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Creation of relativistic positronium. II. Photoproduction cross sections
including Coulomb corrections

Haakon A. Olsen
Institute of Physics, University of Science and Technology, NTNU, N-7034 Trondheim, Norway

~Received 2 November 1998!

Previous Born approximation calculations of the photoproduction of singlet~para! positronium are extended
to give the cross section to all orders in the atomic numberZ, i.e., to include Coulomb corrections. At the same
time the cross section for triplet~ortho! positronium production—which does not exist in Born
approximation—is obtained to all orders inZ. The calculations and results are given in a form closely related
to the well-known high-energy pair production cross section including Coulomb corrections. The relations to
pair production are discussed.@S1050-2947~99!06309-X#

PACS number~s!: 12.20.Ds, 14.60.Cd, 13.40.2f
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I. INTRODUCTION

The cross section for the production of singlet~para! pos-
itronium by photons in the field of an atom,g1Z5Ps1Z,
was obtained some time ago in the Born approximation@1,2#.
In the light of recent interest in the experimental product
of relativistic positronium beams, briefly described belo
the present paper is a presentation of the complete pro
tion cross section to all orders inZ, the atomic number. We
thereby also obtain the corresponding triplet~ortho! positro-
nium production cross section, which can only be obtain
by the exchange of at least two virtual photons with t
atom, i.e., in the second Born approximation. It follows si
ply from total angular momentum conservation that the a
plitude for production of singlet positronium is odd inZ,
while the corresponding amplitude for triplet positroniu
production is even inZ.

The first and only experimental observation of relativis
positronium production was made by Alekseevet al. @3# al-
most 15 years ago, when one of the photons from ap0 decay
was converted to a Dalitz pair which in turn~which happens
very rarely! was converted into a bound-electron–positr
state, positronium. Close to 200 positronium particles w
recorded. This very important experimental work initiat
interest in positronium production, first theoretical ov
many years@4,5#, then a proposal of experiments; actua
there is now a proposal to produce relativistic positroni
beams at the planned REFER facility at Hiroshima Univ
sity @5#.

The paper is organized in the following way: In Sec. II t
singlet and triplet positronium cross-sections, differential
the positronium polar and azimuth angles, are given, an
Sec. III the effects of photon linear and circular polarizati
are obtained. In Sec. IV the total singlet and triplet cro
sections are given, and the results are presented in a
which demonstrates the relations to the pair production c
section. In Sec. V the effect of general screening is taken
account. A relation connecting the Coulomb correction fu
tions for positronium and pair production is derived in Se
VI and is of importance for obtaining simple and accura
formulas for singlet and triple positronium production cro
sections. Comparison of production of pairs to production
PRA 601050-2947/99/60~3!/1883~5!/$15.00
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positronium is discussed. Energies and momenta are give
units of mec

2 andmec , respectively.

II. SINGLET „PARA… AND TRIPLET „ORTHO …

POSITRONIUM PRODUCTION
CROSS SECTIONS

The positronium production cross section, including Co
lomb corrections, is obtained in the same way as for the c
of the Born approximation in Ref.@1#: the pair cross section
d5spair for equal electron and positron momenta is multipli
with the appropriate ratio of phase space factors and by
inverse squared positronium normalization constantNps

5a3me
3/8pn3 for thenth positronium energy state. As in ou

previous paper~hereafter referred to as I!, we discuss posi-
tronium s-states.

From the exact high-energy pair production process@6#,
as summarized in Appendix A one finds the positroniu
production amplitude~A5!:

JW'5
8p

v
„12F~q!…

uW j

q2
V~x!/V~1!

Jz5
4p ia

v
„12F~q!…j2~2j21!W~x!/V~1!. ~1!

By choosing appropriate spinor polarization combinatio
for singlet and triplet positronium one obtains from Eq
~A1! and ~A2! the production cross sections for thenth en-
ergy level:

d2ss
n516p

Z2a6

me
2n3

@12F~q!#2

3
u3du

q4
j2
„12~eW•û!2

…@V~x!/V~1!#2
dw

2p
, ~2!
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d2s t
n54p

Z4a8

me
2n3

uduj4~2j21!2~11sW• p̂ps
k̂•jW !

3@W~x!/V~1!#2
dw

2p
, ~3!

where pW ps
52pW 1 is the positronium momentum andsW the

positronium polarization vector,qW 5kW2pW ps
, uW 5pW ps

' /2, j

5(11u2)21, x512q2j2, F(q) is the screening function
andjW5 ieW3e*W is the circular photon polarization unit vecto
In addition to the Coulomb corrected singlet, Born appro
mation cross section as given in I, here we have obtained
triplet cross section which cannot occur in the Born appro
mation because of angular momentum conservation.

III. EFFECTS OF PHOTON POLARIZATIONS

From Eq.~2! follows that for a linearly polarized photo
the singlet positronium is preferably emitted in a plane p
pendicular to the polarization plane, with an azimuth angu
distribution

d2ss~eW•û5cosw!;sin2 w, ~4!

with w the angle between the emission (kW ,pW ps
) plane and the

polarization (kW ,eW ) plane.
A circular polarization of the photon has an effect on t

production of triplet positronium. A circular polarizatio
PW c5jW Pc is directly transferred to the longitudinal positro
nium polarizationPps

:

Pps
5

d2s t~sW• p̂ps
51!2d2s t~sW• p̂ps

521!

d2s t~sW• p̂ps
51!1d2s t~sW• p̂ps

521!
5 k̂•jW Pc .

~5!

It should be noted that the transverse positronium spin po
ization is of the ordermec

2/E1, and does not appear in th
high-energy calculation, as expected.

IV. TOTAL CROSS SECTIONS

The integrations of the cross sections overw and u are
performed as for pair production@6#, and the integrations ar
greatly simplified by the fact that Coulomb corrections a
screening effects are separable, as explained in Appendi
In fact while the singlet cross section obviously has con
butions fromu;1, which implies Coulomb corrections an
from u;1/e, which implies screening corrections, the tripl
cross section has only contributions fromu;1 and screening
effects are absent. ThereforeF(q)50 for the triplet cross
section@Eq. ~3!#. As for pair production we use the high
energy Thomas-Fermi-Molie`re screening.

In the following we shall keep close to the integrations
pair production reference@6#. However as we shall see, th
integrals cannot in the case of positronium be performed
such an elegant form as in the case of pair production in
work of Davies, Bethe, and Maximon@7#.

For singlet positronium, we sort out the Born approxim
-
he
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-
r
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tion term ssing
Born which was given in I, and write the tota

cross section in the form@8#

ss
n5ss

n,Born1
p

4

Z2a6

me
2n3 F E0

12y1 dx

Ax

11x

12x
@V~x!/V~1!#2

22~2 ln 221!12 lny1G , ~y1!1!, ~6!

wheresBorn contains all screening effects,@1#, and the Cou-
lomb corrections are contained in the last term of Eq.~6!.
This demonstrates completely the separation of screening
fects and Coulomb corrections for positronium.

For the triplet positronium cross section there is no Bo
approximation term, Eq.~3! integrated overw, andu is there-
fore

s t
n5

p

2

Z4a8

me
2n3E0

1

dxAx~11x!„W~x!/V~1!…2, ~7!

with screening effects absent.
Since the sum over energy levels will be of more use

the experimentalist, we sum over all energy levels, giving

( 1/n35z~3!51.20205,

wherez(p) is the Riemannz function.
The total pair production cross section was given in R

@7#, with

f ~Z!5 (
n51

`
a2

n~n21a2!
, a5aZ,

s5
28

9

Z2a3

me
2 F ln

2v

me
2

109

42
2 f ~Z!G ~no screening!,

~8!

s5
28

9

Z2a3

me
2 F ln~183Z21/3!2

1

42
2 f ~Z!G

~complete screening!. ~9!

We write the positronium cross sections in the same st
from Eqs.~6! and ~7!:

ss5p
Z2a6

me
2

z~3!F ln
v

me
212 f s~Z!G ~no screening!,

~10!

ss5p
Z2a6

me
2

z~3!@ ln~242Z21/3!212 f s~Z!#

~complete screening!, ~11!

s t5p
Z2a6

me
2

z~3! f t~Z! ~ irrespective of screening!,

~12!
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where the Born terms are taken from I, and

f s~Z!5
1

4 F2~2 ln 221!2 ln y1

2E
0

12y1 dx

Ax

11x

12x
„V~x!/V~1!…2G , ~y1!1!,

~13!

f t~Z!5
1

2
a2E

0

1

dxAx~11x!@W~x!/V~1!#2. ~14!

The numerical values off (Z), f s(Z), and f t(Z), for low
values ofZ, area5aZ!1,

f ~Z!5z~3!a2,

f s~Z!5@24~12 ln 2!1 7
2 z~3!#a2,

f t~Z!58~12 ln 2!a2. ~15!

For selected values ofZ, numerical values off (Z), f s(Z),
and f t(Z) are given in Table I.

V. ARBITRARY SCREENING

We use the Thomas-Fermi-Molie`re model as in Ref.@6#,

12F~q!

q2
5(

i 51

3
a i

b i
21q2

,

with

a150.10, a250.55, a350.35,

b i5~Z1/3/121!bi , b156.0, b251.20, b350.30.

The result is rather simple:

ss5
28

9

Z2a6

me
2

z~3!F ln
v

me
212 f s~Z!1F~2me /v!G ,

~16!

with

TABLE I. The Coulomb correction functionsf (Z) @9#, f s(Z),
and f t(Z).

Z f(Z) f s(Z) f t(Z)

C 6 0.0023 0.0057 0.0047
Al 13 0.0107 0.0265 0.0218
Fe 26 0.0420 0.100 0.0828
Kr 36 0.0784 0.185 0.1504
Sn 50 0.144 0.325 0.2632
Pt 78 0.303 0.655 0.4952
Pb 82 0.332 0.705 0.538
U 92 0.395 0.815 0.595
F~2me /v!52
1

2 (
i 51

3

a i
2 ln~11Bi !1 ((

i 51 j 51
iÞ j

3 3

a ia j

3F 11Bj

Bi2Bj
ln~11Bj !1

1

2G , ~17!

whereBi5b i
2(2me /v)2 . Values ofF(2me /v) are given in

Table II.

VI. RELATIONS TO PAIR PRODUCTION

In Appendix B the relation

2 f s~Z!2 f t~Z!52 f ~Z!2g~Z! ~18!

is derived. This makes it possible to obtain numerical valu
avoiding the logarithmic singularity lny1 in the integral in
f s(Z), by calculatingf t(Z) andg(Z) which are both free of
singularities, and deducingf s(Z) from Eq. ~18!.

For low values ofZ, from Eq. ~15! one obtains the rela
tion

2 f s~Z!2 f t~Z!52.915f ~Z!, ~19!

and for larger values ofZ one obtains the approximate rela
tion g(Z)520.97f (Z), which gives

2 f s~Z!2 f t~Z!52.97f ~Z!, ~20!

which does not differ much from Eq.~19!. This indicates that
the relations between the threef (Z) functions are approxi-
mately constants. One finds

f s~Z!52.25f ~Z!, f t~Z!51.75f ~Z!, ~21!

with an error in the cross section for singlet positroniu
which is of the order of 1% or smaller. For triplet positro
nium the error is somewhat larger.

These results may be used to relate the positronium
duction cross sections approximately directly to the pair p
duction cross section by writing, for no-screening equatio
~10! and ~11!,

ss5p
Z2a6

me
2

z~3!F ln
v

me
2122.25f ~Z!G ,

s t5p
Z2a6

me
2

z~3!1.75f ~Z!, ~22!

with ln(v/me) replaced by ln(242Z21/3) for complete screen-
ing. The total cross section for positronium production,

TABLE II. Thomas-Fermi-Molie`re screening functions with
AB156(Z1/3/121)(v/2me).

AB1 0.5 2.0 8.0 20.0 30.0 60.0 80.0 100.
2F(2me /v) 0.014 0.140 0.676 1.37 1.73 2.39 2.68 2.9
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ss1s t5p
Z2a6

me
2

z~3!F ln
v

me
2120.50f ~Z!G , ~23!

shows that the Coulomb correction effect is smaller whe
bound state, the neutral particle positronium, is produ
than when the separate electron and positron are prod
@Eqs.~8! and ~9!#. This is what would be expected, produ
ing an almost neutral particle would show almost no fin
state charge effects. The Coulomb correction effect in
~23! gives a picture of the creation process of positroniu
which is a ‘‘large’’ particle, twice as large as the hydrog
atom, and therefore represents a charge distribution of
size of the interaction volume. It is interesting to note th
the observed magnitude of the Coulomb correction to p
tronium creation gives an insight into the creation proces

APPENDIX A

Here we give a brief summary of the main results for p
production@6#. The exact high-energy pair production cro
section, including photon, electron, and positron polari
tions, is formulated in a convenient way in Ref.@6#,

d5spair5
1

~2p!4

e2

mec
2

\a2

mec

e2
2

v
uAW •eW u2p1

2dp1dV1dV2 ,

~A1!

with a5aZ and

uAW •eW u5
1

2
v2S uJW u22

4e1e2

v2
uJW•eW u2D ~12zW1•zW2!

1Re@v2JW•zW1JW* •zW2

1v~e1zW21e2zW1!•JWJW* •~ ieW3e*W !. ~A2!

uAW •eW u is the amplitude of the pair production process, witheW

the photon polarization vector. Here (e1 ,pW 1) and (e2 ,pW 2) are
the electron and positron energies and momenta, res
tively, (v,kW ) the photon energy and momentum, andzW1 and
zW2 the electron and positron polarization unit vectors, resp
tively, defined by

sW •zW1,2uzW1,2&5z1,2uzW1,2&. ~A3!

Energies and momenta are here given in units ofmec
2 and

mec, respectively. InuAW •eW u2 we have kept~Ref. @6#!, only
the terms which are relevant for our further calculations. T
amplitude vector is given by

JW5JW'1 k̂Jz , ~A4!

where the components perpendicular and parallel tokW , JW',
andJz , respectively, are

JW'5
4p

vV~1!
„12F~q!…H 1

q2
~uW j1vW h!V~x!

1 iajh~uW j2vW h!W~x!J ,
a
d
ed

l
.
,
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Jz5
4p

vV~1!
„12F~q!…H 1

q2
~j2h!V~x!

1 iajh~j1h21!W~x!J , ~A5!

with V(x) andW(x) given by hypergeometric functions:

V~x!5F~ ia,2 ia;1;x!,

V~1!5uG~11 ia !u225sinhpa/pa, ~A6!

W~x!5~1/a2!dV~x!/dx5F~11 ia,12 ia,2,x!.

Herea5aZ'Z/137, uW andvW are the components ofpW 1 and
pW 2 transverse tokW , j5(11u2)21, h5(11v2)21, andqW is
the momentum transfer to the atom,

qW 5kW2pW 12pW 2. ~A7!

The variablex512jhq2 has the property that for sma
values ofq, q;qmin5v/2e1e2!1, x51 and the cross sec
tion is given by the Born approximation, as can be seen fr
Eq. ~2!: the dependence ona drops out beyond the leadin
order forx51. In this region, where screening may be im
portant, Coulomb corrections are absent. Conversely,
larger values ofq, q;1, where Coulomb corrections ar
important, screening effects are negligible. This shows t
Coulomb corrections and screening effects are separable
cordingly, we have included the screening effect in Eq.~2!
by multiplying with the screening factor 12F(q).

APPENDIX B

The differential equation for the hypergeometric functi
V(x)5F( ia,2 ia;1;x) @10#,

~12x!
d

dx S x
dV

dxD5a2V,

gives, withdV/dx5a2W,

1

12x
V2~x!1a2xW2~x!5

d

dx
„xV~x!W~x!….

Multiplication with (11x)/Ax and integration directly give
the functionsf s and f t :

24 f s~Z!12 f t~Z!52V2~1!E
0

12y1 dx

x

11x

12x

1~11x!AxV~x!W~x!0
12y1

1E
0

1

dx
12x

Ax
V~x!W~x!.
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Using W(12y1)5V(1)„ln y112f(Z)…, y1!1 @7#, one finds
the desired relation

2 f s~Z!2 f t~Z!52 f ~Z!2g~Z!, ~B1!

with
ki,

.

s.
g~Z!5122 ln 21
1

4V2~1!
E

0

1 dx

Ax
~12x!V~x!W~x!,

~B2!

a function, like f t(Z), free of the logarithmic singularity
ln y1, and therefore convenient for numerical work.
.
.
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