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Broadening of spectral lines due to dynamic multiple scattering and the Tully-Fisher relation
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The frequency shift of spectral lines is most often explained by the Doppler effect in terms of relative
motion, whereas the Doppler broadening of a particular line mainly depends on the absolute temperature. The
Wolf effect, on the other hand, deals with the correlation-induced spectral change and explains both the
broadening and shift of the spectral lines. In this framework a relation between the width of the spectral line is
related to the redshitt for the line and hence with the distance. For smaller valuesaafelation similar to the
Tully-Fisher relation can be obtained and for larger valuesafmore general relation can be constructed. The
derivation of this kind of relation based on dynamic multiple-scattering theory may play a significant role in
explaining the overall spectra of quasistellar objects. We emphasize that this mechanism is not applicable for
nearby galaxiesz<1.[S1050-294{®9)07407-1

PACS numbds): 32.70.Jz

[. INTRODUCTION the broadening of the line. It is shown that when light passes
through a turbulentior inhomogeneoysmedium, due to
In studying the motion of astronomical objects’ astro_mU|tip|e Scattering the shift and the width can be calculated.
physicists uti“ze the Study Of frequency Shlft Of Spectra'Here, a Suﬁicient Condit_ion. f0r I’edshift haS been del’ived and
lines. In general, an emphasis on relating the shift of a sped¥nen applicable the shift is shown to be larger than broad-
tral line with its width has not been made so far. The Tully-€ning. The width of the spectral line can be calculated after
Fisher (TF) relation [1] is an empirical correlation which Multiple scatterings and a relation can be derived between
finds that the luminosity. of a disk galaxy is proportional to the width and the shiiz, which applies to any value af For
its maxium rotational velocity/?,,, wherea has been ob- Small values ot this can be reduced to a Tully-Fisher-type
servationally established to k8-4) [2]. In spite of the fre- relation. It woul_d be interesting to estimate this v_wdth aljd
quent use of the TF relation as a distance indicator, th&@ke & comparison with the correction part of the line profile
physical origin of this relationship is poorly understood, and"idth considerd by Bottinellet al. [5] applying to nonrota-
it remains unclear whether all rotationally supported disktional motion. We want to emphasize that it is then possible
galaxies, including late-type spirals and irregulars, obey do den\{e a relation for_dlstance |nd|c_aI(<wh|ch reduc_:es toa
single correlation of luminosity with linewidth. Recently, |Ully-Fisher type relation as a special casy studying the

Matthewset al.[3] made an attempt to analyze this situation. Particular _collisional mechanism which itself is a physical
It is generally argued that in order to obtain a measure of th@"0Cess. This kind of physical process can be identified even
maximum rotational velocity of a disk from its measured N the .Iaboratory experiments and as such it is plausible that
global H— 1 profile width, some correction to the observed it @PPlies to astronomical objects. L .

linewidth should be made for the effects of broadening due " this paper we shall start with a brief discussion of the
to turbulent (i.e., nonrotational motions (cf. Roberts[4], various type of proademng@ec. . In. Sec. il we shall
Bottinelli et al. [5]). A linear summation of rotational and 9iSCusS the main results of our multiple scattering theory

random motions adequately describes the observed profildithin the Wolf framework of redshift§9]. Based on this
widths of giant galaxies, while for dwarf galaxie&e., approach a relation between the skitind the width will be

slowly rotating galaxies with Gaussian-like line profilea denv_ed in Sec. V. Finally, the _p055|b_le |mpl_|cat|ons f_or
sum in the quadrature of the random and rotational terms iguasistellar objectQSO observations will be discussed in
appropriate. However, Rhdé] has pointed out the short- Sec. V
comings of this type of addition for the type of objects con-
sidered here.

On the other hand, a dynamic multiple-scattering theory If a spectral line is examined by means of a spectrograph,
[7,8] derived from the field of statistical optics has been de-ts width is dependent on the slit width employed. In general,
veloped to account for the shift of a spectral line as well aghe narrower the slit width the less broad the resulting spec-

tral line as recorded on a photographic plate. Nevertheless,
however narrow the slit width is, the sharpest line has a finite

Il. SPECTRAL BROADENING

*Electronic address: sroy2@osfl.gmu.edu width even for the best optical system. Three causes produc-
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A. Natural linewidth

An atom can stay in two types of states. A state in which
an atom free from external effects can remain for an arbi-
trarily long time is called a stationary state. Only the ground
state is stationary since it corresponds to the minimum pos-
sible energy for a given atom. An excited state is nonstation-
ary since spontaneous transitions to lower energy levels are
possible for it. Such states are called transient states which
are characterized by a finite lifetime. A quantitative measure
of instability of an excited state is the timeduring which
the number of atoms in a system at a given excited state
decreases by a factor ef This quantityr is known as the
lifetime of the excited statend coincides with the average Frequency
time spent by the atoms in the excited state. In quantum
mechanicsy is associated with the probability of spontane- FIG. 1. Doppler broadening of spectral line.
ous radiative transitions from a given excited state to a lower
energy level. Lifetimes of excited states of atoms generallyalue is greater and the width of the level is greater. The
lie in the range 10° to 10 8. The finiteness of the lifetime natural linewidth is the minimum limit for the radiation line-
of an atom in a transient state can easily be taken into adidth.
count by introducing the damping factor into the expression
for the wave function B. Doppler broadening

The thermal motion of emitting atoms leads to the so-
called Doppler broadening of spectral lines. Owing to ther-
mal agitation, most of the atoms emitting light have high

€velocities. The random motion of the atoms and the mol-
ecules in a gas, however, produce a net broadening of the
R , N lines with no apparent shift in its central maximum. The
p(r,t)y=exg ~MELy(r). (2 frequency spread of this line is called the half-intensity
breadth, and is given by
Therefore, the above function not only oscillates with a

INntensity

l/f(F,t)=exd*(”h)Etfyt/z], @

wave function in stationary state is

frequencyw=E/h, but also attenuates with time due to the vy [2RT
presence of the factor exp?2. The probability density of 6=1.6F -\~ (6)

finding the atom in the statg is given by
The half intensity breadth is defined as the interval be-
lg(r,t)|2=exd — yt]|w(r)|2. (3)  tween two points where the intensity drops to half its maxi-
mum vale. HereR is the gas constant, is the temperature
The time during which the probability density diminishes of the gas in K, andn is the atomic weight. Therefore, the
to 1/eth of its initial value is obviously the lifetime of the ~ Doppler broadening igl) proportional to the frequencyp,

state. It then follows that (2) proportional to the square root of tii@bsoluté tempera-
ture T; and (3) inversely proportional to the square root of
yr=1. (4) the atomic weighim.

Experimental observations indicate that in keeping with

The quantityy defined by this expression is called tti@mp- ~ the above equation, in order to produce sharper lines in any
ing constant given spectrum, the temperature must be lowered. Further-

Since energy and time are canonically conjugate quantimore, for a given temperature the lines produced by the
ties, according to the Heisenberg uncertainty relation, théighter elements in the periodic table are in general broader
energy of an excited state is not exactly definite. The indethan those produced by the heavy elements.

terminacyT" in the energy of a transient state is connected A comparison of the estimated values of natural width
with its lifetime 7 through the relation and Doppler width shows that the Doppler width at room
temperatures is much larger than the natural wigkly. 1).

f

I'~ P hy. 5 C. Collisional broadening

The spectral broadenings described in the previous two
Blurring of adjacent energy levels can generally be due taubsections, can be classified as due to internal effects. There
various reasons. The quantifyassociated with the probabil- exist other reasons for spectral line broadening specifically
ity of spontaneous radiative transitions is called the naturaan excited atom in a gas with a finite number density of
width of the level. If an atom remains in the normal state forparticles undergoes collisions with neighboring atoms. Since
a long time the uncertainty of the energy value is small andhe phase of radiation changes upon each collision, the
the level is sharp. If the electron is excited to an upper levemonochromatic nature of the emission line is violated. This
where it remains for some time, the uncertainty of the energys effectively taken into account by introducing the total level



PRA 60 BROADENING OF SPECTRAL LINES DUE TO DYNAMC . . . 275

width, which is equal td" +T',, wherel' ., =1/7r 7, is the 3 2 g 03

collision level width (ry is the mean free time of the atom in o' =— U+ — U2+ —u?+ (11

gaseous medium Another mechanism, which can explain c c c c

the line broadening, is an application of statistical optics

where the existence of a random dielectric susceptibility

which fluctuates both spatially and temporally is assumed. o2 o2 o2 o2

The scattering of light induced by the random susceptibilty ,8=—Xuxu)’(+ —yuyu§+—zuzu;+ -

can produce both a shift and a broadening of the spectral 2 2 2 2

line. This is called the Wolf effedt9], the main features of . N

which are described as follows. Here u= (uy,uy,u;) andu’=(u,,uy,u;) are the unit vec-
tors in the directions of the incident and scattered fields,

I1l. DYNAMIC MULTIPLE-SCATTERING THEORY respectively.
Substituting Eqs(1) and(4) in Eq. (2), we finally get
First, we briefly state the main results of Wolf's scattering B
mechanism. Let us consider a polychromatic electromagnetic S(x)(wf):A/e[—(1/2562)(w’—wo>2], (12)
field of light with central frequency, and width &, inci-
dent on the scatterer. The incident spectrum is assumed to béere

of the form
) , Py |IB|‘°0
S(i)(w):Aoe[—(1/25o)(w—wo) 1 7) 0 o + 5S(aa’ —,82) ’
S (13
The spectrum of the scattered field is given[] o 55 +1

12__
0

_a’+5g(aa’—,82) '

s<“>(nﬁ,w'):Aw'4f K(w,0',u,0)S(w)dw),
* and

®

— 2
which is valid within.the .first-order Born approximgtion Al = A /+ABAow645o ex |’8|w°w—2aw° )
[11]. A can be determined in terms 8§. HereK(w, ") is 2(ad5+1) 2(ad5+1)
the so-called scattering kernel and it plays the most impor- _ _
tant role in this mechanismi andu’ are the unit vectors in 1 "0UghA’ depends onw’, it was apngxm,]ated by James
the direction of incident and scattered fields, respectively@nd WoIf[10] to be a constant so th&")(w") can be con-
Instead of studyingC(w,®’) in detail, we consider a par- S|d_|e_;]ed tc|> ?_e Gfaussnan. it is defined
ticular case for the correlation functio@(ﬁ,T;w) of the € relafive frequency shilt Is defined as
generalized dielectric susceptibiliby(?,t;w) of the medium wo_go

which is characterized by an anisotropic Gaussian function = —, (19
wo

S T V(% (L P . N _
CRT0)=(n*(r+Rt+T,0) n(r tw)) where wg and wg denote the unshifted and shifted central

1[x2 Y2 72 o212 frequencies, respectively. We say that the spectrum is red-
=Gpex 3 —2+—2+—2+—2) shifted or blueshifted according to whether0 or z<O,
Oy 0Oy 0; 0O; respectively. Here
© a’+5§(aa’—ﬂ2)
. zZ= -1. (15
Here G is a positive constanR= (X, Y, Z), andoy, oy, |8l

gz’ o, are correlation _Iengths. Th_e anisotropy |s_|nd|cated It is important to note that thiz number does not depend
y the unequal correlation lengths in different spatial as We”on the incident frequenc This is a very important as-
as temporal directionsC(w,w’) can be obtained from the q Wo- y Imp

four-dimensional Fourier transform of the correlation func- pect if the me(_:hamsm_ Is to apply in the astronomical do-
main. Expression(15) implies that the spectrum can be

tion G(R,T; w). In this case(w,w’) can be shown to be of  gpiied 1o the blue or to the red, according to the sign of the
the form term a'+ 83(aa’ —B?)>|p|. To obtain the no-blueshift
condition, we use Schwarz’s inequality which implies that

1 ' 2
IC(w,w’)ZBeXF{—E(a’w'z—Zﬁww’-i-awz) . (10) aa’—B“=0. Thus, we can take

a'>p|
where . - .
as the condition sufficient to have only a redshift by that
o2 o2 o2 o2 mechanism.
a=—ul+ LuZ+—Zui+ —, Let us now assume that the light, in its journey, encoun-
c? 2V ¢? c? ters many such scatterers. What we observe at the end is the
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light scattered many times, with an effect as that stated abovier all n. Then,
in every individual process. Let there Nescatterers between

the source and the observer angddenote the relative fre- a’ aa' — B2
guency shift after thath scattering of the incident light from 1+ f:m 1+ —a, 52n
the (n—1)th scatterer, withw,, and w,_, being the central
frequencies of the incident spectrardh and (— 1)th scat- or,
terers. Then by definition,
|8l aa' =B
_ Wp-17 Wp _ (1+e)—=1+| ——— 52.
Z“_w—n’ n=1, 2,..., N o o n
or, In order to satisfy this condition and in order to have a red-
shift only (or positivez), we see that the first factar'/| 8]
On-1 B in the right term cannot be much bigger than 1, and, more
o =1+z,, n=1, 2,...,N. importantly,
Taking the product oven from n=1 ton=N, we get aa’'— B2
——| 82<1. (20)
o

w
2 =(142zy)(1+2y)- - - (1+2y).
N In that case, from Eq.17), after neglecting higher-order

The left-hand side of the above equation is nothing but thd€rms, the expression faf, ; can be well approximated as

ratio of the source frequency and the final or observed fre- ) L
quencyz; . Hence, , _[a@%tl of @’ =B
n+1”> ; 1-4; 1
1+2zi=(14+2))(1+2,) - (1+2y). (16) “ “«

I){vhich, after carrying out a simplification, gives a very im-

Since thez number due to such effect does not depend upo .
portant recurrence relation:

the central frequency of the incident spectrum, eachte-
pends ond;_; only, not w;_; [here w; and §; denote the

2
central frequency and the width of the incident spectrum at 52+1:i+ '8_52_ (22)
the (j + 1)th scatterdr To find the exact dependence we first e @2 "
calculate the broadening of the spectrum allemumber of
scatterings. Therefore,
A. Effect of multiple scatterings on the spectral linewidth 2. = '3—262— i 2 i '8—262
n+l ’ 2907 ' ’ y2°n-1
From the second equation in E4.3), we can easily write, a' a'? a' a?|a 2
2\2 2
2 (1’5%4‘ 1 = ﬁ_ 52 + i 1+ ﬁ_
5n+1: 2 o 12 n-1 ’ 12
a't(aa'—B%)6;, a a
_1 BZ n+1 1 BZ [))Zn
adpt1 aa’ - pB? = =] &+—|1+=+
From Eq.(13), we can also write Thus,
2\ N+1 2 2N
) B 1 B B
Wpy1= o 2\ 2 (18) 5'2\l+1:(_,2) S+ — I+ =+ ,2N)' (22)
a'+(aa'—B9)6; a a a a
Then from Eqs(14) and(15), we can write As the number of scattering increases, the width of the
) spectrum obviously increases and the most important topic to
_wp~wpy @ t(aa'—B )54 be considered is whether this width is below some tolerance
Zn+1= One1 K] -1 limit or not, from the observational point of view. There may
be several measures of that tolerance limit. One of them is
a’ aa'— B2 the sharpness ratipdefined as
=1+ ——| 8% -1 (19
|l a
Q==
Let us assume that the redshift per scattering process is very o’

small, i.e., _
wherew; and §; are the mean frequency and the width of the

0<e=2z,,1<1 observed spectrum.
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{from z=0 to z=1) be impossible to detect the shift from the blurred spectrum.

60 Hence we can take relatiq24) to be one of the conditions
%’ 50t necessary for the observed spectrum to be analyzable. For
3 large N (i.e., N—x), the series in the second term of the
§ @ right-hand side of Eq(22) converges to a finite sum and we
o get
g Q 30¢ 2\ N+1 !
§ 20 - N+1 a2 0 a/z_ﬁz'
c
g : . . - :
g 10 If &y is considered as arising out of Doppler broadening
o only, we can estimatép,,~ 10° for T=10" K. On the other

02 04 06 08 1 hand, for the anisotropic medium, we can takg= o,
z number =3.42<10"%, 0,=8.73x10°!, a'=8.68x10"%, «
Relative Frequency Shift =8.536x 10" 30, andB=8.607<10" 30 for =15 [9]. Then

the second term of the above expression will be much larger
than the first term, and effectively, Doppler broadening can
be neglected in comparison to that due to the multiple-
scattering effect.

Y Now if we consider the other condition, i.ex) <|B|, the
series in Eq(22) will be a divergent one and?, , will be

FIG. 2. Variation of sharpness of a spectral line with relative
frequency shift(for low z).

After N number of scattering, this sharpness ratio, sa
Qu . is given by the following recurrence relation:

; 1 finitely large for large but finitdN. However, if the condition
Qun+1=0Qn \/ @ — ) (23) is to be satisfied, then the shift in frequency will be
a’+(aa’—,82)5ﬁ a5§+1 larger than the width of the spectral lines. In that case the

condition @’ <|B| indicates that blueshift may also be ob-
It is easy to verify that the expression under the square rodderved but the width of the spectral lines can be large enough
lies betwee 0 & 1. Therefore,Qn.1<Qy, and the line is  depending on how large the number of collisions is. So in
broadened as the scattering process goe§-ms. 2 and B8 general, the blueshifted lines should be of larger widths than

Under the sufficient condition of redshifte., [8|<a'l  redshifted lines and may not be as easily observable.
[12] it was shown that in the observed spectrum

Aoy, 155, (23) B. Effect of source frequency on broadening

Rearranging Eq(24) we get

if the following condition holds:
wp\? wé a’
o= = | €K—5———. (25

Snwol e’ — %) .

a’+(aa'—,82)5ﬁ ’

(24

Since the left side is non-negative, the right side must be
wherew, is the source frequency. positive. Moreover, since the mean frequency of any source
The relation(23) signifies that the shift is more prominent is always positive, i.e.w,=0, we must have
than the effective broadening so that the spectral lines are
observable and can be analyzed. If, on the other hand, the 4o’

broadening is higher than the shift of the spectral line, it will wo> T—Bz (26)

(from z=11to z=5)

3 We take the right side of this inequality to be thatical
source frequencw,. which is defined here as

4a' 27
2l W= -
¢ aa’ — B?

Thus for a particular medium between the source and the

Sharpness of the Spectral Line
[}
-
o

1} observer, the critical source frequency is the lower limit of
the frequency of any source whose spectrum can be clearly
05+ analyzed. In other words, the shift of any spectral line from a
source with frequency less than the critical source frequency
01 2 3 4 5 for that particular medium cannot be detected due to its high
broadening.

Z number

Relative Fraquency Shift We now can classify the spectra of the different sources,

from which light comes to us after passing through a scatter-
FIG. 3. Variation of sharpness for higl)( ing medium characterized by the parameters:’, 8. If we
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FIG. 5. Variation of width with shift.
FIG. 4. Wolf contribution in relative frequency shift.

The solid line curve represents the Wolf contribution,
allow only the small-angle scattering in order to get promi-while the dotted line y=x) represents the observechum-
nent spectra, according to the Wolf mechanism, they willper. Thus, the difference in height of these two curves pro-
either be blueshifted or redshifted. The redshift of SpeCtra{/ides the contribution due to the Dopp|er effect which up to

lines may or may not be detected according to whether théhe present day was assumed to be the total contributian to
condition (24) does or does not hold. In this way those

sources whose spectra are redshifted, are classified in two
cases, Viz.wo> 0w, andwg<w.. In the first case, the shifts

of the spectral lines can be easily detected due to condition
(23). But in the later case, the spectra will suffer from the According to our resul{13), we conclude that both the

IV. WIDTH OF THE SPECTRAL LINES
AND THE TULLY-FISHER RELATION

resultant blurring. shift and the width of a spectral line depend on the medium
parameters. In Fig. 5, we show the variation of the spectral
C. Doppler shift vs Wolf shift linewidth as a function of shift. We can write the relation

As we have seen in Sec. Il A and Sec. Il B, the meanbetween the width and the shift as

fre_quency and width of a spectral line change after eaqh scat- W=K(a2+ 5322)1/2(1“), (29)
tering. The changes are given by the recurrence relations

1 2 whereK is a constanta? is the minimum broadening, ant
5§+1:_+ _25ﬁ is the spectral width inherent to the source. The above rela-
"oa tion is valid for z>—1. Taking the logarithm of both sides
we can write
and
wy| B InW= ;In K(a%+ 822%) (30)
©pi1= 2(1+2) o=

a'+(aa'—ﬁ2)5ﬁ.

. I _— It is well known[14] that the distance moduluscan be

Using these, we can easily find the Wolf contribution to the,, :

. . . —written in terms ofz as

observed shift assuming only that the source under consider-

ation is quasimonochromatic. For this we rewrite E2{) as H
d=m—-M=42.38-5 In(—) +5Inz

a'? a' 100

o= O 2
B2 B2 +(1.086(1—qg)z+0O(z%), (31

Now, according to Schabinger [13], the width of the whereH is the Hubble constant in km/s/Mpc aiirefers to
spectral lines must increase as a result of collisional prothe absolute magnitude. Now for smalli.e., z<1,
cesses. If this is the sole reason for the broadening, then we
can estimateéN, the number of collisions it undergoes in its
way to us by comparing the width at each scatterer with a ~ d=42.38-5 |”(1_00
preassumed smalf (the spectral width of the quasimono-

1.086 . 1
+TZ’ taking Go=7- (32

chromatic source We can easily calculate After simplification we can write
ZW:(1+Zsca9N_1v (28 d—C H
. . z=——, Where C=42.38-5In| —]|.
wherezg.,;is thez number due to small angle scattering at 0.543 (100)

each scatterer. The following gragRig. 4) illustrates the
Wolf contribution in various observed shifts. Now substituting this value dof in Eq. (30) we can write
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1.086 multiple-scattering theorywithin Wolf's framework might
d=— g INW+N, (33  play a significant role for QSO’s in the following ways.
(1) The width and shifts of various spectral lines in dif-
where ferent regions, say for UV, optical, etc., for active galactic
nuclei (AGNs) and quasars may be explained in a consistent
InE=In(Ka?) and N=C+0.543. manner if the information regarding the environments around

) ) these objects were available.
The above relation between the distance modulus and the (2) Since the Wolf contribution becomes prominent for
width has a striking similarity to the Tully-Fisher relation but largerz as can be seen from Fig. 2, this mechanism may shed
without any angular dependence. The reason is obvious sinGgy |ight in explaining the redshifts of quasars which tend to

we have considered the shift and width due to scatteringge large and peaking at-2— 3 as well as for high redshift
only without considering any rotational effects. It appearsgajaxies ¢>1).

that in the case of photons which are emitted perpendicular (3) For blueshift(i.e., a’<|A3|), as the broadening is
to the plane of the galaxy, we will be observing those pho+y,,ch larger than the shift, as is evident from E2Q), one

tons only without any rotational effects. It should be men-,q g get a continuous spectrum with no discrete lines.
tioned that Bottenellet al. [4] considered linear turbulence (4) For low redshifts we can derive a relation like the

correction for the profile width as Tully-Fisher type as a function for the distance modulus and
[Wao opei— Wi 2] width given _by a physical mechanism. We a!so derived a
WZOJ,C:#, (34)  general relation for higher redshift&q. (30)], which can be
sini verified from observations. Further studies can be made re-
garding the theoretical basis of the Baldwin effetb] for
line and continuum correlations in AGN.
the correction term for turbulence, and the factor sorrects Lastly, we should mention that the critical source fre-
' quency relating to the screening effect which plays a crucial

for disk |ncI|nat|_on. . , — role in explaining both redhsift and spectral width can be
It would be interesting to compare this contribution for . )
tested inlaboratory experiments

galaxy spectra due to the nonrotational part with the width
calculated from multiple-scattering theory. These will be
considered in a subsequent publication. ACKNOWLEDGMENTS
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