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Dispersion law of photorefractive waves in sillenites
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~Received 23 March 1999!

We investigate the dispersion law~relationship betweenVk andK) of photorefractive waves using a new
experimental method based on the excitation of photorefractive waves by a spatially oscillating interference
pattern and on the detection of the first non-Bragg diffraction order. The existence of a sharp resonancelike
dependence of the output signal on the frequency of excitation allows us to analyze the dispersion law with
high precision. Bi12TiO20 and Bi12GeO20 single crystals are used for the investigations, and the dependences of
Vk on K, on external field, on index of modulation, and on light intensity are studied. The experimentally
observed relationVk}1/K is in excellent agreement with theory. A contribution of nonlinear effects to the
spectrum of photorefractive waves is discussed.@S1050-2947~99!00909-9#

PACS number~s!: 42.65.Hw, 73.20.Mf, 42.40.Eq, 42.70.Nq
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I. INTRODUCTION

In semiconductor crystals spatial time fluctuations
charge carriers~electrons and holes! can evolve to their equi-
librium state either through a simple relaxation process
through dampened waves. In the last case the existenc
propagating waves means the existence of correspon
eigenmodes of oscillations which also can be considere
quasiparticles in the material. One well known example
quasiparticles are plasmons — waves in an electron-h
plasma@1#. A relatively high concentration of carriers (1017–
1018 cm23) is usually necessary for the existence of pla
mons in semiconductors at room temperature. In other ca
for instance for recombination waves@2,3#, wave processes
and even self-generation of waves can take place if the M
well relaxation timetM is rather short~less than the lifetime
of carriers!. However, as it was shown in Ref.@4#, wave
processes can exist even in semi-insulating crystals wi
long Maxwell ~dielectric! relaxation time (1021–1024 s), a
relatively low concentration of carriers (1012–1014 cm23),
and a low mobility. These are space charge waves or
other words, trap charge exchanging waves. To our kno
edge, the first theoretical analysis of these waves was
sented in Ref.@4# and then experimental investigations b
measuring impedance oscillations were reported in Ref.@5#
for n-type germanium doped with gold.

A very favorable situation for investigations of spa
charge waves exists in photorefractive materials, such
Bi12SiO20 ~BSO!, Bi12GeO20 ~BGO!, and Bi12TiO20 ~BTO!
— crystals of the sillenite family. In this case an inhomog
neous periodical distribution of space charge can easily
formed by illuminating a sample by any periodical light i
tensity pattern, for instance, by an interference patt
formed by two coherent plane waves. Then evolution
space charge waves can be detected by observing diffra
of coherent light because in photorefractive crystals a p
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odical distribution of space charge causes an electric fi
grating and a corresponding refractive index grating throu
the linear electrooptic~Pockels! effect. The periodical grat-
ing of refractive index is actually a phase holographic grat
providing light diffraction.

The theoretical analysis of recording and relaxation p
cesses of holographic gratings in photorefractive crystal
usually based on a set of equations~Kukhtarev equations!
which allow wave solutions@6,7#. In the case when the effec
of self-diffraction of the incident light beams on the proce
of recording of the holographic grating is negligible~which
means that two-wave mixing inside the crystal can be
nored!, the theory@6,7# predicts the same results as given
Ref. @4# for the electric field grating dynamics. In particula
when the drift length of carriers is larger than the grati
period, but the grating period is still large enough to negl
diffusion, the eigenmodes of the space charge electric fi
fluctuations are running waves of the type

Esc~x,t !5Esc~ t50!expS 2
t

tR
Dexp@ i ~Vkt2Kx!#, ~1!

where K is the length of the grating wave vector,Vk the
frequency of the wave, andtR the relaxation time.

In accordance with Refs.@6,7# and taking into account the
aboved mentioned conditions, the eigenfrequencyVk of the
space charge wave and the grating wave vectorK are con-
nected by the dispersion law

Vk5
1

tMKL0
, ~2!

whereL0 is the drift length of carriers andtM is the Maxwell
relaxation time. Here it is assumed thatVkt!1, wheret is
the lifetime of carriers,L0K.1 andLDK,1, with the dif-
fusion lengthLD . Expression~2! can be written in the form
@8,19#
2413 ©1999 The American Physical Society
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Vk5
e

««0E0

aI 0

\vK
. ~3!

Heree is the electron charge,««0 the dielectric permittivity,
a the absorption coefficient,I 0 the total light intensity, and
\v the energy per photon.

The requirementL0K.1 actually means that the relax
ation timetR5tM(L0K)2 is larger than the time period o
wave oscillations. In this case we deal with wave proces
rather than with a simple relaxation process. The correspo
ing phase velocity of the propagating wave is

vph5
Vk

K
5

1

tMK2L0

. ~4!

To our knowledge, one of the first unambiguous experim
tal evidences of the existence of running waves in photo
fractive crystals was obtained in Ref.@10# where recording
was performed by a moving interference pattern in a t
BSO sample. Because of the small thickness of the sam
an amplification of the grating due to two wave mixing cou
be ignored, but a resonant enhancement of the grating
plitude could be detected if the velocity of the interferen
pattern coincided with the velocity of the corresponding ru
ning grating. This enhancement was observed experimen
in Ref. @10#. Note that the first experiments with a movin
interference pattern were reported in Ref.@11# and later the
theory was described in Ref.@12#. However, in these paper
the main attention was focused on amplification of the m
ing space charge grating through the two wave mix
mechanism. All these investigations were carried out in
linear regime of recording when a sinusoidal interferen
pattern results in a similar sinusoidal grating of the sp
charge and the electric field. A wide spectrum of nonline
effects has been studied, for instance in Refs.@8,9,13# where
a moving interference pattern provides an excitation
higher ~or sub! spatial harmonics of the space charge gr
ings.

Among the main characteristics of space charge wa
one of the most interesting features is the dispersion law~2!.
The dispersion law is a fundamental relationship for a
wave, but in our case it attracts special attention becaus
its unusual character. In our caseVk is inversely propor-
tional to K. This is a very specific dependence which resu
in some unusual properties of these waves. In particula
negative group velocity

vg5dVk /dK521/~tMK2L0! ~5!

exists, which means that the phase and the energy of
wave packet move with the same speed in opposite di
tions. The relationship~2! also predicts a strong group velo
ity dispersion. The goal of this paper is to present experim
tal data for the dispersion relation of photorefractive wav
in the most unambiguous situation~linear regime of record-
ing, negligibly small diffusion length, and negligibly wea
wave mixing processes!.

The dispersion law contains three independent par
eters. They can be selected astM}I 0

21 , K52pn (n is the
spatial frequency of the grating!, andL05mtE0 ~herem is
the mobility andt is the lifetime of carriers!. In this paper
es
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we investigate experimentally the validity of relationshi
~2! and ~3!, respectively, by varyingn, E0, andI 0.

A few words about the terminology. The majority of au
thors use the term ‘‘space charge waves.’’ In Ref.@14# it was
proposed to call these waves ‘‘spastrons’’ because they
be regarded as quasiparticles as well. However, in phot
fractive materials the light diffracts from a refractive inde
grating and in the general case the dynamics of this gra
may not coincide with those of free space charge wave
nonphotorefractive materials because the processes of fo
tion and propagation of space charge waves in photoref
tive crystals include in the general case the processes of
diffraction, two wave mixing, and enhancement of t
propagating light beams@12,15,16#. Thus, a refractive index
grating is the result of more complicated processes includ
space charge dynamics, light diffraction and two wave m
ing. That is why we prefer to call these waves ‘‘photorefra
tive waves’’ or ‘‘photorefractons’’ in the case when we de
with photorefractive materials.

The most straightforward way to investigate the dynam
of photorefractive waves is to record a refractive index gr
ing by a moving interference pattern and to analyze the li
diffraction as a function of the velocity of motion and oth
parameters@17,18#. However, in this paper we use a simpl
but very sensitive and efficient technique: the detection
non-Bragg orders diffracted from the grating that is record
by a spatially oscillating interference pattern. The oscil
tions of the interference pattern occur when one of the
cording beams is phase modulated with the frequencyV and
the amplitudeQ. As it was shown in Refs.@17,18#, the in-
tensity of the first non-Bragg diffraction order is describ
by the relationship

I NB5I const1
2I ShNBQgd

D~d!
cos~Vt1g!, ~6!

where

D~d!5@112g2~12d2!1g4~11d2!2#1/2, ~7!

g52arctanFg2~11d2!21

2g G , ~8!

g5VtM , ~9!

d5KL0 . ~10!

The diffraction efficiency of a thin hologram forQ50 is
hNB5(mE0q)2/4. Hereq is a coefficient depending on th
electrooptic parameters of the material@19,20#, m
52AI RI S/(I R1I S) is the contrast ratio of the interferenc
pattern, andI R and I S are the intensities of the recordin
beams. The assumptionsQ,m!1 were used to derive Eq
~6!.

The dependence ofI NB on modulation frequencyV
shows a maximum at the resonance frequencyV r . The value
of this frequency can be written as@20#

V r5
1

tM~d211!1/2
. ~11!
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As one can see, for the conditiond5KL0.1 we can neglect
one compared tod2 and relationship~11! coincides with the
dispersion law~2!. Thus, measurements ofV r as a function
of L0 , K, and tM allow us to verify relationship~2!. To
neglect all diffusion processes and to observe the non-Br
diffraction order, we take the value ofK52pn in the inter-
val 2p(10–130) mm21 for which the diffusion field is less
than 250 V/cm and so it can be neglected compared to
used external electric fields of 1–10 kV/cm.

II. EXPERIMENTAL RESULTS

Figure 1 shows the experimental setup. For the meas
ments the second harmonic of a Nd:YAG laserl
5532 nm) is used~laser: Coherent DPSS, 532-400!. The
intensitiy of the light incident on the crystal surface is in t
interval 25–400 mW/cm2. The signal corresponding to th
first non-Bragg diffraction order is detected. One of the
cident beams is phase modulated by an electrooptic mod
tor and the amplitude of modulation isQ50.5 rad. The sig-
nal is detected by a photodiode and a lock-in amplifier.

Thin plates~0.7 mm thick! of BTO and BGO single crys-
tals are investigated. The used cut is~110! where the electric
field and the grating wave vector are chosen to be paralle
the @11̄0# axis. The polarization of the incident light is d
rected along@001#. This configuration provides diffraction
with rotation of the polarization plane and prevents pra
cally any effects of two beam coupling inside the crystals

Figure 2~a! shows examples of the frequency depende
of I NB for the BTO sample for two different values of spati
frequencyn, for E059.4 kV/cm, I 05225 mW/cm2, and the
contrast ratiom50.2. The solid curves correspond to calc
lations using Eq.~3! and the valuesd51 and 3.3, respec
tively, and tM50.35 ms. One can see that there is a qu
good agreement between experiment and theory ford51
except for the low-frequency region. Ford53.3 the theoret-
ical curve is narrower than the experimental curve. The p
sible origin of this discrepancy will be discussed at the e
of this paper. Figure 2~b! shows the dependence of the pha
on the frequency for the same crystal and the same exp
mental conditions. One can see that the sign of the ph
changes atV r and that the slope of the phase depende
nearV r increases with increasingd which is consistent with
Eq. ~8!. Note, that in accordance with Eq.~8!, g'2(1
1d2)DVtM nearV r . HereDV is the magnitude of detun
ing. Using the last relationship it is possible to check t
value ofd obtained from other measurements.

FIG. 1. Experimental setup showing the incident beams R an
and the beam NB diffracted from a thin hologram to the first no
Bragg order: LA: laser; BS: beam splitter; MI: mirror; MO: ele
trooptic modulator; PO: polarizer; CR: crystal with externally a
plied electric field; PH: photodiode; LO: lock-in amplifier.
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Figure 3 shows the experimental dependence ofV r on n
for the BTO and the BGO sample form50.2 and I 0
5225 mW/cm2 and 340 mW/cm2, respectively. The solid
and dashed curves are theoretical dependences calcu
with Eq. ~11! where the fit parameters aremt59.3
310212 m2/V and tM53.531024 s for BTO and mttM
56.5310215 m2s/V for BGO. Note that the data for th
BGO sample can be described byV r}1/n which means that
in Eq. ~11! one can be neglected compared tod2 for the
whole investigated range of spatial frequencies. Theref
only the productmttM can be determined accurately for th
BGO crystal. However, this product equalsee0\v/(eaI 0)
according to Eq.~3! which means that it does not depend
mt at all. Taking a51.5 cm21 one obtainsmttM53.6
310215 m2s/V which is in a qualitative agreement with th

S
-

FIG. 2. Frequency dependence of the amplitudeI NB ~a! and the
phase~b! of the intensity diffracted from the BTO sample into th
first non-Bragg order for two values of spatial frequencyn. The
total light intensity is I 05225 mW/cm2 with a contrast ratiom
50.2 and the applied electric field isE059.4 kV/cm. The solid
lines correspond to calculations~see text!.

FIG. 3. Resonance frequencyV r /2p in dependence of the spa
tial frequencyn for the BTO and BGO sample. The solid an
dashed curves are fits of the theoretical expression for the reson
frequency to the experimental data. The light intensity isI 0

5225 mW/cm2 for BTO and I 05340 mW/cm2 for BGO, and the
contrast ratio ism50.2 for both crystals.
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value obtained from the experimental data. From an esti
tion it follows that the mobility lifetime product is abou
mt52 –4310211 m2/V which means that the parameterd is
about 6 to 12 for an electric fieldE059.1 kV/cm2 and a
spatial frequencyn550 mm21.

Figure 4 shows the experimental dependence ofV r on E0
for both crystals, where the light intensity isI 0
5225 mW/cm2 for BTO and I 05340 mW/cm2 for BGO
and the contrast ratio ism50.2. The solid and dashed curve
are theoretical dependences calculated from Eq.~11! with the
same set of fit parameters as in Fig. 3. The data presente
Figs. 3 and 4 show a very good agreement between th
and experiment. A reasonable agreement is also found i
analyze the dependence ofV r on the productKL0.

Figure 5 shows the experimental dependence ofV r and of
the maximum signal intensityI NB(V r) on the total light in-
tensity I 0 incident on the BTO crystal. The solid curves a
shown for clarity. It can be seen thatV r grows linearly with
increasing light intensity. This means thattM is determined
mostly by the photoconductivitysph, thus@9#

tM
215

sph

««0
5

eamtI 0

««0\v
. ~12!

FIG. 4. Resonance frequencyV r /2p in dependence of the ex
ternally applied fieldE0 for BTO and BGO. The solid and dashe
curves are calculations using the same crystal parameters as in
3. Light intensity and contrast ratio are equal to those used in Fig

FIG. 5. Intensity dependence of the resonance frequencyV r and
of the amplitude of the non-Bragg intensityI NB(V r) at the reso-
nance frequency for the BTO crystal. An electric field ofE0

56.25 kV/cm is applied and the contrast ratio ism50.5. The solid
curves are shown for clarity.
a-

in
ry
e

The linear dependence ofV r on I 0 is in excellent agreemen
with Eq. ~3! and with previously published data@17#. The
linear dependence of the maximum signal intensityI NB(V r)
on I 0 is consistent with Eq.~6! becauseI S is proportional to
I 0 in our case. The obtained data allow us to conclude t
formula ~11! describes the experimental data quite well. B
cause of the identity between Eq.~2! and Eq.~11! for the
conditionKL05d.1, this means that the dispersion law~2!
is also in good agreement with the experimental data.

We also investigated a BSO crystal. All data are in
reasonable agreement with the data published earlier Ref@7#
and quite similar to the results for BTO and BGO presen
above.

III. DISCUSSION

The conclusion about the agreement between the the
and experiment was made on the basis of measuremen
the resonance frequency. One of the serious advantage
this method is that the resonance frequency is only wea
sensitive to a nonlinearity of the recording process at sm
m. But nevertheless, the role of the nonlinearity of the
cording process can be important in some specific ca
Therefore we will discuss this point in more detail.

Generally speaking, a number of mechanisms can con
ute to nonlinear processes in photorefractive materials. S
of them, such as a nonlinearity of the photoconductivity
the dependence of light intensity or a nonlinearity of t
current dependence on the applied electric field, are c
nected to specific material properties and very often they
be ignored.

On the other hand, the nonlinearity due to the finite va
of the contrast ratiom is a fundamental intrinsic property o
the mechanism of holographic recording in photorefract
materials. The origin of this nonlinearity is the influence
the arising space charge field on the recording process w
is described in the Kukhtarev equations by the product
space charge field and density of photoinduced charge c
ers.

This product is proportional tom2 and usually it is ig-
nored for smallm. However, just this product produces

FIG. 6. Dependence of the resonance frequency normalize
the light intensityV r /(2pI 0) on the contrast ratiom of the light
interference pattern for BTO where an electric fieldE0

59.4 kV/cm is applied. The solid curve is a calculation using t
theoretical formula for this dependence and the crystal parame
obtained from the fits in Figs. 3 and 4.

ig.
3.
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nonsinusoidal profile of the space charge field even if
interference pattern has an ideal sinusoidal shape. There
higher spatial harmonics of the fundamental electric fi
grating arise in this case. This means that during illuminat
of the crystal with an interference pattern with the wa
numberK we record a number of gratings with wave num
bersKp5pK and amplitudes proportional tomp, wherep is
an integer. Then, if the frequency of phase modulationV is
changed, the corresponding photorefractive waves with re
nance frequenciesV r

(p)5V r /p will be excited. From the first
glance it seems that the registration of the correspondingpth
resonance requires detection of thepth order diffraction.
However, all oscillations of the electric field gratings a
coupled through the mechanism of formation of the sp
charge field and as it was shown theoretically in Re
@20,21#, any~even the first order! diffraction peak can exhibit
additional resonance maxima at the frequencyV r

(p) .
Moreover, this nonlinearity results in a shift of the ma

resonanceV r with respect to the contrast ratio in accordan
with the relationship

FIG. 7. Frequency dependence of the amplitude of the n
Bragg intensity for different values of spatial frequencyn for the
BTO sample. The applied electric field isE059.4 kV/cm and the
light intensity isI 05250 mW/cm2 with a contrast ratio ofm50.5.
e
re

d
n

o-

e
.

V r5
11m2/2

tM@~KL0!2~12m2!11#1/2
. ~13!

Note that formula~13! was obtained for relatively smallm
and for the condition (KL0)2(12m2)@1. So one should be
careful in using it form˜1.

In this paper we study experimentally both effec
namely the appearance of additional maxima in the re
nance curves for first order diffraction and the shift of t
main resonance. Figure 6 shows the dependence of the
nance frequency normalized to light intensity on the contr
ratio m for BTO with an applied field ofE059.1 kV/cm.
The normalization is necessary because if we changem in
our experiments we also change the total light intensityI 0.
The solid line is a calculation using Eq.~13! with the same
crystal parameters as in the Figs. 3 and 4.

Figure 7 shows the frequency dependence ofI NB for dif-
ferent spatial frequencies atm50.5 for BTO and Fig. 8 at
m50.2 for BGO. As one can see from both figures there

- FIG. 8. Frequency dependence of the amplitude of the n
Bragg intensity for different values of spatial frequencyn for the
BGO sample. The applied electric field isE059.1 kV/cm and the
light intensity isI 05340 mW/cm2 with a contrast ratio ofm50.2.
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some anomalies or even clear maxima atV5V r /2. For other
experimental conditions these anomalies can be stronge
weaker, but they can be found almost always for high val
of m. We studied also the dependence of the phase of
detected signals on frequency and clear anomalies are fo
as well for frequencies nearV r /2. This is in agreement with
the model of nonlinear excitations of photorefractive wav
with doubled wave vectors. Thus the experimental d
shown above can be interpreted as an illustration of the
of the nonlinearity in the spectral properties of photorefr
tive waves. A more detailed comparison of the experimen
results with theory is difficult because no exact analyti
formula for the frequency dependence ofI NB for the nonlin-
ear case is available.

It is worth to mention some other factors which can co
tribute to a deformation of the frequency dependence ofI NB .
As one can see from Fig. 2 there exists a definite discrepa
between the calculated and the measured width of the r
nance curve forn560 mm21. To our opinion a reasonabl
explanation for this discrepancy is an inhomogeneous bro
ening due to a nonuniformity of the electric field inside t
crystal. It is well known that such a nonuniformity appea
rather often because of non-Ohmic contacts and due
spatial inhomogeneous distribution of light intensity@7#. Fur-
thermore, a inhomogeneity of light intensity leads to
Maxwell-relaxation time that varies over the crystal surfa
and thickness. This also results in a broadening of the
quency dependence ofI NB . Both of these sources of broad
ening are not in contradiction with our experimental resu

A next factor is a possible broadening at high values od
@22#. If d is high enough to haveQmd.1, some deforma-
tion of the resonance curve may exist because the last
dition means that the amplitude of the grating oscillations
higher than the applied electric field@18#, which has defi-
nitely no physical meaning. However, more detailed exp
ments whereQ was changed to reduce the productQmd
reveal no indications that the width of the resonance p
depends on this product in our case.
c-
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Another factor is the contribution of second order diffra
tion of the beam with intensityI R . This factor may be im-
portant for the case whenI R is higher than or comparabl
with I S . However, in our experimentsI R!I S is valid even
for m50.5 and we do not expect a strong influence of t
factor on our experimental results.

The considered origins of the observed shift of the po
tion of the resonance curves and of their deformation
caused mainly by the nonlinearity of holographic recordin
However, for the small value ofm used in the experiments t
verify the dispersion law, these effects can be neglected

IV. CONCLUSIONS

In this paper the dispersion law~the dependence ofVk on
K) for the photorefractive waves~or waves of space charg
in photorefractive crystals! was investigated in detail. The
technique of detecting the non-Bragg self-diffraction
phase-modulated laser beams was used. The experim
data concerning the position of the resonance peak whic
associated with an excitation of photorefractive waves
used to check the theoretical expression of the disper
law. An excellent agreement between theory and experim
is found if the necessary requirement for the linear regime
recording (m!1, Q!1) and the condition of the absence
two beam coupling are satisfied.

The contribution of nonlinearity in holographic recordin
to position and shape of the resonance peak is analyzed.
found that the shift and deformation of the resonance cur
observed experimentally at rather high values of modulat
index can be explained~at least qualitatively! by the theory
that describes nonlinear mechanisms of generation of ph
refractive waves.
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