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Quantum correlations violate Einstein-Podolsky-Rosen assumptions

Thomas F. Jordan*
Department of Physics, University of Minnesota, Duluth, Minnesota 55812

~Received 19 April 1999!

The inconsistency between quantum mechanics and Einstein-Podolsky-Rosen assumptions about locality
and reality cannot be avoided by restricting attention to correlations. This is demonstrated by reworking the
logical scheme that was developed to show inconsistency without inequalities for two particles, adapting it to
correlations in two pairs of particles, so the Einstein-Podolsky-Rosen arguments can be made entirely in terms
of correlations. A simple example is given.@S1050-2947~99!07010-9#

PACS number~s!: 03.65.Bz
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I. INTRODUCTION

A better understanding of quantum mechanics can
gained from Mermin’s attempt to provide a new interpre
tion @1#. The idea of Mermin’s interpretation is that correl
tions are physically real but values of quantities being co
lated are not. Even without regard to the philosophy~which
does appeal to my intuition!, there is something to learn b
seeing if this idea can work, and if it cannot, why not.

There is a problem. Correlations, as well as values
quantities, can violate Einstein-Podolsky-Rosen assumpt
about locality and reality. This was pointed out by Cabe
@2#. It opens questions to be explored. How ubiquitous
this? How can we see it most clearly? Does it mean corr
tions offer no advantage as a handle for interpretation? In
spirit of Mermin’s approach, let us see what quantum m
chanics can tell us.

Mermin has shown that a quantum state is determined
correlations between subsystems@1#. It is also determined by
particular quantities having certain values. If there is a d
ference in physical reality between correlations and value
quantities, the difference must be in the details.

A quantum correlation is a mean value of a product
two ~or more! Hermitian operators. We can restrict our a
tention to products of projection operators; all correlatio
can be calculated from these. If the projection operators
for different subsystems, their product is a projection ope
tor. Its eigenvalues are 0 and 1. The correlation is 1, ma
mum, if and only if the state gives eigenvalue 1 for t
projection-operator product, which means the quantity rep
sented by the product operator has the value 1. A correla
is maximum if and only if a quantity has a definite value.

I use that here to construct a particularly clear demons
tion that quantum correlations can violate Einstein-Podols
Rosen assumptions. I rework the logical scheme that
developed@3# to describe Hardy’s discovery@4# that the in-
consistency between quantum mechanics and Eins
Podolsky-Rosen assumptions can be seen without ineq
ties for two photons or particles with spin12. I adapt it to
correlations in two pairs of particles, so the Einste
Podolsky-Rosen arguments can be made entirely in term
correlations.

*Electronic address: tjordan@d.umn.edu
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In the last section I work out an example with a sta
vector and projection operators that are so simple that
calculations can be done almost by sight.

II. SETUP

Consider two pairs of particles produced in a state t
entangles all four particles. Suppose the two pairs come
of the source in opposite directions, say one pair goes
and the other pair goes west. For the pair going west, I m
sure one of two correlations between the two particles, eit

^D&5^uw1&^w1ix1&^x1u& ~1!

or

^F&5^uw&^wix&^xu&, ~2!

whereuw1& and uw& are states for one of the particles of th
pair andux1& and ux& are states for the other particle. For th
pair going east, you measure one of the correlations

^E&5^uy1&^y1iz1&^z1u& ~3!

or

^G&5^uy&^yiz&^zu&, ~4!

using statesuy1& and uy& for one particle anduz1& and uz& for
the other particle.

The state of the four particles is chosen so that@3#

^FG&50,

^D~12G!&50,

^~12F !E&50,

^DE&.0, ~5!

where D, F, E, and G are the operators inside the mea
values~1!–~4!. The example given below shows that this
possible.

Consider the eigenvaluesd, f, e, andg for the operatorsD,
F, E, and G. Since each of these operators is a projecti
2726 ©1999 The American Physical Society
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each eigenvalue can be only 0 or 1. If any of the correlati
^D&, ^F&, ^E&, or ^G& is 1, maximum, the corresponding e
genvalue must be 1. Conversely, if the state gives eigenv
1 for any of the projection operatorsD, F, E, or G, the
corresponding correlation must be 1.

SinceFG is a projection operator with eigenvaluesfg, its
zero mean value tells us there is no probability thatf andg
are both 1. If the correlationŝF& and^G& are measured, the
will not be both 1. The zero mean value forD (12G) tells
us that ifd is 1 then 12g must be 0, sog must be 1. If the
correlationŝ D& and^G& are measured and̂D& is 1, then^G&
must be 1. Similarly, from the next equation, we see tha
the correlationŝF& and ^E& are measured and̂E& is 1, then
^F& must be 1. The positive mean value for^DE& tells us that
if the correlationŝD& and^E& are measured, the result can
that both are 1; the probability for that is^DE&.

III. MEASURING CORRELATIONS

A mean valuêD& is a number calculated from the oper
tor D and a state. How is it measured? We consider ca
where ^D& is 1. If the quantity represented byD has been
measured and found to have the value 1, we know we ha
state wherê D& is 1. Specifically, the measurement disti
guishes the statesuw1& and ux1& of the west particles from
orthogonal states. We knoŵD& is 1 when the west particle
are in the statesuw1& and ux1&.

What does it mean that^D& is a correlation? Is it suppose
to be a statistical property of a series of events? We can v
it that way here. In each event, the four particles are p
duced and the measurements are made. This is repe
many times. Suppose the measurement in the west is the
just described. Then̂D& is 1 for the subset of events whe
the west particles are in the statesuw1& and ux1&. The mea-
surement produces this subset with this correlation^D& for
the two west particles. The correlation is a property of
state of these west particles after the measurement, no
initial state of the four particles@2#.

Suppose the measurement in the east is whether the
ticles are in the statesuy& and uz&. When they are,̂G& is 1.
The second of Eqs.~5! tells us that when the measurement
the west yields the eigenvalue 1 forD, the measurement in
the east must yield the eigenvalue 1 forG. In the subset of
events that yield west particles in the statesuw1& and ux1&,
the east particles are found to be in the statesuy& and uz&.
When the correlation̂D& is 1 for the west particles, the cor
relation ^G& is 1 for the east particles.

The other Eqs.~5! can be viewed similarly. The first say
that when the measurement in the east is the one just
scribed and the measurement in the west distinguishesuw&
and ux& from orthogonal states, there are no events where
measurements yield particles in the statesuw& and ux& in the
west anduy& anduz& in the east. There are no events where
correlation^F& is 1 for the west particles and the correlatio
^G& is 1 for the east particles. The last Eq.~5! says that if the
measurements are whether the particles are in the statesuw1&
andux1& in the west anduy1& anduz1& in the east, there are
events where the particles are found to be in those sta
There is a subset of events where the correlation^D& is 1 for
the west particles and the correlation^E& is 1 for the east
particles.
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IV. EINSTEIN-PODOLSKY-ROSEN ARGUMENT

So far, everything said has been in terms of quantum m
chanics, but it certainly invites application of the Einstei
Podolsky-Rosen argument. We shall see that following
making assumptions only about correlations, leads to a c
tradiction with quantum mechanics.

The first assumption is that the measurement in the w
has no effect on the outcome of the measurement in the e
and the measurement in the east has no effect on the outc
in the west. The arrangement could make this assump
difficult to refuse: the measurements could be widely se
rated or well shielded; there may be no time for informati
to go from one measurement to the other without a sig
traveling faster than light.

Suppose the correlation̂D& is measured in the west an
the correlation̂G& is measured in the east. If the result in th
west is that̂ D& is 1, the result in the east has to be that^G&
is 1. This could be confirmed by repeated testing in exp
ments. The value of the correlation^G& in the east can be
obtained from the measurement in the west without do
anything to the particles in the east. The Einstein-Podols
Rosen argument asks us to assume, therefore, that if^D& is
measured and found to be 1, then^G& is 1 whether we choose
to measurêG& or not. Similarly, we are asked to assume th
if ^E& is measured and found to be 1, then^F& is 1 whether
we choose to measure^F& or not.

Suppose the correlationŝD& and ^E& are measured and
both are found to be 1. Then are^F& and ^G& both 1? The
assumptions we are asked to make, together with quan
mechanics, imply that̂F& and ^G& are both 1. But̂ F& and
^G& cannot be both 1. We have a contradiction betwe
quantum mechanics and Einstien-Podolsky-Rosen assu
tions about correlations.

V. EXAMPLE

For one simple example of a state and operatorsD, F, E,
andG that satisfy Eqs.~5!, let D, F, E, andG be as in Eqs.
~1!–~4! with

uw&5 3
5 uw1&1 4

5 uw2&,

ux&5ux1&,

uy&5 3
5 uy1&1 4

5 uy2&,

uz&5uz1&,

using orthonormal state vectorsuwj& for one particle going
west, uyk& for one going east, and just one normalized st
vector for each of the other two particles. Let the state
represented by

uC&5c21~ u1111&1 4
3 u2111&1 4

3 u1121&2 41
16 u2121&),

where

u j 1k1&5uw j&ux1&uyk&uz1&

for j 51 and 2 andk51 and 2.
It is easy to see that Eqs.~5! are satisfied, because
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^DE&5ucu22,

DGuC&5GDuC&5DuC&,

FEuC&5EuC&,

and

FGuC&5uw&^wiy&^yiC&50,

because

^wu^yiC&5c21~ 3
5 3 3

5 1 4
5 3 3

5 3 4
3 1 3

5 3 4
5 3 4

3 2 4
5 3 4

5 3 41
16 !

50.
Normalization ofuC& requiresucu2 to be about 11.12 sôDE&
is about 0.09. Different choices for the operators and s
could make^DE& bigger, but from the calculations I did to
work out this example, I would guess that^DE& cannot be
much bigger.
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