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A. Zucchetti and W. Vogel
Arbeitsgruppe Quantenoptik, Fachbereich Physik, Univer&astock, Universitaplatz 3, D-18051 Rostock, Germany

D.-G. Welsch
Theoretisch-Physikalisches Institut, Friedrich-Schiller-Univeitsitana, Max-Wien-Platz 1, D-07743 Jena, Germany

I. A. Walmsley
The Institute of Optics, University of Rochester, New York 14627
(Received 1 February 1999

A method is presented for reconstructing the quantum state of vibrational wave packets in diatomic mol-
ecules by a heterodyne experiment. After the preparation of a wave packet, a femtosecond laser pulse interferes
with the induced polarization and the resulting signal is frequency filtered and measured by a photodetector.
The conditions are analyzed under which the resulting time- and frequency-resolved photocurrent contains the
information needed to recover the quantum state of the prepared wave packet. It is shown that the vibrational
wave function in the excited electronic state can be measured directly without the need of involved numerical
reconstruction. Simulations of the proposed experiment are performed for sodium dimers.
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[. INTRODUCTION realization of such a method, however, requires the numeri-
cal inversion of a large set of noisy data. It has also been
During the last few years the development of methods foishown that the quantum state can be reconstructed from the
determining the quantum states of light and matter has beedime-resolved position distributiofiL3]. Presently, however,
a subject of increasing interest]. Roughly speaking, there no experimental method is known that allows one to measure
are two kinds of methods that have been successfully denthe time-resolved position distribution of a molecular vibra-
onstrated in experiments. In quantum-state tomography thi&gon. Another proposal is based on the measurement of the
qguantum state is reconstructed from the whole set of datime-resolved emission spectrurmd4], where the dimension
recorded in a sequence of measurements, varying some pafthe linear sets of equations to be inverted is substantially
rameters from measurement to measurement, such as theduced by combining frequency separation and time resolu-
guadrature-component phase in balanced homody@ihdn tion.
local reconstruction the quantum state is reconstructed point- Some alternative methods that rely on other kinds of mea-
wise, i.e., for chosen parameters each set of measured datarements have been proposed. A local reconstruction
corresponds, e.g., to a point in phase space and can be use@thod has been proposed that allows one to determine
to reconstruct appropriate phase-space functions tfgfre phase-space distributions of molecular vibrations by Raman
The tomographic method was experimentally applied for thespectroscopy[15]. However, in its present version this
first time to the reconstruction of the quantum state of lightmethod only applies to harmonic vibrations. A wave-packet
[4], and the first experimental reconstruction of the motionainterference technique has been proposed for measuring the
guantum state of a trapped atd)] was based on local re- quantum state of atomic Rydberg wave pacKd®] and a
construction. technique of this type has also been treated for molecular
The tomographic method has also been applied to the resystemq17].
construction of the quantum state of molecular vibrations In the present paper we study the possibility of the diag-
[6,7]. In the experiments, the set of data is obtained frormostics of the quantum state of molecular vibrations by
time-resolved emission spectrosco8}, and it is assumed means of a heterodyne experiment. The detected signal can
that anharmonic effects of the vibrations play a minor rolebe quite large, since it scales in proportion to the reference
and can be disregarded in the reconstruction scheme. Alteimtensity. This means that the signal-to-noise ratio of the
natively, the desired information can also be obtained fronmeasured data is rather better than in the case of fluorescence
photoelectron spectroscopg]. or photoelectron spectra measurement. We will show that
Unfortunately, the method cannot be directly transferredhis allows us to determine the vibrational quantum state in
to anharmonic vibrations. In particular, in view of the mani- the excited electronic state, provided that the molecule is
fold of frequencies characterizing the system it is no longeprepared in a pure state. The method then renders it possible
sufficient to record the dynamics only over one half of ato directly measure the quantum state without the need of
vibrational period. It has been shown that the vibrationalinvolved and noise-sensitive reconstruction algorithms.
guantum state can be obtained through separate measuteventually, the proposed technique is not limited to har-
ments of the time-resolved intensity and the stationary speanonic vibrations.
trum of the light emitted by the moleculdd0-12. The The paper is organized as follows. To get a first insight
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into the proposed technique, Sec. Il presents a simplifiedre the quantum states of the vibrational wave packets on the
semiclassical description of the measured signal and its relaground (1)) and excited [2)) electronic surfaces, respec-
tion to the vibronic quantum state. In Sec. Ill a fully quan- tively. The state$m) and|n) are the eigenstates of the adia-

tized theory of the complete heterodyne measuremeriatic vibrational Hamiltonian$i, andH,, respectively.
scheme is developed. Section IV is devoted to the temporal The time-dependent polarization for this state is propor-
evolution of the vibronic wave packet, and in Sec. V thetional to the expectation value of the flip operator between

kernel function connecting the prgpared quantum state W't.tE'he ground and excited electronic stat.é§2=|1><2|,
the measured quantities is explicitely calculated. The possi-

bility of direct measurement of the vibrational quantum state . _

in the excited electronic state is studied in Sec. VI. In order P(t; )= ((t—mp)| Al g(t—mp))e 102", (5)
to illustrate the method, in Sec. VII a numerical simulation
for sodium dimers is presented. A brief summary and som
conclusions are given in Sec. VIII.

gvhich has a spectrum for excitation in the distant past of

P(w;7p)= f dt e@te iwailt=7e)
II. HETERODYNE APPROACH TO STATE -

MEASUREMENT 0t ZiA(t— T
X( a(7p) @ PRI (7)) (6)

A simple picture of the method is this: a pump pulse
induces in the sample of molecules a polarization associated Cam
with the generation of wave packets on both the ground and =2 ™ (7p)Ch(rp)(mMN) 8(w— wif) e w2,
excited electronic vibrational potential surfaces. This polar- mn 7
ization radiates coherently, and thus has a well-defined time-

dependent amplitude and phase that are related to the wavenhe frequency»]" corresponds to the transition between the
functions of the two different vibrational wave packets. i vibrational level in the ground electronic state and the
A classical reference pulse may be mixed with this signah, yiprational level in the excited electronic state. If the
and the resulting field is detected. This is effectively a hetyeference pulse arrives at the molecule at time 7p, then
erodyne measurement of the_radiating mqlecular polarizatiofhe detected signal at frequenay is proportional to the
by means of the reference field, and it is well known thatyoq,ct of the reference field and that radiated by the mol-

spectral interferometr19] provides a way to extract phase gqje(the source field The reference field spectrum in this
information about an unknown time-dependent field fromg ;e is

such a signal. One expects that the time dependence of the

radiated field will yield information about the wave packets C N _ o7
that generate it, and this is indeed the case, as can be seen E(oirg)~Alo=w )™, ®
from the following simple calculation. whereA(w) is the spectrum of the reference pulse envelope.
The detected signal in the spectrally resolved heterodyngpne detected signal can be written in terms of the complex
arrangement is given by20] coefficients describing the wave packets as
S(w;7r,7p) =2 REE* (w;7r) P(w;7p)], D)

S(w; 7R, 7p)~ 2R c™ (mp)ch(rp){mN) S(w— why
where P(w;7p) is the expectation value of the positive fre- e %% i (relcz(me){mm 2

quency component of the polarization in the molectife

underbar notation represents quantities in the frequency do- Xexgi(w)'rp—orR) JA* (0—w) . (9)
main). It arises from an entangled electronic-vibrational —

wave packet created at time. E* (w; 7g) is the spectrum of ) o . -
the reference pulse field, with the reference arriving at the !t iS clear that the reference field in a sense “amplifies
sample at timerg. The parametew labels the center fre- the contribution of the depsﬂy mat.nx gleme{gtven here as
quency of the spectrometer passband, whictiasthe sim- & pL?ndUCt of state amplitudewscillating at frequencyw
plified discussion in this sectioiaken to be much narrower = @21 - Thus, by judicious choice of the spectrometer fre-
than all other spectral features. If the quantum state of th@uency and delayp— 7 it is possible to extract both the
molecule immediately after excitation at time is given by ~ amplitude and phase of this particular element.

W)=l b)) H bl )l2) @ Il MEASURED SIGNAL

In the following we give a more rigorous analysis of the
scheme under realistic experimental conditions, including the
passive elements involved in the experimental setup. The
heterodyne measurement scheme is shown in Fig. 1. The

— m
| ba(7e))= zm: cT'(7e)|m), 3 molecules are prepared in a particular vibronic quantum state
by a pump laser that drives two electronic states. This pump
laser is switched on at time=0 (at positionx=0) and has
N=S "(roln 4 a time durationtp. It reaches a molecule located at the po-
|$al7e) ; 2(7p)lm) @ sition X, at timexy/c and the shutter at timgg/c. At this

where
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= BS & )y 1) E)
PL S PD Nfree: gJ dt< Efree(xrt)Efree(th)> (13)
I R I ”””” s R [
s | is the number of photoelectrons produced by the interaction-
o s free field, and
RL Af_ A~
N / N=¢ f dt(ES(xDEL (x,1) (14

is the small number of photoelectrons produced by molecular

FIG. 1. Experimental scheme for the heterodyne state measur¢tuorescence, which can be disregarded. In this case, the dif-
ment. A pump lasefPL) at positionx=0 is used to prepare the ference signal

guantum state of a molecular samgléS) atx,. A shutter(S) atxg

separates the fluorescence signal of the molecular sample from the

pump pulse. This signal is superimposed by a beam sp{B®y at AN=Nfge— N=— gf dt( Eg_)(x,t)éggg(x,t)>+ c.c.
positionxgg with a test pulse from a reference lagBt.), 5x being

the path-length difference between the PL and RL. The heterodyne (15

signal is transmitted through a spectral fil(&F) and recorded by a  gjractly represents the interference signal we are interested
photodetectotPD). in. It can be easily measured by splitting the reference pulse

into two parts by using a symmetri&0:50 beam splitter.

time the shutter is closed, so that the pump pulse is Supntroducing the Fourier-transformed field operators
pressed in the measured signal. At titpe- Xg/c the shutter

is turned on. The fluorescence field from the molecular
sample is then mixed with the reference field by a beam E(i)(x,w)=f dt et EM)(x,t), (16)
splitter. The reference field is a short pulse of a few femto- -
seconds duration that is centered at titje (at position  Eq. (15) can be rewritten as
— 6%, with 8x being the difference between the path lengths
of the pump and the reference fields from the laser sources to ¢ . )
the beam splittgr The total field is spectrally filtered and AN=— 2—J dw(EL) (X, 0)EL)(X,0))+c.c. (17)
detected by the photodetector at position m - B

For the formalism we will closely follow an approach o : : -
previously developed for analyzing a pump-probe absorption Tbe detected free field is obtained, after mtrodmﬁr&é)
experimen{18]. The number oftime-integrateiphotoelec-  and&R) for the pump and reference fields, respectively, by
trons,N, measured by the photodetector is given by the convolution

=(+) _ ’ Y r_ o(+) 1_5
Nzgj AHEO (X HED(x.1), 10 E{EA(x,1) Tf dt’ T(t—t'—At) ot —tg) ES (t C)
+RJ dt’ T(t—t' —At) €(+>(t' X 5)()
where E()(x,t) and E(F)(x,t) are the positive- and R c |
negative-frequency part, respectively, of the linearly polar- (18)
ized electric field arriving at the photodetector, agd
= n€oC, wheren is the quantum efficiency of the photode- where 7 and R are the transmission and reflection coeffi-
tector, €, is the dielectric constant, ardlis the speed of the cients of the beam splitteiBS), and the unit-step function
light in vacuum. The positive and negative part of the fieldsg(t’ —tg) describes the effect of the shutter located at the
can be decomposed into two different contributions, namelydistancexs from the pump source. The shutter is turned on
the free-field parE{)(x,t) (which is irradiated by the laser after the preparation pulse is over at the positign i.e., at
sources and the source-field paﬁgi)(x,t) (which is irradi- time tp+Xxg/c. At this Fime the quorescenc_e field from the
ated by the molecules molecular sample begins to propagate behind the shutter and
reaches the positior after a time §—Xg)/c. Then we start
to have some contributions from the fluorescence field at the
EG) (x,t)=E{(x,t) +EL)(x,1). (11)  positionx after the timetg, given by

free

. . o X
Inserting this expression into E(LO), we get te=tpt - (19

As we see from Eq(19) the timetg does not depend on the
position of the shutter. The spectral apparatus is described by
(12 the transmission functiofi(t), which can be given by

NNyt Ns+g[ [ dt<ég><x,t>egr;g(x,t>>+c.c.},

where T(t)=6(t)yexd — (y+iwpt], (20
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with v being the passbhand width ang: being the setting
frequency. In Eq(18), At=(d—d,p)/c is the time delay due
to the difference between the geometrical pdtfand the Alst
optical pathd,,; through the spectrometer. Note that the cho-
sen transmission function in EQO) is, e.g., a reasonable
approximation for a Fabry-Perot filter in the vicinity of one \ 2, n)
of its resonances. Because the unit-step functifii—to)

does not overlap with the pump fief$")(t’ —x/c), the first

integral in Eq.(18) gives no contribution to the detected

field, that is, only the contribution coming from the probe

pulse is detected. Defining the Fourier transformed quantities

X'z}

X+ ox
(+) _ jo[t—(x+x)/c] ()| +__ 7
Efedw)= fdte & (t S ) (21) L)

and

FIG. 2. Electronic potential for a sodium dimer for the elec-
, tronic statesX 'S andA 'S .
I(w)Zf dte“tT(1), (22
states can be calculated, and the molecular density operator

Eq. (18) in Fourier space reads as (for an individual molecule at the positiory) in the energy
basis can be written as

Efed(x,0) =R T(w) Efl(w) eolatr o oo (23

free
. o= i jA im (28
The detected source fielel (x,t) is given by the con- uzl n.Z

volution
where the indices,j label the electronic states,{=1 for

the electronic ground state amg =2 for the excited elec-
E( (x,t)= fdt T(t—t'—At) tronic stat¢, and n;,m; are the corresponding vibrational
quantum numbers. The vibronic flip operators

X0t —tg) &L t

x—xo)
-— @ D™= i m| @9

where&{™)(t) is the source field traveling onto the spectrom-describe the transitior§,m;)— |i,n;), and it is obvious that
eter andx is the distance of the molecular source from the

source of the pump pulse. Using the definition Uir}imj:@;?jn». (30)

i T (Y e X=X Following[21,22, in dipole, far-field, and rotating-wave ap-
) _ jw[t—(x—xg) /c] _ )N o+ 0 g 24, pole, , g p

§(S (@) fdte o tS)gg (t ) proximations the(negative-frequency part of theelectric

(25)  source field radiated by a diatomic homonuclear molecule in
free space is
together with Eq(22), we get for Eq.(24) in Fourier space

EO) (,0) =TT (0) & (w) e W00/, (26) 0= 2 g lrrdio). @Y
Inserting Eq.(23) and Eq.(26) into Eg.(17), we obtain where
AN=— g d |T |2 5( ) ((/'( iw(Xg+ x)/c mn_ .mn wnT 2<m|n>
= o |T(w) < (w) C free (w))e O12 =012 (r —ro)= 4 2
’7760C
+ c.c., 2
@) dip _[dlz‘(r_ro)](r_ro) (32)
where¢’ = ERT*. [r=rgl [r—rg3

To specify the source field, let us consider a diatomic
molecule with potential energies for the ground and excitedHere, r, is the position of the molecule and,, is its
electronic states as shown in Fig. 2. Solving the time-electronic-transition dipole vector. For notational conve-
independent Schadinger equation for each potential, the en- nience we have omitted the electronic indices at the vibra-
ergy eigenvalues and eigenvectors for the bound vibrationalonal quantum numbers.
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From Eq.(31) the source field{)(w) in Eq. (27) cor-
responds to

E(si)(w):nz:n gTZ“A”ZT(w), (33
where
A i ~ X—X
7“2T(w)=f dt0(t—ts)e—'w[t—(x—xO)/c]Agrln<t_ o)
(34)

andg?y' is the component of},' parallel to the polarization
of the reference field. Inserting EJ) into Eq.(27) we get
the result

AN=—>

n,m

f do |T(0)]*Sym(w)+c.c., (35)
with

£'g7y
21

S @)= ———(A31(0) Efed(w)) /10T 2] (36)
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The Hamiltoniarﬂ(t) of the undamped system can be given
by

H(t)=Ho+V(t), (39
WhereI:|O is the Hamiltonian of the free molecule,
Ho=2 AoTAT™ >, hwbALY, (40)
m n

and\7(t) is the time-dependent interaction operator, which in
dipole and the rotating-wave approximations can be written
as

V(t)=— nEm AQIt) AT+ H.c. (42)
Here,

Q)= %<m|n)(d12- (1) (42
is the Rabi frequency for the vibronic transition

|1,m)«|2,n)(€, polarization vector of the laser figldf we
restrict our attention to radiative damping processes, the

In the following we assume that the reference laser light islamping superoperatdt is given by

prepared in @multimode coherent state, so that () in
Eqg. (36) can be replaced with the correspondicxgumber

function &) w). Equation(36) then simplifies to, on recall-

ﬁém:—; I [Ao(t)+ o ()AL

ing Eq. (30),

g +2, AT (DART, (43

,912 + i X))/
(w): omn w) 8( ) w) elw(X0+ X) c (37) -
Snm 27 712(@) Eed where the damping rates read
Equation(35) together with Eq(37) gives the basic rela- d |2(w“m)3|<m|n>|2

tion between the measured difference heterodyne spectrum Y= 121 , (44)
and the Fourier transforms of the vibronic density-matrix 6meghc’
elements associated with the pump-laser-induced polariza-
tion of the molecule. The Fourier transform of the vibronic
density matrix is determined by its temporal evolution after r'y= %En:, Y1 (45

the preparation. In the following we will analyze this time

evolution in some detail with the aim to clarify how the 4 6yaiuating the quantum state of an individual mol-
guantum information on the prepared state can be recover - ;
from the measured quantities Lule _at positiorkg, the effect of'the retardatlo'n has to be
' taken into account. It can be easily shown that if the molecu-
lar system is in a thermal initial quantum state, its time evo-
IV. TEMPORAL EVOLUTION OF THE VIBRONIC lution will be given as

QUANTUM STATE

Let us consider the quantum-state evolution of a molecu-
lar system without taking into account retardation effects,
i.e., the molecule is thought to be located at positienO ) o ) L
and the interaction with a coherent laser pulse to be started 48+ it Will only be shifted in time due to the laser-pulse
time t=0. The temporal evolution of its vibronic quantum rétardation. Recalling Eqgs(34) and (19) the Fourier-

~ i - i n -
state, described by the density-matrix opergpcan be ob- };?gjfg;med density-matrix elements;(«w) can be calcu
tained from the master equation

- - Xo
U(t)=Q(t— ?)’ (46)

a0 (1)

1 . . A~
—r — i HM.emI+ Lo,

oy (w)= J dt oy (t)exd —iwt]O(t—tp—Xo/C),
0 (47)
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where the substitutioh— (Xx—Xg)/c—t has been performed. where w, is the carrier frequency and(t) is an envelope
Taking into account Eq(46) and changing the variable as  function. In particular, for a Gaussian pulse of duratign
the slowly varying amplitudeA(t) reads

T=t— F, (48

_ 2
u} -

A(t)= Ay exp{ - >
7-
we obtain d
Fixing the phase of the complex constady corresponds to
fixing the reference phase of the laser. Substituting in Eq.
o (w)= f dtogy t—— exd —iwt]6(t—tp—Xo/C) (22) for £()(t) the reference laser field given in E(3)
together with Eq(54), we get
. X0 + oo
=e ' dro(nexd —iwr]. (49 £+

Tp=1p free(w) A(w_ wL) el(w*wL) tR! (55)
This result shows that the effect of the retardation is onlywith
given by a phase factor, which compensates with the one in
measured signal37). The prepared vibronic quantum state d\/_ 5 )
075 (tp) does not dependent explicity from the position of Alo—w)= T Ao €x 16(“’_“’L)
the molecule but only on the time at which the pump pulse is
turned off. It means that the field radiated by molecules loFor a laser pulse of duration of some femtoseconds, the spec-
cated at different places adds up coherently to the signatal envelope functiond(w— w,) is very broad, typically of
allowing to recover the information on the prepared vibronicthe order of 1&* Hz. If we compare this function with the
quantum state. spectrometer filter function given in E2), and consider as
When the preparation process is over, the molecular sysx typical value for the spectrometer resolution for our experi-
tem evolves according to master equati88) with the  menty=10 GHz, we see that the envelope function can be
interaction-free HamiltoniarH, in place of H(t). Solving regarded as being constant in the interval where the spec-
this equation we obtain trometer function is nonvanishing. This allows us to take the
envelope function at the maximum of the spectral-filter func-
0™ r) = @M rpyeTrl7 70 L (=10, EIE?]':;,OUtSIde the second integral on the right-hand side in Eq.
(50) The frequency integral can now be easily evaluated and

AN becomes
We will use this equation in the next section where the rela-

tion betweenAN and the prepared quantum sta@&,'(7p)

(56)

will be explicitely derived. _ TV M A(wp— ) & 1LlR9¥I0)
n,m -
V. EVALUATION OF THE KERNEL FUNCTION + o0
_ xf drofy(r) e vl RleTled R c ¢,
Using Eq.(47), from Egs.(35) and (37) the measured ™
heterodyne spectrum can be written as (57)

where we have defined the timg=tg+ dx/c. Using the
T o 2 grlnznf drel3(7) result in Eq.(50) we can rewrite the previous equation in the
mm following way:

xf do |T(0)? &L (w)e X1 cc. (51) ¢
NZ—E 97 A wp— o) Hp( 05— o)
2 & 12 A WF L) Anlwyg F
To evaluate the second integral on the right-hand side of Eq. .
(51), we need explicit expressions foF(w)|? and&{L)(w). X g7 leLrem XIe) oI 1) ellear—el)dty ¢ ¢,
|T(w)|? can be easily calculated from E¢R2) using the (58)
transmission function in Eq20). In this way we derive

where the function

2
T(w)[2=———. (52

“+ 00
Y+ (0= wp)? Hn(wgin—w,:)ny dre (=7
T

The reference laser field can be written as am
xe 7 [7= 7Rl e'(wzl —wp) (7= 7R) (59)

EfRA=A(t) et (53)  can be easily calculated to be
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ye—l“nat VI. DIRECT MEASUREMENT OF THE WAVE-PACKET
QUANTUM STATE

Hn(w5)'— wg) = .
S (y—To)+i(0)l— wp)

It is worth noting that under certain conditions the vibra-

ye Tndt tional quantum state in the upper electronic state can directly
T Fp— be measured. For this purpose let us suppose that the mol-
(y+T0) —i(wz—wp) ecule is initially prepared in the vibronic ground state and the

excitation of higher vibrational quantum states in the elec-
_ . (60) tronic ground state during the pump process can be disre-
(y—Tp+i(w)"— wp) garded. In this case only density-matrix elememt§)
=0%(7) are involved in Eq(63), and the transition fre-
Here 8t=rg—7p. The last term in Eq(60) contains the quenciesw) are well separated from each other, so that the
switch-on effect of the spectrometer. spectral apparatus well resolves the corresponding lines.
This result can be simplified significantly if we select the Hence tuning the setting frequenay: to a chosen transition
values of the time delayt and of the spectrometer resolu- frequency wgg’, the measured difference-heterodyne spec-
tion v in a appropriate manner. &t is large compared to the trum is only determined, in good approximation, by the cor-
characteristic time of the spectrometety 1the third term of responding density-matrix elemegﬁg(rp),
Eq. (60) approaches to zero. On the other hand we must
choosesét shorter than 17, to avoid that the signal disap- — 1c0n/ n0\| 0N no on
pears due to the polarizgtion damping. This 3ields forpthe AN=Kiz(wp)lerzlcod (v —w)ot=diz], - (69
time delay the condition with

787 yét e*i(wginf wg) ot

sl 61 K33(wp)=¢' 935 A (wp—wy). (66)
Y Iy
In order to obtair @95 and ¢35 two measurements for two
For example, if we choose the spectrometer resolution to b€e|a%’ timesét(zl) and 6t can be performed, which give
10 GHz, the delay time cannot be shorter than 100 ps, andN® and AN,
because the decay ratEg are of the order of magnitude of
10, ...,100 MHz, the delay timeSt cannot be longer than AN ctH g R
10, . ..,100 nsCondition (61) implies that exp{I', &t)=1 ( ) —K(w0 ( | )
n

(2) (2) (2) 6
and y=1",=v, and hence Eq60) simplifies to AN G S (67
H( @3- wp) =[T(03D)2, (62  Where
(i)_ no_ (i)
i.e., to the familiar Lorentzian function. Ch’=cod (wy —w) t'], (68)

Equation(58) is the sought relation from which the infor-
mation about the vibronic quantum state prepared by the Sﬂ)=sir[(w’2‘(l’—wL) st®7, (69)
pump laser can be obtained. For this purpose we first note
that the fixed difference phase between pump and referengg,g
laser can be included in the pump field, so thdtwr— w,)
can be assumed to be real. We can rewrite(E§).in a more

compact form, Ro=[e3] cosey, (70
Ih=|e%l singl;. (7D)
AN=2 KiF(wp)|ef(7p)|cog (3]~ wy) ot— ¢15(7e)], . , .
nm In particular, choosing the delay time%(®) and 6t(®) such
63 that
with (03— w) 8tV =2k, (72
12(0p)=¢" 915 A(wg— o) Hy(wy'—op), (64 (0P—w) 0t =(2k+ 1), (73)

and ¢75(7p) is the phase of the matrix elemepty'(75).  with k being an integer, we directly get the real and imagi-
Measuring the difference heterodyne spectrum for differennary parts of the sought density-matrix elements,
values of the experimental parameters suchwasand 6t,

yields a set of equations, from which the density-matrix ele- AN

mentspy'(7p) could be obtained numerically by using, e.g., R,

= (74
. . 0 0
least-squares inversion. Ki2(w3)
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ly=—. (75)
0 0
Klg(wgl

As mentioned, the molecule can be regarded as being pre
pared in a pure state if the pump process is short compare
with the molecular damping times and the laser is preparec
in a coherent state. In this case we may write

o33 e 19 =cP*c], T8 | gpm]
so that from the measured density-matrix elemerits the
expansion coefficients) of the vibrational quantum state

|#,), Eq. (4), in the upper electronic state can be obtained

according to

n |le21 —i¢0n
Co=—, € ‘2 (77
C1

Here, the unknown coefficiert can be chosen real and
determined from the normalization condition

FIG. 3. Absolute values of the calculated density-matrix ele-
mentsp,n=c5* c]' of the prepared vibrational wave packet in the
upper electronic state in the energy basis. Experimentally, the quan-

tum state can be obtained after pumping the molecule over 600 fs

2 |c2=1. (79)

VII. NUMERICAL SIMULATION

with a sequence of three pulses of a carrier frequency of
15683.518 cm! (which corresponds to the vibronic transition
[1,00++]2,9)), the time duration of the individual pulses is 60 fs,
and the delay between the pulses is 103 fs, corresponding to one-

) third of the wave-packet period.
In order to illustrate the method, we have performed com-

puter simulations of measurements for sodium dimers. The f about TOW/cr?. which d imal
potentials for the vibrational motion in the electronic statesP®WVe' O @ Onlgx_ cnm, which corresponds to a maxima

X 12; andA'X | are shown in Fig. 2. The data for these photon rateNfiee=10° photons s* cm* (72 1. Th? de_Iay
potential are taken from spectroscopic measurementimes of about 50 ps are chosen according to(E). in Fig.

[23,24). The corresponding vibrational eigenvalue problemss(a)’ and Eq.(73) in _F'g' Sb). The pas_sband width (.)f the
are solved numerically, using the method describefp]. ~ SPectral apparatus iy=30 GHz and in a succession of
The absolute values of the density-matrix elements and

the Wigner function of the wave-packet quantum state to be
measured are shown in Figs. 3 and 4, respectively. The plot:
are obtained by solving the vibronic equations of motion
numerically for a laser pump that consists of a sequence o
three pulses of a duration of 60 fs that are separated frorn
each other by 103 fs, one third of the wave-packet period.
Experimentally, the state can be obtained for a titpe
=600 fs after starting the pump process. It is further as-
sumed that the midfrequency of the laser pump correspondp
to a wave number of 15 683.518 ¢ i.e., the laser is tuned 0
to the vibronic transition/1,00<|2,9), and the Rabi fre-
quency corresponds to 50 crh The state exhibits a charac-
teristic oscillation in the density matrix, where only every
third element is different from zero. The interference effects
between the three time-delayed excited wave packets ar
more evident in the phase space, where the Wigner functior
shows a three-peak structure with interference patterns ir
between(for preparation of nonclassical states in molecules,
see alsd26)).

In Fig. 5 the measured signal is shown for an ensemble of 6 7 8 9
10° molecules, which is the signal coming from a single
molecule according Eq63) multiplied by the number of FIG. 4. Wigner function of the same vibrational wave packet as
molecules in the ensemble. The fluorescence field is mixegh Fig. 3, which displays the interference pattern owing to the three-
by a 50:50 symmetrical beam splitter with a reference lasepulse excitation. The position and the momenturp are given in
pulse duration of 10 fs, midfrequency of 15500 ¢cimand  atomic units.
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-10
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FIG. 5. Measured difference-heterodyne spectiiiv for the
quantum state of Figs. 3 and 4. It is obtained by measuring th

interference signal between the fluorescence coming frdtaid-
ecules with a reference laser pulse duration of 10 fs, midfrequenc
of 15500 cm?, and a peak power of about @V/cnm? (NF&X
=10® photons s cm 2 for »=1). The time delay of about 50 fs
corresponds to conditiof¥2) (a) and(73) (b), and the setting fre-
quency of the spectral apparatus is tuneduﬂ@.

measurements the setting frequency is fixed such ¢hat

= w}) for each density-matrix elemepf) to be determined.

We show single measurements, simulated by taking into

account the shot noise. To demonstrate how this noise affec

the measurement procedure we have chosen a weak refe
ence laser. In a real experiment this laser can be stronger, s
that the shot-noise effect will practically disappear. From the

measured difference-heterodyne lines in Fig. 5 the real an
imaginary parts of the density-matrix eleme@@ are then
obtained according to Eq$74) and (75), respectively. Ap-
plication of Eq. (77) (together with normalizationthen

yields the expansion coefficients of the vibrational quantum
state in the upper electronic state. The result for the absolut
values of the density-matrix elements is shown in Fig. 6. It is
found to be in good agreement with the prepared quanturr

state as given in Fig. 3.
In Fig. 7 the relative error of the method,

_ |an|R_|an|T

= 79
€r maX @ mn| 1 79

SCH, AND WALMSLEY PRA 60

FIG. 6. Absolute values of the computer simulation of the mea-
sured density-matrix elements,,, of the vibrational wave packet
in the upper electronic quantum state shown in Figs. 3 and 4.

and the theoretical vibrational density-matrix elements, re-
spectively. It is seen that for the chosen parameters the re-
construction can be achieved with reasonable precision.

VIll. SUMMARY AND CONCLUSION

In the present paper we have developed the theory of a
heterodyne experiment that is suited for measuring molecular

‘guantum states. A pump-laser pu(se a sequence of pulses

is used to prepare the vibronic molecular quantum state by
oherently driving an electronic two-level transition. The
luorescence light emitted by the molecular sample in the

forward direction of the pump pulse is superimposed with a

t€,

(

FIG. 7. Relative deviatior{79) of the measured values of the
vibrational density-matrix elements in Fig. 6 from the calculated

is plotted. The subscripts R and T indicate the reconstructedalues in Fig. 3.
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reference laser pulse. A shutter is used to separate the sigrimions may play a vital role. The values of Doppler and
from the pump field. The superimposed light is spectrallycollision broadenings can be estimated for a gas of sodium
filtered and recorded by a photodetector. The signal of interdimers at the temperature of 300 K and a pressure of 0.1
est is the difference between the photocounts induced by th&tmospheres to be of the order of 1000 MHz. This is
superposition of the reference light with the fluorescence andpproximately of the same order of magnitude as the radia-
the photocounts due to the free reference field. tive damping included in our treatment. Since these line

The measured signal depends linearly on density-matribroadenings are not spectrally resolved under the experimen-
elements of the vibronic transition under study. It is showntal conditions of interest, the additional effects are not ex-
that under certain conditions the method allows a direct megpected to change the measured signal significantly.
surement of the quantum state of a molecular vibration in the We would like to note that the experiment proposed in
excited electronic state and the corresponding requirementkis paper not only allows a direct measurement of the vibra-
are analyzed in detail. Numerical simulations show the feational wave packet for a particular class of pure states; it is
sibility of the method even for structured quantum states thadlso suited for the determination of the density-matrix ele-
clearly exhibit quantum interference effects in the Wignermentsp?}' for general vibronic states. These elements are of
function. The relative errors in the simulation result from asome interest for their own since they contain the complete
relatively weak pulse. In practice the reference pulse couldnicroscopic information on the polarization of the mol-
be strong enough so that the sampling noise becomes meageules.
ingless, and the precision of the method is further improved.

Let us .briefly dispuss some o'gher noise sources that hav_e ACKNOWLEDGMENT
not been included in the calculations. We have treated dissi-
pation by assuming radiative damping. In a molecular gas, This work was supported by the Deutsche Forschungsge-
however, additional effects like Doppler broadening and colimeinschatft.

[1] For a recent review of the topic, see D.-G. Welsch, W. Vogel, (1996; U. Leonhardtjbid. 55, 3164(1997; T. Opatrny, D.-G.

and T. Opatrny, inProgress in Optics edited by E. Wolf Welsch, and W. Vogelipid. 56, 1788(1997.
(Elsevier Science, Amsterdam, 199%0l. 39, pp. 63-211. [14] L.J. Waxer, |.A. Walmsley, and W. Vogel, Phys. Rev.54,
[2] K. Vogel and H. Risken, Phys. Rev. 40, 2847(1989. R2491(1997).
[3] S. Wallentowitz and W. Vogel, Phys. Rev.58, 4528(1996;  [15] L. Davidovich, M. Orszag, and N. Zagury, Phys. Rev5A
K. Banaszek and K. Wakiewicz, Phys. Rev. Lett76, 4344 2544(1998.
(1996. [16] X. Chen and J.A. Yeazell, Phys. Rev. 3, 2316(1997; T.

Weinacht, J. Ahn, and P.H. Bucksbaum, Phys. Rev. [8§it.
5508(1998; 81, 3050E) (1998.
[17] C. Leichtle, W. Schleich, 1.Sh. Averbukh, and M. Shapiro,
Phys. Rev. Lett80, 1418(1998; I.Sh. Averbukh, M. Shapiro,
C. Leichtle, and W. Schleich, Phys. Rev.58, 2163(1999.
[18] W. Vogel, D.-G. Welsch, and B. Wilhelmi, Phys. Rev.3,

[4] D.T. Smithey, M. Beck, M.G. Raymer, and A. Faridani, Phys.
Rev. Lett.70, 1244(1993; D.T. Smithey, M. Beck, J. Cooper,
M.G. Raymer, and A. Faridani, Phys. S&#8, 35 (1993.

[5] D. Leibfried, D.M. Meekhof, B.E. King, C. Monroe, W.M.
Itano, and D.J. Wineland, Phys. Rev. Lét?, 4281(1996.

[6] T.J. Dunn, I.LA. Walmsley, and S. Mukamel, Phys. Rev. Lett.

3825(1989.

74, 884 (1995. [19] D.N. Fittinghof, J.L. Bowie, J.N. Sweetser, R.T. Jennings,
[7]1.A. Walmsley and L. Waxer, J. Phys. &1, 1825(1998. M.A. Krumbuegel, K.W. DelLong, R. Trebino, and LA.
[8] P. Kowalczyk, C. Radzewicz, J. Mostowski, and I.A. Walms- Walmsley, Opt. Lett21, 884(1996, and references therein.

ley, Phys. Rev. M2, 5622(1990. [20] I.A. Walmsley and C.L. Tang, J. Chem. Ph9, 1568(1990.
[9] A. Assion, M. Geisler, J. Helbing, V. Seyfried, and T. [21] H.J. Kimble and L. Mandel, Phys. Rev. 8, 2123(1976).

Baumert, Phys. Rev. A4, R4605(1996. [22] W. Vogel and D.-G. Welschlectures on Quantum Optics

[10] M. Shapiro, J. Chem. Phy403 1748(1995. (Akademie-Verlag, Berlin, 1994

[11] M. Shapiro, Chem. Phy207, 317 (1996. [23] O. Babaky and K. Hussein, Can. J. Phgg, 912(1989.

[12] M. Trippenbach and Y.B. Band, J. Chem. Phy65 8463 [24] G. Gerber and R. Mter, Chem. Phys. Lettl13 546 (1985.
(1996. [25] J.H. Cooley, Math. Computl5, 363 (1961).

[13] U. Leonhardt and M.G. Raymer, Phys. Rev. L&t 1989  [26] J. Janszky, An.V. Vinogradov, T. Kobayashi, and Z. Kis, Phys.
(1996; Th. Richter and A. Wasche, Phys. Rev. A3, R1974 Rev. A50, 1777(1994).



