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Quantum interference in phase conjugation by resonant, nearly degenerate four-wave mixing

O. K. Andersen, D. Lenstra, and S. Stolte
Faculty of Sciences, Vrije Universiteit, De Boelelaan 1081, 1081 HV Amsterdam, The Netherlands

~Received 9 March 1998; revised manuscript received 22 April 1999!

We present a theoretical investigation of optical phase conjugation by use of nearly degenerate four-wave
mixing in a two-level atomic system. The description is based on the semiclassical dressed-state approach,
which offers a very transparent picture of the physics involved in the nonlinear process. The theory provides an
explanation in terms of a quantum interference between two channels for the strong reduction of the optical
phase-conjugate yield when the pump fields are tuned to the atomic resonance. In addition, the model predicts
an efficient generation of the optical phase conjugate if the system is prepared in a pure dressed state.
@S1050-2947~99!08708-9#

PACS number~s!: 42.65.Hw, 42.50.Gy
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I. INTRODUCTION

Initiated by the discovery of Liao, Bloom, and Econom
@1# that resonant effects can be used to increase the no
earity in atomic media, degenerate four-wave mixi
~DFWM! in resonant media has been extensively stud
Especially the alkali-metal vapors have undergone very s
tematic investigation. Generally, in the strong pump regi
the DFWM spectrum, i.e., the DFWM yield as a function
the pump detuning from resonance, exhibits a two-pea
structure with a vanishing DFWM yield when the pump
tuned to the atomic resonance@1,2#. Nearly degenerate four
wave mixing~NDFWM!, i.e., the situation where the prob
field has a frequency different from the pump frequency,
been investigated experimentally by Steel and Lind@3#,
Nilsen, Gluck, and Yariv@4#, and more recently by Lin, Ru
biera, and Zhu@5#. They studied the effect of the pump
probe detuning on NDFWM spectra in sodium vapor, resp
tively, rubidium vapor, and observed multiresonant behav
of the reflectivity as they scanned the frequency differe
between the pump and the probe fields. In these papers
results are explained qualitatively in terms of the ac St
splitting of the atomic lines.

Different theoretical approaches have been applied to
four-wave mixing problem. Third-order, time-dependent p
turbation theory was used by Nilsen and Yariv@6#. Perturba-
tion theory is adequate to describe the four-wave mix
interaction when the fields are weak. With pump intensit
well in excess of the saturation intensity, which for a tw
level atom corresponds to Rabi frequencies large comp
to the linewidth, splitting of the atomic transition can b
observed@7,8#. This necessitates a theoretical approach t
accounts for the effect of the strong pump beams on
energy levels. Harter and Boyd@9# made a theoretical stud
of NDFWM in a medium characterized by a single stro
atomic resonance. Based on the density matrix formal
they solved the problem of a strong pump and a weak pr
field interacting with a two-level atom and predicted ve
large responses for the probe frequency detuned by the p
frequency by approximately the generalized Rabi frequen
Also based on the density matrix approach, Lucht, Trebi
and Rahn@10# performed a numerical investigation on mu
tiwave mixing in gas-phase sodium. Although correct,
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bare state density matrix equations do not lead to an el
dating physical picture concerning the generation of
FWM signal.

An approach to NDFWM in terms of population oscilla
tions has been described by Steelet al. @11#. Here the four-
wave mixing process is considered as a scattering proc
the forward pump and the probe interact to spatially mo
late the population difference. The backward pump then s
ters from this spatial modulation to produce the conjug
wave. In the same paper it was noted that, for closed
nearly closed quantum systems, coherence effects can r
in interference effects that eliminate certain resonances in
spectra obtained when the pump-probe detuning is scan
In the following we will derive a semiclassical approach
NDFWM in a two-level atom. We treat the atomic intera
tion with the pump field first and consider a probe field i
teracting with the resulting dressed atom. This technique
been used for some other applications of dressed state
quantum optics. It plays a key role in the occurrence of qu
tum jumps in the coherently excited three-level atom@12,13#.
Further it is used in the fields of lasing without inversio
@14,15# and in electromagnetically induced transparen
@16#. The derivation is based on the dressed state forma
as described by Courtens and Szo¨ke @17#, an approach tha
was also successful in providing a physical interpretation
resonance fluorescence in the saturation regime@18,19#. The
dressed atom technique has also been applied to DFWM@20#
and NDFWM @21#. Dressed state based calculations ha
also been done on transient probe spectra in the presen
a strong pump field@22,23#. In these calculations it was
shown that the transient spectra of probe absorption are
sitive functions of the initial conditions of the dressed ato

In this paper we restrict the calculations to the four-wa
mixing scheme in which two pump fields with the same fr
quency v interact with a probe field of frequencyvp ,
slightly detuned from the pump frequency, to create a
sponse at the frequencyvc52v2vp . The analysis pre-
sented here is specifically oriented towards studying
NDFWM yield as a function of the initial dressed-state a
plitudes. It is shown that the generation of the pha
conjugate signal proceeds via two distinct channels, wh
each channel corresponds to the atom starting in a p
dressed state. These channels interfere destructively such
1672 ©1999 The American Physical Society
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PRA 60 1673QUANTUM INTERFERENCE IN PHASE CONJUGATION . . .
the yield vanishes when the atom is initialized in any 50
linear combination of dressed states. This presents an ex
nation of the vanishing NDFWM yield when the pump
tuned to line center. As a consequence it is shown how
NDFWM yield can be increased dramatically if the atom
gas has a pure dressed state equilibrium, rather than a gr
state equilibrium. The possibility of controlling dressed st
populations by the use of a phase-controlled driving field
been demonstrated@24# and therefore offers the possibility o
realizing very efficient phase-conjugate mirrors.

The effect of atomic motion will be included by consid
ering the atom moving in the standing-wave intensity patt
of the counterpropagating pump fields and assuming tha
atom adiabatically follows the spatially varying intensity pa
tern. Our analysis confirms that the atomic motion has
influence on the phase-conjugate yield at line center and
shows the invariance under atomic motion of the pha
conjugate ‘‘hole’’at resonance.

II. DRESSED-STATE THEORY OF NDFWM

A. Basic theory

Consider the response of a two-level atom with grou
stateug(r ) and excited stateue(r ), to an oscillating electric
field, the pump field, of the form

Ẽ~ t !5 1
2 @E exp~2 ivt !1c.c.#, ~1!

whereE is a constant, see Fig. 1~a!. With use of the rotating-
wave approximation and electric-dipole approximations, a
expressed in a frame rotating at the laser frequencyv, the
atom-field interaction Hamiltonian can be expressed as@24#

ĤR5S 0 2 1
2 \V*

2 1
2 \V 2\D

D , ~2!

whereV5mE/\, andm is the electric-dipole moment. Th
eigenstates associated with Eq.~2! are given by

FIG. 1. ~a! Two-level atom and relevant frequencies.~b! The
situation shown in~a! but now transformed to the dressed atom
states picture.
0
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c1~r ,t ![u1~r !expS 2 i
E1

\
t D

5@cosQug~r !2sinQue~r !#expS 2 i
E1

\
t D ,

~3a!

c2~r ,t ![u2~r !expS 2 i
E2

\
t D

5@sinQug~r !1cosQue~r !#expS 2 i
E2

\
t D .

~3b!

Here we have introduced cosQ and sinQ through the rela-
tions

cosQ5S V81D

2V8 D 1/2

and sinQ5S V82D

2V8 D 1/2

. ~4!

V85AuVu21uDu2 is the generalized Rabi frequency. Th
eigenstatesc6 are the semiclassical dressed atomic sta
discussed elsewhere@17,25#. The corresponding eigenene
giesE6 are given by

E65\~2 1
2 D6 1

2 V8!. ~5!

Note that the dressed stateu1(r ) has a higher energy tha
u2(r ).

We will now investigate the effect on the dressed atom
states when a weak probe fieldẼp(t) of the form

Ẽp~ t !5 1
2 @Ep exp~2 ivpt !1c.c.# ~6!

is interacting with the dressed atom, see Fig. 1~b!. The fre-
quency of the probe is detuned from the pump frequency
d, see Fig. 1~a!, where udu!v. The Schro¨dinger equation
including the probe interaction can be written as

i\
]

]t
c~r ,t !5~ĤD1V̂D!c~r ,t !. ~7!

Here ĤD and V̂D are the interaction Hamiltonian and th
probe interaction operator in the dressed atomic basis.
components ofV̂D can easily be shown to be

VD,1152VD,22

52
m sin 2Q

4
@Ep exp~2 idt !1Ep

! exp~ idt !#,

~8a!

VD,125VD,21
!

52 1
2 mEp sin2 Q exp~2 idt !1 1

2 mEp
! cos2 Q exp~ idt !.

~8b!

We will assume that the probe field is weak in the sense
it does not participate directly in the dressing of the ato
but merely acts as a small perturbation to the dressed s
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1674 PRA 60O. K. ANDERSEN, D. LENSTRA, AND S. STOLTE
given by Eqs.~3a! and ~3b!. The perturbation treatment fol
lows the standard procedure of introducing a parametel
characterizing the strength of the perturbation, wherel51 is
the real situation, and then rewriting Eq.~7! in the form

i\
]

]t
c~r ,t !5~ĤD1lV̂D!c~r ,t !. ~9!

We will attempt to find a solution to first order in the prob
field, so that the trial solutionc(r ,t) can be written as

c~r ,t !5a1
~0!c1~r ,t !1a2

~0!c2~r ,t !1l@a1
~1!~ t !c1~r ,t !

1a2
~1!~ t !c2~r ,t !#. ~10!

The zero-order coefficientsa1
(0) and a2

(0) are time indepen-
dent and specify the initial conditions imposed on the s
tem. Substituting Eq.~10! into Eq. ~9! results in two expres-
sions for the first-order coefficientsa1

(1) anda2
(1) :

a1
~1!~ t !5

1

i\ E
0

t

@a1
~0!VD,111a2

~0!VD,12 exp~ iV8t8!#dt8,

~11!

a2
~1!~ t !5

1

i\ E
0

t

@a1
~0!VD,21 exp~2 iV8t8!1a2

~0!VD,22#dt8.

~12!

The coefficientsa1
(1) and a2

(1) give the respective time
dependent probability amplitudes for the dressed atom
make a transition to the statesc1(r ,t) and c2(r ,t) under
the influence of the probe field. These coefficients gener
have a resonant character@20#. Consider, for example, the
situation where the system is initially in the dressed st
c2 . Written out explicitly the first-order coefficients for thi
case have the form

a1
~1!~ t !52

m

2\ S Ep sin2 Q
exp@2 i ~d2V8!t#21

d2V82 ig

1Ep
! cos2 Q

exp@ i ~d1V8!t#21

d1V81 ig D ,

~13!

a2
~1!~ t !5

m sin 2Q

4\ S Ep

exp@2 idt#21

d2 ig
2Ep*

exp@ idt#21

d1 ig D .

Here g was added in order to avoid the first-order coe
cients diverging in an unphysical manner close to the re
nances. The value ofg is equal to the decay rate of th
excited state.

The first term in the expression fora1
(1) , resonant when

d5V8, is interpreted as the dressed atom absorbing a p
photon with the consequence that a simultaneous trans
from c2 to c1 is induced, which produces the phas
conjugate photon. The second term, resonant whend
52V8, corresponds to the probe field stimulating t
dressed atom to make a transition fromc2 to c1 . The terms
appearing in the expression fora2

(1) can be interpreted in a
similar fashion. Here it must be remembered thata2

(1) is the
probability amplitude that the dressed atom stays in thec2

state upon the probe interaction. This explains why the te
-
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are resonant whend50. The present formalism elucidate
the interrelationship between probe and conjugate beam
the pumped atomic vapor. This is in fact a general prope
of NDFWM materials, where in the presence of pump bea
the probe and conjugate are intimately connected in the s
that the one cannot propagate without the other and v
versa@26#.

With the determined first-order coefficients the expec
tion value of the induced polarization can be derived throu
the relation

^P̃~ t !&5E dr c!~r ,t !m̂Dc~r ,t !. ~14!

Among the various frequency components of^P̃(t)& we are
interested in the component at the frequencyv2d, for
which we will denote the amplitude bŷP̃(v2d,t)&. This is
identified as the phase-conjugate signal. It is a result of
four-wave mixing process indicated in Fig. 2. The illustrat
four-wave mixing scheme belongs to a broader class of e
tic photon-scattering phenomena in which it is demand
that the atom is returned to its initial quantum state up
completion of the NDFWM process@27#.

B. Initial-state dependence ofŠP̃„t…‹
The induced polarization~14! appears to be a sensitiv

function of the specific initial condition imposed on the sy
tem. A straightforward analysis, starting from Eq.~14!, using
Eqs.~10!–~12!, and keeping only terms that are~i! first order
in l and ~ii ! proportional to exp@6i(v2d)t# then yields the
result

^P̃~v2d,t !&5~ ua1
~0!u22ua2

~0!u2!P0~V,D,d!

3exp@2 i ~v2d!t#1c.c., ~15!

where

P0~V,D,d![2
m2Ep

!

8\

V2

V21D2

3S 1

V82d2 ig
1

1

V81d1 ig D . ~16!

FIG. 2. Energy-level structure for a resonant NDFWM intera
tion. The nonlinear effects couple the two pump beams with f
quencyv and the probe beam with frequencyv1d to generate an
outgoing signal wave, the optical phase conjugate.
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From Eq.~15! we conclude that the phase-conjugate signa
composed out of contributions from two channels, one ch
nel starting in the pure dressed stateu1(r ) and the other
similarly in u2(r ). Starting from an arbitrary stateu(r )
5a1

(0)u1(r )1a2
(0)u2(r ), each channel provides a weighin

factor ua6
(0)u2, with opposite signs. Hence, the channel co

tributions tend to counteract each other, such that a m
mum yield is obtained when starting in one of the pu
dressed states, while zero yield results from any 50:50 lin
superposition of dressed states.

For instance, if the initial state is the ground state, th
using Eq.~4! we have that

ua1
~0!u22ua2

~0!u25
D

~V21D2!1/2. ~17!

ForD50, i.e., the pump field tuned exactly to line center, t
ground state is a 50:50 linear combination of the dres
states and hence, as expressed in Eq.~15!, the phase-
conjugate yield vanishes as a result of destructive inter
ence.

In the case where the system is initially in a pure dres
state the yield exhibits a maximum when the pump beam
tuned to line center, see Fig. 3~a!. This is in contrast to the
situation described above where the system was initially
the ground state, shown in Fig. 3~b!. The complete vanishing
of the phase-conjugate yield when the pump field is tune
line center has indeed been observed in experiments@1,28#.
Note that as the pump field is made stronger, i.e., implyin
larger Rabi frequencyV, a broadening occurs of the detu
ing region around line center for which the probabiliti
ua2

(0)u2 and ua1
(0)u2 are of comparable size. This gives rise

widening of the dip, see Fig. 3~b!. If the system can be pre
pared in one of the dressed states there will be no destru
channel interference effect and hence the phase-conju
yield will not vanish at line center.

The results of decreasing the pump field are shown in F
4. In Fig. 4~a! the system is initially in a pure dressed sta
and a three-peaked spectrum is observed. The side band
D50 occur because the respective probe and phase co
gate become resonant with a dressed state transition.
situation where the atom is initially in the ground state
shown in Fig. 4~b!. It is seen that the dip observed whenD
50 has become very narrow in accordance with the n
rower region for whichua2

(0)u2 and ua1
(0)u2 become equal in

magnitude.

III. INCLUSION OF ATOMIC MOTION

Here we will investigate the effects of atomic motion o
the NDFWM signal. A rigorous treatment would be to deri
new time-dependent dressed state wave functions and
do the perturbation calculation with the probe field. Ho
ever, this would be complicated because the atom, in
general case, is exposed to two pump fields with differ
frequencies leading to a complicated dynamical behavior
conventional dressed state approach to resonance flu
cence for a two-level atom in a strong bichromatic field h
been demonstrated, however, only for the case where
pump fields are detuned symmetrically around the ato
resonance@29#. This approach leads to very involved calc
s
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lations outside the scope of this paper. We will propose
approximation to the problem by merely considering t
adiabatic following effect of the moving atom experiencin
an oscillating Rabi frequency. The two counterpropagat
pump beams give rise to a spatial standing-wave patter
the total electric field. Hence, an atom moving through t
standing-wave pattern will experience an oscillating R
frequency. For simplicity we consider the situation where
two pump fields have equal amplitudes. In this case the t
electric field can be written as

Ẽ~ t !5 1
2 E~x!@exp~2 ivt !1c.c.#, ~18!

whereE(x) is given by

E~x!52E cosS 2p

l
xD . ~19!

FIG. 3. Phase-conjugate yield as a function of the pump de
ing from line centerD in two situations with different initial condi-
tions. In~a! the system is initially in a pure dressed state, i.e.,u2(r )
or u1(r ). As can be seen from the figure the phase-conjugate y
exhibits a maximum whenever the pump beam is tuned to e
resonance.~b! shows the situation where the system is initially
the ground state. In this case the phase-conjugate yield vani
completely when the pump is tuned to resonance. In both~a! and
~b! the pump-probe detuningd is equal to 50 MHz. The damping
parameter has the valueg53.83107 s21. Solid curve corresponds
to the case whereV5100 MHz, dashed curve toV5200 MHz.
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Transitions between the dressed states will be induced by
atomic motion, due to the spatial variation of the dress
levels, at a rate proportional toQ̇ @17#. Using Eqs.~4! and
~19! it can be shown that

uQ̇u.
p

l

D

V81D S V

V8D
2

ẋ. ~20!

Here ẋ is the speed of the atom. If the dressed atom ha
adiabatically follow variations of the standing intensity pa
tern we require thatuQ̇u is small compared to the time sca
set by the Hamiltonian~2!. This leads to the conditionuQ̇u
!V8. This in turn leads to the following constraint on th
velocity:

uẋu!vcr[
l

p

V8~V81D!

D S V8

V D 2

. ~21!

FIG. 4. Phase-conjugate yield as a function of the pump de
ing from resonanceD. In this case the pump Rabi frequency is lo
so thatV;g, and the pump-probe detuningd is set to 50 MHz.~a!
shows the situation where the atom is initially in a pure dres
state. The features observed whenD56d occur when the probe
respectively, phase conjugate is resonant with a dressed-state
sition. ~b! is the case where the dressed atom is initially in
ground state. In this case the dip at line center is very narrow. Ag
the resonant contributions atD56d are observed.
he
d

to

Note that for a resonant pump field, i.e.,D50, the adiaba-
ticity condition ~21! holds for any velocity as was also note
elsewhere@30#.

Now consider an ensemble of Rb atoms at a tempera
T5373 K. The critical velocityvcr together with the average
speed of the atoms is shown in Fig. 5. As can be seen, a
amount of atoms fall into the group where the adiabatic
proximation is valid. Further, it has been noted@31# that
resonance enhancement is essential if atoms are to contr
to the FWM signal, but that the Doppler shift excludes th
enhancement for atoms withuk•vu.G whereG is the transi-
tion linewidth andk is the propagation vector for the pum
beam.

In the present approach, the phase-conjugate yield f
an atomic gas with a standing pump-wave pattern is obtai
by taking the average over all the Rabi frequencies, wh
for a gas in equilibrium is given by

P5
4

l E
0

~1/4!l

^P̃„v2d,V~x!…&dx, ~22!

where

V~x!52VUcosS 2p

l
xD U, where xPF0,

l

4G ~23!

andV5mE/\.
The effect of the atomic motion is shown in Fig. 6 for th

situation where the atom is initially in the ground state. T
solid line represents the case where all atoms are stan
still. The effect of the motion is seen in the dashed curve
Fig. 6~a! the pump-probe detuning isd550 MHz, and in Fig.
6~b! the pump-probe detuning isd5100 MHz. In both cases
the pump Rabi frequency isV5200 MHz. Note that the
yield incorporating atomic motion is larger than the yie
when the atoms are standing still. This is because, as a r
of the atomic motion, the atoms are distributed equally o
the standing-wave intensity pattern. Atoms situated in
nodes will not contribute to the phase-conjugate signal si
there is no pump field, whereas atoms situated at antino
contribute maximally. However, a certain fraction of atom
will be in regions where the pump field is low enough

n-

d

an-

in

FIG. 5. Critical velocityvcr and the average velocity for the cas
whereV5200 MHz, T5373 K, andM587u.
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fulfill the resonance conditionV8[AuVu21D25d. With the
values of the parameters chosen here, this resonance c
tion is not satisfied for the atoms at rest. That this is inde
the case can be deduced from the fact that the yield is
matically reduced whenuDu.udu. Note that the dip at line
center remains in the case where atomic motion is includ

The corresponding situation but for the case where
atom is initially in a dressed state is shown in Fig. 7. Fro
this figure it is clear that the enhancement of the pha
conjugate yield at line center, observed when the dres
atoms are at rest, persists to the situation where atomic
tion is included.

IV. CONCLUSION

We have studied optical phase conjugation by mean
nearly degenerate four-wave mixing in a two-level atom
system. The model used is based on the semiclas
dressed states in which first the interaction between pu
field and atom is studied, and second the interaction of
probe field with the dressed atom is described by lowe
order perturbation theory. Our results are thus correct to
orders in the pump field and to first order in the probe fie

FIG. 6. Effect of atomic motion on the phase-conjugate yie
Here it is assumed that the atom is initially in the ground sta
Solid line is the situation without atomic motion, dashed line w
atomic motion. In both cases the pump Rabi frequency is chose
V5200 MHz. In~a! the pump-probe detuning isd550 MHz and in
~b! d5100 MHz.
di-
d
a-

d.
e

e-
ed
o-

of

al
p
e
t-
ll
.

The generation of the phase-conjugate signal naturally
pears as the consequence of the dressed atom intera
with the probe field: each absorption of a probe photon
intimately connected with the emission of a phase-conjug
photon.

It is shown that the generation of the phase-conjugate
nal is a sensitive function of the specific initial condition
the dressed atom: in the case where the dressed atom i
tially in a superposition state of the lower dressed st
u2(r ) and the upper dressed stateu1(r ) the phase-conjugate
yield vanishes when the pump field is tuned to the atom
resonance. In contrast, starting the atom in a pure dre
state leads to maximum yield when the pump is tuned
atomic resonance. As a consequence the yield is an ord
magnitude higher than in the situation where the atom is
the ground state. We therefore propose efficient phase
jugation if the system is prepared initially in a pure dress
state. It was demonstrated by Bai, Yodh, and Mossberg@24#
using an amplitude- and phase-controlled field, that it is
deed possible to prepare atoms in pure dressed states.

The vanishing of the phase-conjugate yield at line cen
is interpreted as a quantum interference effect. The gen
tion process in general proceeds via two distinct chann
where each channel corresponds to the atom being initiall

.
.

as

FIG. 7. Effect of atomic motion on the phase-conjugate yie
Here it is assumed that the atom is initially in a dressed state. S
line is the situation without atomic motion, dashed line with atom
motion. In both cases the pump Rabi frequency is chosen aV
5200 MHz. In ~a! the pump-probe detuning isd550 MHz and in
~b! d5100 MHz.
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one of the pure dressed states. The channel contribution
equal in magnitude but have opposite signs. For the atom
a given initial stateac11bc2 the channel contributions to
the phase-conjugate yield are weighted byuau2 and ubu2. In
the atomic vapor, due to spontaneous emission, most o
atoms start from the ground state, which at line center is
fact a 50:50 combination of dressed states. Therefore at
center there must be a dip in the phase-conjugate yield. N
that the explanation of the dip in the phase-conjugate y
given here differs from the one given by Grynberg, Pina
and Verkerk@20# for the case of DFWM.

The effect of atomic motion is included by considering
atom moving in the standing intensity pattern of two cou
terpropagating pump fields assuming that the atom adiab
cally follows the spatially varying intensity. The vanishing
s.

o

are
in

he
in
ne
te

ld
,

-
ti-

the phase-conjugate yield when the pump is tuned to
atomic resonance is shown to be invariant under atomic
tion. Further, for the case where the atom is initially in a pu
dressed state, the enhancement of the phase-conjugate
for the pump tuned to resonance is shown to persist to
situation where atomic motion is included.
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