b

†&n5dabdnmn! @hG1~12h!#n,
~23!

where for h51 it follows that L̂a5L̂a and for G50,L̂a

5L̂a . From relation Eq.~23! we get, for the normalization
factor N in ~21!, the result

N5H e[hG1(12h)] uau2hur u2F uCu2utu2

1S hG1
G

ur u2
1~12h!D ur u2ug1u2G J 21

. ~24!

The fidelity of the optical state truncation scheme leading
the engineered fielduc&cE , expected to beuC&c5(g0u0&c
1g1u1&c)/C when 50/50BS’s are considered~i.e., utu5ur u
5uju), also results from Wick’s theorem as

F5ic^Cuc&cEi2512

12hS 11G2

12G D
~11R!H 11RF12hS 11G2

12G D G J ,

~25!

whereR5(ug0u/ug1u)2. As expected, when considering ide
detectors (h51) and disregarding the losses in theBS’s
(G50), we find F51. Moreover, for finiteh and G, the
larger the ratioR, making the probability to find a photo
negligible, the closer to unity is the fidelity. We note tha
unlike other situations, when measuringu10&bc , as we have
done above, we do not need to consider 50/50BS’s in order
for the relationg0 /c05g1 /c15C to be required.

VII. TELEPORTATION PROCESS

As mentioned above, simultaneously to the preparation
the state to be teleported, which is given to Alice, the qu
tum channel has to be prepared by sending a one-ph
field state throughBS1. The quantum channel is exactly d
scribed by Eq.~18!, except that we must change the outp
symbolsc andd by a andb, respectively, while the state t
be teleported comprehends Eq.~21!, as indicated in Fig. 1.
For simplicity, the state to be teleported will be rewritten

uc&cE5N~ ug0&Eu0&c1ug1&Eu1&c), ~26!

with ug0&E5g0uL0(t,r )&E and ug1&E5g1uL1(t,r )&E . Alice
is thus supposed to realize the joint measurement on fielb
andc, which is accomplished throughBS2 following exactly
the steps outlined in Eqs.~19!–~22b!, substituting the coher
ent stateug&c by uc&cE and the modesd,e by b,c, respec-
o

,

of
-
on

t

s

tively. As we see from Eq.~4a!, in the ideal situation, when
projecting the correlated output fieldsb and c on the state
u10&bc , as done in Eq.~19!, we are proceeding to a Be
measurement of the incoming stateuC2&bc . Obviously, this
is not the case when the loss mechanisms in the beam s
ters are taken into account. After a straightforward calcu
tion, we obtain, for the teleported fielda, the state

uc&aE5N~ ul0&Eu0&c1ul1&Eu1&c), ~27!

with the normalization constant

N5H e2h(12G)uau2hS 12G

2 D 2

3F11
1

R S 4

12G
23h~12G! D G J 21

~28!

and

ul0&E5ug0&E1ug1&ES L̂ c
†1

r

t
L̂b

†1
1

t
L̂a

†D u0&E , ~29a!

ul1&E5ug1&Eu0&E . ~29b!

The fidelity of the teleported state expected to beuC&a
51/C(g0u0&a1g1u1&a), after computing losses from bot
the state engineering scheme and the teleportation proc
results,

F5ia^Cuc&aEi2

512

31G

12G
23h~12G!

~11R!H 11RF 4

12G
23h~12G!G J , ~30!

where 50/50BS’s were considered. Evidently, for the ide
caseF51 and also the largestR, the closest to unity is the
fidelity.

It is straightforward to obtain the density matrix for bo
prepared~21! and teleported field state~26! by getting rid of
the environmental degrees of freedom. By comparing
prepared field state density matrix whenG50 we obtain
exactly the result presented in Ref.@12#.

VIII. CONCLUDING REMARKS

For estimating the fidelities in Eqs.~25! and~30!, we note
that the efficiency for single-photon detectors is about 70
while the damping constant forBS’s is considerably small,
less than 2% inBK7 crystals. Despite the nonunity quantu
efficiency detectors and the absorptive beam splitters, th
are two other experimental nonidealities that seem to
equally important. The first is the fact that we do not ha
perfect single-photon sources as required for optical s
truncation and teleportation by projection synthesis. T
commonly cited method of parametric fluorescence only
proximates a single-photon source, and this approxima
must be evaluated in its effect on the projection-synthe
technique. Second, the detectors are required to discrimi
between zero, one and two~and even more! photon arrivals.
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Since this is currently not possible, the analysis should a
account for this deficiency, which, in a rough way, can a
be estimated through Eqs.~13!–~15a! by including it in the
parameterh.

As far as we know, until the present date there has b
no other scheme for teleportation of a zero- and one-pho
running-wave superposition. The present scheme beco
possible due to the recent proposals for state truncatio
traveling optical fields@12,16#. Finally, we note that it is
worth proceeding to the generalization of the pres
d

-

cu

-

S.
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n
n
es
of

t

scheme, for teleportation ofN-dimensional states, possibl
through the Daknaet al. engineering technique for an arb
trary quantum state of traveling fields@16#.
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