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Heterodyne measurement of vibrational wave packets of diatomic molecules
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A method is presented for reconstructing the quantum state of vibrational wave packets in diatomic mol-
ecules by a heterodyne experiment. After the preparation of a wave packet, a femtosecond laser pulse interferes
with the induced polarization and the resulting signal is frequency filtered and measured by a photodetector.
The conditions are analyzed under which the resulting time- and frequency-resolved photocurrent contains the
information needed to recover the quantum state of the prepared wave packet. It is shown that the vibrational
wave function in the excited electronic state can be measured directly without the need of involved numerical
reconstruction. Simulations of the proposed experiment are performed for sodium dimers.
@S1050-2947~99!05510-9#

PACS number~s!: 03.65.Bz, 42.50.Vk, 33.80.2b, 42.50.Dv
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I. INTRODUCTION

During the last few years the development of methods
determining the quantum states of light and matter has b
a subject of increasing interest@1#. Roughly speaking, there
are two kinds of methods that have been successfully d
onstrated in experiments. In quantum-state tomography
quantum state is reconstructed from the whole set of d
recorded in a sequence of measurements, varying some
rameters from measurement to measurement, such as
quadrature-component phase in balanced homodyning@2#. In
local reconstruction the quantum state is reconstructed po
wise, i.e., for chosen parameters each set of measured
corresponds, e.g., to a point in phase space and can be
to reconstruct appropriate phase-space functions there@3#.
The tomographic method was experimentally applied for
first time to the reconstruction of the quantum state of lig
@4#, and the first experimental reconstruction of the motio
quantum state of a trapped atom@5# was based on local re
construction.

The tomographic method has also been applied to the
construction of the quantum state of molecular vibratio
@6,7#. In the experiments, the set of data is obtained fr
time-resolved emission spectroscopy@8#, and it is assumed
that anharmonic effects of the vibrations play a minor r
and can be disregarded in the reconstruction scheme. A
natively, the desired information can also be obtained fr
photoelectron spectroscopy@9#.

Unfortunately, the method cannot be directly transfer
to anharmonic vibrations. In particular, in view of the man
fold of frequencies characterizing the system it is no lon
sufficient to record the dynamics only over one half of
vibrational period. It has been shown that the vibratio
quantum state can be obtained through separate mea
ments of the time-resolved intensity and the stationary sp
trum of the light emitted by the molecules@10–12#. The
PRA 601050-2947/99/60~4!/2716~10!/$15.00
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realization of such a method, however, requires the num
cal inversion of a large set of noisy data. It has also be
shown that the quantum state can be reconstructed from
time-resolved position distribution@13#. Presently, however
no experimental method is known that allows one to meas
the time-resolved position distribution of a molecular vibr
tion. Another proposal is based on the measurement of
time-resolved emission spectrum@14#, where the dimension
of the linear sets of equations to be inverted is substanti
reduced by combining frequency separation and time res
tion.

Some alternative methods that rely on other kinds of m
surements have been proposed. A local reconstruc
method has been proposed that allows one to determ
phase-space distributions of molecular vibrations by Ram
spectroscopy@15#. However, in its present version thi
method only applies to harmonic vibrations. A wave-pac
interference technique has been proposed for measuring
quantum state of atomic Rydberg wave packets@16# and a
technique of this type has also been treated for molec
systems@17#.

In the present paper we study the possibility of the dia
nostics of the quantum state of molecular vibrations
means of a heterodyne experiment. The detected signal
be quite large, since it scales in proportion to the refere
intensity. This means that the signal-to-noise ratio of
measured data is rather better than in the case of fluoresc
or photoelectron spectra measurement. We will show t
this allows us to determine the vibrational quantum state
the excited electronic state, provided that the molecule
prepared in a pure state. The method then renders it pos
to directly measure the quantum state without the need
involved and noise-sensitive reconstruction algorithm
Eventually, the proposed technique is not limited to h
monic vibrations.

The paper is organized as follows. To get a first insig
2716 ©1999 The American Physical Society
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PRA 60 2717HETERODYNE MEASUREMENT OF VIBRATIONAL WAVE . . .
into the proposed technique, Sec. II presents a simpli
semiclassical description of the measured signal and its r
tion to the vibronic quantum state. In Sec. III a fully qua
tized theory of the complete heterodyne measurem
scheme is developed. Section IV is devoted to the temp
evolution of the vibronic wave packet, and in Sec. V t
kernel function connecting the prepared quantum state w
the measured quantities is explicitely calculated. The po
bility of direct measurement of the vibrational quantum st
in the excited electronic state is studied in Sec. VI. In or
to illustrate the method, in Sec. VII a numerical simulati
for sodium dimers is presented. A brief summary and so
conclusions are given in Sec. VIII.

II. HETERODYNE APPROACH TO STATE
MEASUREMENT

A simple picture of the method is this: a pump pul
induces in the sample of molecules a polarization associ
with the generation of wave packets on both the ground
excited electronic vibrational potential surfaces. This pol
ization radiates coherently, and thus has a well-defined ti
dependent amplitude and phase that are related to the w
functions of the two different vibrational wave packets.

A classical reference pulse may be mixed with this sig
and the resulting field is detected. This is effectively a h
erodyne measurement of the radiating molecular polariza
by means of the reference field, and it is well known th
spectral interferometry@19# provides a way to extract phas
information about an unknown time-dependent field fro
such a signal. One expects that the time dependence o
radiated field will yield information about the wave packe
that generate it, and this is indeed the case, as can be
from the following simple calculation.

The detected signal in the spectrally resolved heterod
arrangement is given by@20#

S~v;tR,tP!52 Re@E* ~v;tR!P~v;tP!#, ~1!

whereP(v;tP) is the expectation value of the positive fr
quency component of the polarization in the molecule~the
underbar notation represents quantities in the frequency
main!. It arises from an entangled electronic-vibration
wave packet created at timetP. E* (v;tR) is the spectrum of
the reference pulse field, with the reference arriving at
sample at timetR. The parameterv labels the center fre
quency of the spectrometer passband, which is~for the sim-
plified discussion in this section! taken to be much narrowe
than all other spectral features. If the quantum state of
molecule immediately after excitation at timetP is given by

uc~tP!&5uf1~tP!&u1&1uf2~tP!&u2&, ~2!

where

uf1~tP!&5(
m

c1
m~tP!um&, ~3!

uf2~tP!&5(
n

c2
n~tP!un& ~4!
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are the quantum states of the vibrational wave packets on
ground (u1&) and excited (u2&) electronic surfaces, respec
tively. The statesum& andun& are the eigenstates of the adi
batic vibrational HamiltoniansĤ1 and Ĥ2, respectively.

The time-dependent polarization for this state is prop
tional to the expectation value of the flip operator betwe
the ground and excited electronic states,Â125u1&^2u,

P~ t;tP!5^c~ t2tP!uÂ12uc~ t2tP!&e2 iv21(t2tP), ~5!

which has a spectrum for excitation in the distant past of

P~v;tP!5E dt eivte2 iv21(t2tP),

3^f1~tP!ueiĤ 1(t2tP)/\e2 iĤ 2(t2tP)/\uf2~tP!& ~6!

5(
m,n

c1
m* ~tP!c2

n~tP!^mun&d~v2v21
nm!eiv21

nmtP.

~7!

The frequencyv21
nm corresponds to the transition between t

mth vibrational level in the ground electronic state and t
nth vibrational level in the excited electronic state. If th
reference pulse arrives at the molecule at timetR>tP, then
the detected signal at frequencyv is proportional to the
product of the reference field and that radiated by the m
ecule~the source field!. The reference field spectrum in th
case is

E~v;tR!;A~v2vL!eivtR, ~8!

whereA(v) is the spectrum of the reference pulse envelo
The detected signal can be written in terms of the comp
coefficients describing the wave packets as

S~v;tR,tP!;2ReH(
m,n

c1
m* ~tP!c2

n~tP!^mun&d~v2v21
nm!

3exp@ i ~v21
nmtP2vtR!#A* ~v2vL!J . ~9!

It is clear that the reference field in a sense ‘‘amplifie
the contribution of the density matrix element~given here as
a product of state amplitudes! oscillating at frequencyv
5v21

nm . Thus, by judicious choice of the spectrometer fr
quency and delaytP2tR it is possible to extract both the
amplitude and phase of this particular element.

III. MEASURED SIGNAL

In the following we give a more rigorous analysis of th
scheme under realistic experimental conditions, including
passive elements involved in the experimental setup.
heterodyne measurement scheme is shown in Fig. 1.
molecules are prepared in a particular vibronic quantum s
by a pump laser that drives two electronic states. This pu
laser is switched on at timet50 ~at positionx50) and has
a time durationtP. It reaches a molecule located at the p
sition x0 at time x0 /c and the shutter at timexS/c. At this
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2718 PRA 60ZUCCHETTI, VOGEL, WELSCH, AND WALMSLEY
time the shutter is closed, so that the pump pulse is s
pressed in the measured signal. At timetP1xS/c the shutter
is turned on. The fluorescence field from the molecu
sample is then mixed with the reference field by a be
splitter. The reference field is a short pulse of a few fem
seconds duration that is centered at timetR ~at position
2dx, with dx being the difference between the path leng
of the pump and the reference fields from the laser source
the beam splitter!. The total field is spectrally filtered an
detected by the photodetector at positionx.

For the formalism we will closely follow an approac
previously developed for analyzing a pump-probe absorp
experiment@18#. The number of~time-integrated! photoelec-
trons,N, measured by the photodetector is given by

N5jE dt^Ê(2)~x,t !Ê(1)~x,t !&, ~10!

where Ê(2)(x,t) and Ê(1)(x,t) are the positive- and
negative-frequency part, respectively, of the linearly pol
ized electric field arriving at the photodetector, andj
5he0c, whereh is the quantum efficiency of the photod
tector,e0 is the dielectric constant, andc is the speed of the
light in vacuum. The positive and negative part of the fie
can be decomposed into two different contributions, nam
the free-field partÊfree

(6)(x,t) ~which is irradiated by the lase

sources! and the source-field partÊs
(6)(x,t) ~which is irradi-

ated by the molecules!,

Ê(6)~x,t !5Êfree
(6)~x,t !1Ês

(6)~x,t !. ~11!

Inserting this expression into Eq.~10!, we get

N5Nfree1Ns1jF E dt^Ês
(2)~x,t !Êfree

(1)~x,t !&1c.c.G ,
~12!

where

FIG. 1. Experimental scheme for the heterodyne state meas
ment. A pump laser~PL! at positionx50 is used to prepare th
quantum state of a molecular sample~MS! at x0. A shutter~S! at xS

separates the fluorescence signal of the molecular sample from
pump pulse. This signal is superimposed by a beam splitter~BS! at
positionxBS with a test pulse from a reference laser~RL!, dx being
the path-length difference between the PL and RL. The heterod
signal is transmitted through a spectral filter~SF! and recorded by a
photodetector~PD!.
p-

r

-

s
to

n

-

s
y,

Nfree5jE dt^Êfree
(2)~x,t !Êfree

(1)~x,t !& ~13!

is the number of photoelectrons produced by the interact
free field, and

Ns5jE dt^Ês
(2)~x,t !Ês

(1)~x,t !& ~14!

is the small number of photoelectrons produced by molec
fluorescence, which can be disregarded. In this case, the
ference signal

DN5Nfree2N52jE dt^Ês
(2)~x,t !Êfree

(1)~x,t !&1c.c.

~15!

directly represents the interference signal we are intere
in. It can be easily measured by splitting the reference pu
into two parts by using a symmetric~50:50! beam splitter.
Introducing the Fourier-transformed field operators

Ê(6)~x,v!5E dt e6 ivt Ê(6)~x,t !, ~16!

Eq. ~15! can be rewritten as

DN52
j

2pE dv^Ês
(2)~x,v!Êfree

(1)~x,v!&1c.c. ~17!

The detected free field is obtained, after introducingÊ P
(1)

and Ê R
(1) for the pump and reference fields, respectively,

the convolution

Êfree
(1)~x,t !5TE dt8 T~ t2t82Dt !u~ t82tS! Ê P

(1)S t82
x

cD
1RE dt8 T~ t2t82Dt ! Ê R

(1)S t82
x1dx

c D ,

~18!

where T and R are the transmission and reflection coef
cients of the beam splitter~BS!, and the unit-step function
u(t82tS) describes the effect of the shutter located at
distancexS from the pump source. The shutter is turned
after the preparation pulse is over at the positionxS, i.e., at
time tP1xS/c. At this time the fluorescence field from th
molecular sample begins to propagate behind the shutter
reaches the positionx after a time (x2xS)/c. Then we start
to have some contributions from the fluorescence field at
positionx after the timetS, given by

tS5tP1
x

c
. ~19!

As we see from Eq.~19! the timetS does not depend on th
position of the shutter. The spectral apparatus is describe
the transmission functionT(t), which can be given by

T~ t !5u~ t !g exp@2~g1 ivF!t#, ~20!

re-
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PRA 60 2719HETERODYNE MEASUREMENT OF VIBRATIONAL WAVE . . .
with g being the passband width andvF being the setting
frequency. In Eq.~18!, Dt5(d2dopt)/c is the time delay due
to the difference between the geometrical pathd and the
optical pathdopt through the spectrometer. Note that the ch
sen transmission function in Eq.~20! is, e.g., a reasonabl
approximation for a Fabry-Perot filter in the vicinity of on
of its resonances. Because the unit-step functionu(t82tS)
does not overlap with the pump fieldÊP

(1)(t82x/c), the first
integral in Eq. ~18! gives no contribution to the detecte
field, that is, only the contribution coming from the prob
pulse is detected. Defining the Fourier transformed quant

Ê free
(1)~v!5E dt eiv[ t2(x1dx)/c] ÊR

(1)S t2
x1dx

c D ~21!

and

T~v!5E dt eivt T~ t !, ~22!

Eq. ~18! in Fourier space reads as

Êfree
(1)~x,v!5R T~v! Ê free

(1)~v! eiv[Dt1(x1dx)/c] . ~23!

The detected source fieldÊs
(2)(x,t) is given by the con-

volution

Ês
(2)~x,t !5T * E dt8 T~ t2t82Dt !

3u~ t82tS!Ê s
(2)S t82

x2x0

c D , ~24!

whereÊs
(2)(t) is the source field traveling onto the spectro

eter andx0 is the distance of the molecular source from t
source of the pump pulse. Using the definition

Ês
(2)~v!5E dt e2 iv[ t2(x2x0) /c] u~ t2tS!Ês

(2)S t2
x2x0

c D ,

~25!

together with Eq.~22!, we get for Eq.~24! in Fourier space

Ês
(2)~x,v!5T T* ~v! Ês

(2)~v! e2 iv[(x2x0) /c] . ~26!

Inserting Eq.~23! and Eq.~26! into Eq. ~17!, we obtain

DN52
j8

2pE dv uT~v!u2^Ê s
(2)~v! Ê free

(1)~v!&eiv(x01dx)/c

1 c.c., ~27!

wherej85jRT* .
To specify the source field, let us consider a diatom

molecule with potential energies for the ground and exci
electronic states as shown in Fig. 2. Solving the tim
independent Schro¨dinger equation for each potential, the e
ergy eigenvalues and eigenvectors for the bound vibratio
-

s

-

c
d
-

al

states can be calculated, and the molecular density ope
~for an individual molecule at the positionx0) in the energy
basis can be written as

ŝ5 (
i , j 51

2

(
ni ,mj

s i j
nimj Âi j

nimj , ~28!

where the indicesi , j label the electronic states (i , j 51 for
the electronic ground state andi , j 52 for the excited elec-
tronic state!, and ni ,mj are the corresponding vibrationa
quantum numbers. The vibronic flip operators

Âi j
nimj5u i ,ni&^ j ,mj u ~29!

describe the transitionsu j ,mj&→u i ,ni&, and it is obvious that

s i j
nimj5^Âj i

mjni&. ~30!

Following @21,22#, in dipole, far-field, and rotating-wave ap
proximations the~negative-frequency part of the! electric
source field radiated by a diatomic homonuclear molecule
free space is

Ê s
(2)~r ,t !5(

n,m
g12

mnÂ21
nm~ t2ur2r 0u/c!, ~31!

where

g12
mn[g12

mn~r2r 0!5
~v21

nm!2^mun&

4pe0c2

3H d12

ur2r 0u
2

@d12•~r2r 0!#~r2r 0!

ur2r 0u3
J . ~32!

Here, r 0 is the position of the molecule andd12 is its
electronic-transition dipole vector. For notational conv
nience we have omitted the electronic indices at the vib
tional quantum numbers.

FIG. 2. Electronic potential for a sodium dimer for the ele
tronic statesX 1Sg

1 andA 1Su
1.
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2720 PRA 60ZUCCHETTI, VOGEL, WELSCH, AND WALMSLEY
From Eq.~31! the source fieldÊ s
(2)(v) in Eq. ~27! cor-

responds to

Ê s
(2)~v!5(

n,m
g12

mnÂ 21
nm~v!, ~33!

where

Â 21
nm~v!5E dt u~ t2tS!e2 iv[ t2(x2x0 )/c]Â21

nmS t2
x2x0

c D ,

~34!

andg12
mn is the component ofg12

mn parallel to the polarization
of the reference field. Inserting Eq.~33! into Eq.~27! we get
the result

DN52(
n,m

E dv uT~v!u2 Snm~v!1c.c., ~35!

with

Snm~v!5
j8g12

mn

2p
^Â 21

nm~v!Ê free
(1)~v!& eiv[(x01dx)/c] . ~36!

In the following we assume that the reference laser ligh
prepared in a~multimode! coherent state, so thatÊ free

(1)(v) in
Eq. ~36! can be replaced with the correspondingc-number
functionE free

(1) (v). Equation~36! then simplifies to, on recall-
ing Eq. ~30!,

Snm~v!5
j8g12

mn

2p
s12

mn~v! E free
(1) ~v! eiv(x01dx)/c. ~37!

Equation~35! together with Eq.~37! gives the basic rela
tion between the measured difference heterodyne spec
and the Fourier transforms of the vibronic density-mat
elements associated with the pump-laser-induced pola
tion of the molecule. The Fourier transform of the vibron
density matrix is determined by its temporal evolution af
the preparation. In the following we will analyze this tim
evolution in some detail with the aim to clarify how th
quantum information on the prepared state can be recov
from the measured quantities.

IV. TEMPORAL EVOLUTION OF THE VIBRONIC
QUANTUM STATE

Let us consider the quantum-state evolution of a mole
lar system without taking into account retardation effec
i.e., the molecule is thought to be located at positionx50
and the interaction with a coherent laser pulse to be starte
time t50. The temporal evolution of its vibronic quantu
state, described by the density-matrix operator%̂, can be ob-
tained from the master equation

]%̂~ t !

]t
5

1

i\
@Ĥ~ t !,%̂~ t !#1L̂ %̂~ t !. ~38!
s

m

a-

r

ed

-
,

at

The HamiltonianĤ(t) of the undamped system can be giv
by

Ĥ~ t !5Ĥ01V̂~ t !, ~39!

whereĤ0 is the Hamiltonian of the free molecule,

Ĥ05(
m

\v1
mA11

mm1(
n

\v2
nA22

nn , ~40!

andV̂(t) is the time-dependent interaction operator, which
dipole and the rotating-wave approximations can be writ
as

V̂~ t !52(
n,m

\V12
mn~ t ! Â12

mn1H.c. ~41!

Here,

V12
mn~ t !5

1

\
^mun&~d12•e!E (2)~ t ! ~42!

is the Rabi frequency for the vibronic transitio
u1,m&↔u2,n&(e, polarization vector of the laser field!. If we
restrict our attention to radiative damping processes,
damping superoperatorL̂ is given by

L̂ %̂~ t !52(
n

Gn@Â22
nn%̂~ t !1%̂~ t !Â22

nn#

1(
nm

g21
nmÂ12

mn%̂~ t !Â21
nm , ~43!

where the damping rates read

g21
nm5

ud12u2~v21
nm!3z^mun& z2

6pe0\c3
, ~44!

Gn5 1
2 (

m
g12

mn . ~45!

For evaluating the quantum state of an individual m
ecule at positionx0, the effect of the retardation has to b
taken into account. It can be easily shown that if the mole
lar system is in a thermal initial quantum state, its time ev
lution will be given as

ŝ~ t !5%̂S t2
x0

c D , ~46!

i.e., it will only be shifted in time due to the laser-puls
retardation. Recalling Eqs.~34! and ~19! the Fourier-
transformed density-matrix elementss12

mn(v) can be calcu-
lated as

s12
mn~v!5E dt s12

mn~ t !exp@2 ivt#u~ t2tP2x0 /c!,

~47!
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where the substitutiont2(x2x0)/c→t has been performed
Taking into account Eq.~46! and changing the variable as

t5t2
x0

c
, ~48!

we obtain

s12
mn~v!5E dt %12

mnS t2
x0

c Dexp@2 ivt#u~ t2tP2x0 /c!

5e2 iv
x0

c E
tP5tP

1`

dt %12
mn~t!exp@2 ivt#. ~49!

This result shows that the effect of the retardation is o
given by a phase factor, which compensates with the on
measured signal~37!. The prepared vibronic quantum sta
%12

mn(tP) does not dependent explicity from the position
the molecule but only on the time at which the pump pulse
turned off. It means that the field radiated by molecules
cated at different places adds up coherently to the sig
allowing to recover the information on the prepared vibro
quantum state.

When the preparation process is over, the molecular
tem evolves according to master equation~38! with the
interaction-free HamiltonianĤ0 in place of Ĥ(t). Solving
this equation we obtain

%12
mn~t!5%12

mn~tP!e2Gn(t2tP) eiv21
nm(t2tP) ~t>tP!.

~50!

We will use this equation in the next section where the re
tion betweenDN and the prepared quantum state%12

mn(tP)
will be explicitely derived.

V. EVALUATION OF THE KERNEL FUNCTION

Using Eq. ~47!, from Eqs. ~35! and ~37! the measured
heterodyne spectrum can be written as

DN52
j8

2p (
n,m

g12
mnE

tP

1`

dt %12
mn~t!

3E dv uT~v!u2 E free
(1)~v!e2 iv(t2dx/c)1c.c. ~51!

To evaluate the second integral on the right-hand side of
~51!, we need explicit expressions foruT(v)u2 andE free

(1)(v).
uT(v)u2 can be easily calculated from Eq.~22! using the
transmission function in Eq.~20!. In this way we derive

uT~v!u25
g2

g21~v2vF!2
. ~52!

The reference laser field can be written as

E free
(1)~ t !5A~ t ! e2 ivLt, ~53!
y
in

s
-
al

s-

-

q.

wherevL is the carrier frequency andA(t) is an envelope
function. In particular, for a Gaussian pulse of durationtd
the slowly varying amplitudeA(t) reads

A~ t !5A0 expF2
4 ~ t2tR!2

td
2 G . ~54!

Fixing the phase of the complex constantA0 corresponds to
fixing the reference phase of the laser. Substituting in
~21! for E (1)(t) the reference laser field given in Eq.~53!
together with Eq.~54!, we get

E free
(1)~v!5A~v2vL! ei (v2vL) tR, ~55!

with

A~v2vL!5S tdAp

2 DA0 expF2
td

2

16
~v2vL!2G . ~56!

For a laser pulse of duration of some femtoseconds, the s
tral envelope functionA(v2vL) is very broad, typically of
the order of 1014 Hz. If we compare this function with the
spectrometer filter function given in Eq.~52!, and consider as
a typical value for the spectrometer resolution for our expe
mentg.10 GHz, we see that the envelope function can
regarded as being constant in the interval where the s
trometer function is nonvanishing. This allows us to take
envelope function at the maximum of the spectral-filter fun
tion outside the second integral on the right-hand side in
~51!.

The frequency integral can now be easily evaluated
DN becomes

DN5
j8g

2 (
n,m

g12
mnA~vF2vL! e2 ivL(tR2dx/c)

3E
tP

1`

dt %12
mn~t! e2g ut2tRu e2 ivF(t2tR)1c.c.,

~57!

where we have defined the timetR5tR1dx/c. Using the
result in Eq.~50! we can rewrite the previous equation in th
following way:

DN5
j8

2 (
n,m

g12
mnA~vF2vL! Hn~v21

nm2vF!

3e2 ivL(tP2dx/c) %12
mn~tP! ei (v21

nm
2vL)dt1c.c.,

~58!

where the function

Hn~v21
nm2vF!5gE

tP

1`

dt e2Gn(t2tP)

3e2g ut2tRu ei (v21
nm

2vF)(t2tR) ~59!

can be easily calculated to be
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Hn~v21
nm2vF!5

g e2Gndt

~g2Gn!1 i ~v21
nm2vF!

1
g e2Gndt

~g1Gn!2 i ~v21
nm2vF!

2
ge2gdt e2 i (v21

nm
2vF)dt

~g2Gn!1 i ~v21
nm2vF!

. ~60!

Here dt5tR2tP. The last term in Eq.~60! contains the
switch-on effect of the spectrometer.

This result can be simplified significantly if we select t
values of the time delaydt and of the spectrometer resolu
tion g in a appropriate manner. Ifdt is large compared to the
characteristic time of the spectrometer 1/g, the third term of
Eq. ~60! approaches to zero. On the other hand we m
choosedt shorter than 1/Gn to avoid that the signal disap
pears due to the polarization damping. This yields for
time delay the condition

1

g
!dt!

1

Gn
. ~61!

For example, if we choose the spectrometer resolution to
10 GHz, the delay time cannot be shorter than 100 ps,
because the decay ratesGn are of the order of magnitude o
10, . . .,100 MHz, the delay timedt cannot be longer than
10, . . . ,100 ns.Condition ~61! implies that exp(2Gn dt).1
andg6Gn.g, and hence Eq.~60! simplifies to

Hn~v21
nm2vF!5uT~v21

nm!u2, ~62!

i.e., to the familiar Lorentzian function.
Equation~58! is the sought relation from which the infor

mation about the vibronic quantum state prepared by
pump laser can be obtained. For this purpose we first n
that the fixed difference phase between pump and refere
laser can be included in the pump field, so thatA(vF2vL)
can be assumed to be real. We can rewrite Eq.~58! in a more
compact form,

DN5(
n,m

K12
mn~vF!u%12

mn~tP!ucos@~v21
nm2vL!dt2f12

mn~tP!#,

~63!

with

K12
mn~vF!5j8 g12

mnA ~vF2vL! Hn~v21
nm2vF!, ~64!

and f12
mn(tP) is the phase of the matrix element%12

mn(tP).
Measuring the difference heterodyne spectrum for differ
values of the experimental parameters such asvF and dt,
yields a set of equations, from which the density-matrix e
ments%12

mn(tP) could be obtained numerically by using, e.g
least-squares inversion.
st

e

e
d

e
te
ce

t

-

VI. DIRECT MEASUREMENT OF THE WAVE-PACKET
QUANTUM STATE

It is worth noting that under certain conditions the vibr
tional quantum state in the upper electronic state can dire
be measured. For this purpose let us suppose that the
ecule is initially prepared in the vibronic ground state and
excitation of higher vibrational quantum states in the el
tronic ground state during the pump process can be di
garded. In this case only density-matrix elements%12

0n

[%12
0n(tP) are involved in Eq.~63!, and the transition fre-

quenciesv21
n0 are well separated from each other, so that

spectral apparatus well resolves the corresponding lin
Hence tuning the setting frequencyvF to a chosen transition
frequencyv21

n0 , the measured difference-heterodyne sp
trum is only determined, in good approximation, by the c
responding density-matrix element%12

0n(tP),

DN5K12
0n~v21

n0!u%12
0nucos@~v21

n02vL!dt2f12
0n#, ~65!

with

K12
0n~vF!5j8 g12

0n A ~vF2vL!. ~66!

In order to obtainu%12
0nu andf12

0n two measurements for two
delay timesdt (1) and dt (2) can be performed, which give
DN(1) andDN(2),

S DN(1)

DN(2)D 5K12
0n~v21

n0!S Cn
(1) Sn

(1)

Cn
(2) Sn

(2)D S Rn

I n
D , ~67!

where

Cn
( i )5cos@~v21

n02vL! dt ( i )#, ~68!

Sn
( i )5sin@~v21

n02vL! dt ( i )#, ~69!

and

Rn5u%12
0nu cosf12

0n , ~70!

I n5u%12
0nu sinf12

0n . ~71!

In particular, choosing the delay timesdt (1) and dt (2) such
that

~v21
n02vL! dt (1)52kp, ~72!

~v21
n02vL! dt (2)5~2k1 1

2 !p, ~73!

with k being an integer, we directly get the real and ima
nary parts of the sought density-matrix elements,

Rn5
DN(1)

K12
0n~v21

n0!
, ~74!
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I n5
DN(2)

K12
0n~v21

n0!
. ~75!

As mentioned, the molecule can be regarded as being
pared in a pure state if the pump process is short comp
with the molecular damping times and the laser is prepa
in a coherent state. In this case we may write

u%12
0nu e2 if12

0n
5c1

0* c2
n , ~76!

so that from the measured density-matrix elements%12
0n the

expansion coefficientsc2
n of the vibrational quantum stat

uf2&, Eq. ~4!, in the upper electronic state can be obtain
according to

c2
n5

u%12
0nu

c1
0*

e2 if12
0n

. ~77!

Here, the unknown coefficientc1
0 can be chosen real an

determined from the normalization condition

(
n

uc2
nu251. ~78!

VII. NUMERICAL SIMULATION

In order to illustrate the method, we have performed co
puter simulations of measurements for sodium dimers.
potentials for the vibrational motion in the electronic sta
X 1Sg

1 and A 1Su
1 are shown in Fig. 2. The data for thes

potential are taken from spectroscopic measurem
@23,24#. The corresponding vibrational eigenvalue proble
are solved numerically, using the method described in@25#.

The absolute values of the density-matrix elements
the Wigner function of the wave-packet quantum state to
measured are shown in Figs. 3 and 4, respectively. The p
are obtained by solving the vibronic equations of moti
numerically for a laser pump that consists of a sequenc
three pulses of a duration of 60 fs that are separated f
each other by 103 fs, one third of the wave-packet per
Experimentally, the state can be obtained for a timetP
5600 fs after starting the pump process. It is further
sumed that the midfrequency of the laser pump correspo
to a wave number of 15 683.518 cm21, i.e., the laser is tuned
to the vibronic transitionu1,0&↔u2,9&, and the Rabi fre-
quency corresponds to 50 cm21. The state exhibits a charac
teristic oscillation in the density matrix, where only eve
third element is different from zero. The interference effe
between the three time-delayed excited wave packets
more evident in the phase space, where the Wigner func
shows a three-peak structure with interference pattern
between~for preparation of nonclassical states in molecul
see also@26#!.

In Fig. 5 the measured signal is shown for an ensembl
106 molecules, which is the signal coming from a sing
molecule according Eq.~63! multiplied by the number of
molecules in the ensemble. The fluorescence field is mi
by a 50:50 symmetrical beam splitter with a reference la
pulse duration of 10 fs, midfrequency of 15 500 cm21, and
re-
ed
d

d

-
e

s

ts
s

d
e
ts

of
m
.

-
ds

s
re
n
in
,

of

d
r

power of about 103 W/cm2, which corresponds to a maxima
photon rateNfree

max5108 photons s21 cm22 (h51). The delay
times of about 50 ps are chosen according to Eq.~72! in Fig.
5~a!, and Eq.~73! in Fig. 5~b!. The passband width of the
spectral apparatus isg530 GHz and in a succession o

FIG. 3. Absolute values of the calculated density-matrix e
ments%nm5c2

n* c2
m of the prepared vibrational wave packet in th

upper electronic state in the energy basis. Experimentally, the q
tum state can be obtained after pumping the molecule over 60
with a sequence of three pulses of a carrier frequency
15 683.518 cm21 ~which corresponds to the vibronic transitio
u1,0&↔u2,9&), the time duration of the individual pulses is 60 f
and the delay between the pulses is 103 fs, corresponding to
third of the wave-packet period.

FIG. 4. Wigner function of the same vibrational wave packet
in Fig. 3, which displays the interference pattern owing to the thr
pulse excitation. The positionx and the momentump are given in
atomic units.
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measurements the setting frequency is fixed such thatvF

5v21
n0 for each density-matrix element%12

0n to be determined.
We show single measurements, simulated by taking

account the shot noise. To demonstrate how this noise aff
the measurement procedure we have chosen a weak r
ence laser. In a real experiment this laser can be stronge
that the shot-noise effect will practically disappear. From
measured difference-heterodyne lines in Fig. 5 the real
imaginary parts of the density-matrix elements%12

0n are then
obtained according to Eqs.~74! and ~75!, respectively. Ap-
plication of Eq. ~77! ~together with normalization! then
yields the expansion coefficients of the vibrational quant
state in the upper electronic state. The result for the abso
values of the density-matrix elements is shown in Fig. 6. I
found to be in good agreement with the prepared quan
state as given in Fig. 3.

In Fig. 7 the relative error of the method,

e r5Uu%mnuR2u%mnuT
maxu%mnuT

U, ~79!

is plotted. The subscripts R and T indicate the reconstruc

FIG. 5. Measured difference-heterodyne spectrumDN for the
quantum state of Figs. 3 and 4. It is obtained by measuring
interference signal between the fluorescence coming from 106 mol-
ecules with a reference laser pulse duration of 10 fs, midfreque
of 15 500 cm21, and a peak power of about 103 W/cm2 (Nfree

max

5108 photons s21 cm22 for h51). The time delay of about 50 fs
corresponds to condition~72! ~a! and ~73! ~b!, and the setting fre-
quency of the spectral apparatus is tuned tov21

n0 .
to
cts
fer-
so
e
d

te
s
m

d

and the theoretical vibrational density-matrix elements,
spectively. It is seen that for the chosen parameters the
construction can be achieved with reasonable precision.

VIII. SUMMARY AND CONCLUSION

In the present paper we have developed the theory
heterodyne experiment that is suited for measuring molec
quantum states. A pump-laser pulse~or a sequence of pulses!
is used to prepare the vibronic molecular quantum state
coherently driving an electronic two-level transition. Th
fluorescence light emitted by the molecular sample in
forward direction of the pump pulse is superimposed with

e

cy

FIG. 6. Absolute values of the computer simulation of the m
sured density-matrix elements%nm of the vibrational wave packe
in the upper electronic quantum state shown in Figs. 3 and 4.

FIG. 7. Relative deviation~79! of the measured values of th
vibrational density-matrix elements in Fig. 6 from the calculat
values in Fig. 3.
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reference laser pulse. A shutter is used to separate the s
from the pump field. The superimposed light is spectra
filtered and recorded by a photodetector. The signal of in
est is the difference between the photocounts induced by
superposition of the reference light with the fluorescence
the photocounts due to the free reference field.

The measured signal depends linearly on density-ma
elements of the vibronic transition under study. It is sho
that under certain conditions the method allows a direct m
surement of the quantum state of a molecular vibration in
excited electronic state and the corresponding requirem
are analyzed in detail. Numerical simulations show the f
sibility of the method even for structured quantum states
clearly exhibit quantum interference effects in the Wign
function. The relative errors in the simulation result from
relatively weak pulse. In practice the reference pulse co
be strong enough so that the sampling noise becomes m
ingless, and the precision of the method is further improv

Let us briefly discuss some other noise sources that h
not been included in the calculations. We have treated d
pation by assuming radiative damping. In a molecular g
however, additional effects like Doppler broadening and c
e
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lisions may play a vital role. The values of Doppler an
collision broadenings can be estimated for a gas of sod
dimers at the temperature of 300 K and a pressure of
atmospheres to be of the order of 102100 MHz. This is
approximately of the same order of magnitude as the ra
tive damping included in our treatment. Since these l
broadenings are not spectrally resolved under the experim
tal conditions of interest, the additional effects are not e
pected to change the measured signal significantly.

We would like to note that the experiment proposed
this paper not only allows a direct measurement of the vib
tional wave packet for a particular class of pure states; i
also suited for the determination of the density-matrix e
ments%12

mn for general vibronic states. These elements are
some interest for their own since they contain the comp
microscopic information on the polarization of the mo
ecules.
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