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Superfluorescence without inversion in coherently driven three-level systems

Victor Kozlov,* Olga Kocharovskaya, Yuri Rostovtsev, and Marlan Scully
Department of Physics, Texas A&M University, College Station, Texas 77843

~Received 1 March 1999!

A superfluorescence effect in aV-type medium with initial Raman inversion, driven by a strong coherent
field on one of the transitions, is studied analytically and numerically. It is shown that the collective sponta-
neous emission evolves in the presence of a minor population of an upper state of a superfluorescent transition.
In the limit of the Rabi frequency of a driving field large compared to that of a superfluorescent pulse, the
system of two equations for the fields and density-matrix equations for three states of the medium is reduced
to Maxwell-Bloch equations for an effective two-level system. The shape of a superfluorescent pulse is
perfectly described in terms of a slowly varying envelope function~which is a solution of the Maxwell-Bloch
equations!, filled with fast oscillations associated with Rabi floppings on the driving transition. In the average,
i.e., after integrating over a period of Rabi oscillations, the upper superfluorescent state is populated less than
other states, such that the phenomenon may be called ‘‘superfluorescence without inversion’’ by analogy with
lasing without inversion.@S1050-2947~99!04408-X#

PACS number~s!: 42.50.Gy, 42.50.Fx, 42.65.Re
e
th
tio
u
e

th
ro
s-
io

rs
io
th
en
w
ti
w
e
ib
igh
cs
t
e

e

h
n

t

ed a
ld,
the
tric

has

ric

o-
is to
e a
ach
-

in
is

this

to
en-

nd
all

tion
and
an
nce
e-
oms
lf-
s a
a-
tal
f a
ra-

ity

on

ee-
st
I. INTRODUCTION

In recent years there have been many intriguing theor
cal and experimental proposals for manipulating some of
coherence effects in atomic systems to achieve amplifica
of a weak probe beam without requiring a traditional pop
lation inversion among the bare states of the medium. Th
proposals, several of which are discussed in Ref.@1#, have
been broadly classified as ‘‘lasing without inversion’’~LWI !
and have created a great deal of interest because of
potential for generating laser light at regions of the elect
magnetic spectrum where it is currently difficult or impo
sible to do so. However, any laser system in the x-ray reg
meets with difficulties in the design of the reflecting mirro
which do not permit use of the usual stimulated radiat
process for the generation of coherent radiation. From
point of view the spontaneous radiative decay of an
semble of atoms or molecules in the collective mode, kno
as superfluorescence, is the optimal process for extrac
coherent energy from an inverted mirrorless system. Ho
ever, we again come to the requirement of population inv
sion on the radiative transition. In such a situation, a poss
way to create the mirrorless source of optical coherent h
frequency radiation lies in the combination of LWI physi
together with the superfluorescence effect. This concep
‘‘superfluorescence without inversion’’ is embodied in a r
alistic three-level atomic configuration of theV type and is
investigated in detail in the present paper.

Before we proceed let us make more certain the usag
two different terms—superfluorescenceand superradiance.
The superradiance concept forN spin-12 systems~which are
equivalent to two-level atoms!, placed in a volume of less
than optical wavelength, has been developed by Dicke in
classic paper@2#. He showed the existence of superradia
states, with the decay rate scaled asN2, and a subradian

*Present address: Department of Physics, University of Roche
Rochester, NY 14627-0771.
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state that never decays. As an example, he consider
simple system of two neutrons in a uniform magnetic fie
one being in the excited spin state and the other in
ground state. He pointed out that the triplet or symme
superposition state of one excited and one unexcited state
the double radiation rate of a single excited neutron~super-
radiance!. On the other hand, the singlet or antisymmet
state never decays~subradiance!.

The main point is how to prepare an ensemble of tw
level atoms in the superradiant state. One possible way
use a coherent pulse of external radiation. In this cas
coherent superposition of upper and lower states for e
atomic dipole~spin! will be automatically prepared, imply
ing the inducing of phase correlations between all dipoles
the ensemble. The emission time of this collective dipole
N times faster than the decay time of a single dipole, and
collective decay is known as free induction decay.

Another possibility that seems much more interesting is
use an incoherent pumping pulse, which prepares an
semble ofN atoms in some incoherent mixture of upper a
lower states. The whole process, which starts from sm
quantum fluctuations, with the subsequent self-organiza
of atoms and their collective spontaneous emission,
which finally results in a pulse with a duration shorter th
the decay time of a single dipole, is called superfluoresce
~SF!. This effect is due to the induction of correlations b
tween the dipole moments of the spatially separated at
interacting via a common electromagnetic field. For this se
organization process, population inversion is required a
source of instability, providing growth in coherent polariz
tion, and the rate of this instability is proportional to the to
population inversion. As a result, the atoms in a volume o
macroscopic size emit coherently. Since the total energy
diated by an ensemble ofN inverted atoms isN\vab , where
vab is the transition frequency, then the emission intens
can scale asI}N2.

Since Dicke’s paper, there has been some work done
superradiance and subradiance in three-level systems@3–5#,
including a paper by Keitel, Scully, and Sussmann on thr
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PRA 60 1599SUPERFLUORESCENCE WITHOUT INVERSION IN . . .
level superradiance in theV configuration@5#, where it was
shown how microwave pulses resonant with one transi
can produce and destroy a superradiant state at the o
optical transition. This result as well as the fact that the
gain in the three-level driven system may occur without ne
of population inversion@1# allow us to expect that populatio
inversion at the operating transition should not be neces
for the realization of superfluorescence in three-level ato
coherently driven at the adjacent transition. This is due to
strong influence of the coherent driving field on the interf
ence processes in three-level atoms. The possibility of
without inversion is exactly the problem we address in t
paper.

The SF phenomenon manifests itself also in the Ram
scattering of light~cooperative Raman scattering! and has
been observed by Pivtsovet al. @6# in molecular hydrogen. In
@7# it has been shown that the time-dependent scattering
namics of a quasimonochromatic pulse is very similar to
collective spontaneous emission from two-level atoms w
the dipole moment lowered by a factor ofV/D, whereV and
D are the Rabi frequency and the detuning of the scatte
field. Generally, Raman schemes require high-inten
pump fields, because they operate at large values of de
ings, where the atom-field interaction is weak. Approach
the resonance, i.e., taking into consideration a third level
is resonantly coupled to the other two, allows one to dim
ish dramatically the requirement on the pump intensity a
gives rise to the new interesting phenomena. Thus, in@8# the
effect of resonant spontaneous cooperative Raman scatt
has been considered in the three-level atomic system ofL
configuration, when the incident field excites the atoms fr
the lower to the upper level, creating the population inv
sion between the upper and the intermediate~initially un-
populated! levels. If the excitation and the scattering pr
cesses are fast enough to prevent phase relaxation
destroying atomic coherence, the atomic dipoles that os
late at the scattering frequency retain their phase mem
and therefore they radiate cooperatively.

More recent work@9# contains an extension of the conce
of amplification without inversion to the SF problem for
particular L configuration. Two lower levels of the three
level system are closely spaced, so that the spectrum o
SF pulse covers them both. It has been demonstrated tha
can take place without the need of population inversion
atoms have been initially prepared in a certain coherent
perposition of the lower states, and some ways for prepa
these states are discussed.

For generation of the coherent radiation in the hig
frequency region preference is given to the up-convers
schemes, where the low-frequency photons are converte
those of high-frequency. From this standpoint a three-le
system where two fields are coupled through the lower le
~V-type medium!, see Fig. 1, turns out to be the most adva
tageous. This system possesses gain without population
version for the probe field, even with a minor population
the upper level~LWI gain!. Stimulated emission of LWI sys
tems has been discussed in numerous papers, while coo
tive spontaneous emission is less well understood. In part
lar, LWI gain appears only for systems with speci
relationships between decay constants, while a SF pulse
to evolve on a time scale shorter than all decays, since
n
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relaxation processes may destroy the phase interatomic
relations. So, it is not cleara priori what kind of gain one
should expect for the SF system.

Indeed, our numerical calculations prove that a SF pu
has to be shorter than all decay processes in the system
hence LWI gain in its ordinary sense has no time to devel
However, we show that the conventional definition of ga
without inversion might be extended for ultrafast cohere
phenomena, such that the LWI condition is asserted ‘‘in
average,’’ i.e., after averaging over the period of Rabi os
lations on the driving transition.

Taking into account that the duration of a SF pulse
shorter than all relaxation times, we can considerably s
plify the treatment by omitting all relaxation terms in th
density-matrix equations. Then, using the given driving-fie
approximation we reduce the system of coupled equati
for six density-matrix elements to the familiar system of tw
Bloch-like equations. The latter describes the interaction
the field with an effective~pseudo! two-level system. This
new two-level system does not constitute a real atomic s
ation, but appears as the mathematical result of the reduc
of the original equations. Formally speaking, we have fou
a convenient basis in which the complex picture of the int
action of two fields with two coupled optical transition
shows up as an interaction of a probe field with a sin
optical transition.

The reduction of the original density-matrix equations f
a three-level system to the Bloch-type equations beco
possible due to the separation of the fast oscillations of
field and atomic variables associated with the Rabi freque
of the driving field and the slow time-dependent variatio
associated with a SF pulse. This procedure is very simila
a slowly varying amplitude and phase approximation, wh
fast oscillations with the optical frequency are separa
from the slow time-dependent evolution of atomic variab
and fields. So, finally a SF pulse shows up as an enve
filled by fast sinusoidal oscillations; see Fig. 2. The envelo
is a solution of the reduced system of the Maxwell-Blo
equations, and the oscillations have a period equal to
inverse Rabi frequency of the driving field.

II. DESCRIPTION OF THE MODEL

Dicke has pointed out that there is nothing inheren
quantum mechanical about superfluorescence, and a co
tion of classical dipoles appropriately prepared can exh

FIG. 1. Level scheme of theV-type medium showing the coher
ent driving (V) and laser (a) fields, decaysga ,gc , and incoherent
pump ratesr a ,r c . Circles illustrate the relative initial distribution
of populations between the levels in a medium with Raman inv
sion.
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superfluorescent behavior; see Refs.@2# and @10#. Later, it
has been shown in Refs.@11# and@12# that a simple theoret
ical model based on a semiclassical approach~classical
fields, quantized atoms! accurately describes the features
the emitted radiation both in a mean-field approach and
long ~or dense! medium @11–13#. So, in our theoretica
model the semiclassical approach is adopted, in order to
propagation effects fully into account@14#.

Consider aV-type three-level system with the groun
stateub& and excited statesua& and uc& as shown in Fig. 1.
Transition ub&↔uc& is driven by a strong field with Rab
frequencyV(z,t). A probe pulsea(z,t) appears on the tran
sition ub&↔ua&, resulting from the initial fluctuation in po
larization rab . In the slowly varying envelope approxima
tion, the temporal and spatial evolution of the fields a
governed by the wave equations

S c
]

]z
12pscbDV~z,t !5 i

vcbmcb
2 N

e0\
rcb , ~1!

S c
]

]z
12psabDa~z,t !5 i

vabmab
2 N

e0\
rab , ~2!

wherez is the propagation distance, and the real timet8 is
changed to the retarded timet: t5t82z/c. rab andrcb are
off-diagonal density-matrix elements in the rotating fram
vcb and vab are optical frequencies of the correspondi
transitions,mcb and mab are dipole matrix elements of th
transitionsuc&↔ub& and ua&↔ub& ~supposed to be real, fo
simplicity!, N is the density of atoms, andsab and scb ac-
count for the losses~including diffraction losses! of the fields
inside a sample. Refractive indices on both transitions
chosen the same and put equal to unity. Slowly varying a
plitudes of the driving and probe electric fields,EV andEa ,
are related to the Rabi frequenciesV anda according to

FIG. 2. Time dependence of the dimensionless field amplit
~normalized to the amplitude of the driving fieldV0! at the rare end
of the medium,z5L. Comparison of the exact numerical solutio
of Eqs. ~1!–~9! with initial and boundary conditions~15! ~solid
line!, and numerical solution of the equivalent system of Maxwe
Bloch equations~59!–~61! ~dashed line!. The parameters arerab

0

51027, V05Vc , raa
0 50.2, rbb

0 50.8, andrcc
0 50 for the three-

level model; rab
0 5

1
3031027, N 050.1 for two-level model.

Throughout all the numerics we putscb andsab equal to zero.
f
a

ke

e

,

re
-

EV52
\V

mcb
, Ea52

\a

mab
. ~3!

In our consideration we suppose the medium to be homo
neously broadened. The semiclassical density-matrix eq
tions of motion under the rotating-wave approximation c
be written as

]

]t
rab52gabrab2 ia~raa2rbb!2 iVrac , ~4!

]

]t
rac52gacrac1 iarbc2 iV* rab , ~5!

]

]t
rcb52gcbrcb2 iV~rcc2rbb!2 iarca , ~6!

]

]t
raa52garaa1r arbb2 i ~a* rab2arba!, ~7!

]

]t
rbb5garaa1gcrcc2~r a1r c!rbb1 i ~a* rab2arba!

1 i ~V* rcb2Vrbc!, ~8!

]

]t
rcc52gcrcc1r crbb2 i ~V* rcb2Vrbc!, ~9!

where gab , gac , and gcb are dephasing rates of polariza
tions; ga , gc , r c , and r a are the decay and pumping rate
indicated in Fig. 1,

gab5
ga1r a1r c

2
1gab

ph , ~10!

gac5
ga1gc

2
1gac

ph , ~11!

gcb5
r a1r c1gc

2
1gcb

ph . ~12!

The last terms in Eqs.~10!–~12! correspond to the random
perturbations of the levels, which lead to the phase damp
of atomic states, while keeping the populations unchang
Usually, such kinds of perturbations are induced by co
sions in dense gaseous media, or by interaction with phon
in solids.

The analysis is referred to the case of the closedV-type
system, so that one of the equations@Eqs. ~7!–~9!# is to be
replaced by the normalization condition

raa1rbb1rcc51. ~13!

We assume, that theNV three-level atoms are confined int
the active volumeV, which has the shape of a cylinder wit
lengthL and cross-section areaS(L@AS). Before the arrival
of the driving pulse,t8,0, the medium is under the effect o
continuous~or pulsed! incoherent pumping, and thereby
prepared in the following manner:

e
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rbb
0 [rbb~ t,0!5

1

11r a /ga1r c /gc
,

raa
0 [raa~ t,0!5

r a /ga

11r a /ga1r c /gc
, ~14!

rcc
0 [rcc~ t,0!5

r c /gc

11r a /ga1r c /gc
,

so that the initial state is incoherent; i.e., there are no co
lations between the wave functions of the different atoms
the momentt850 the pumping process is switched o
r a(t8>0)50 andr c(t8>0)50, and the atoms evolve inde
pendently in radiative decay.

The following initial and boundary conditions are used f
the fields and polarizations:

V~z,t850!5H V0 , z50,

0, 0,z,L,

V~z50,t8!5H 0, t,0,

V0 , t>0,

a~z50,t8!50,

a~z,t850!50, ~15!

rcb~z,t850!50,

rac~z,t850!50,

rab~z,t850!5rab
0 .

We will consider the case where initially there is no pop
lation inversion between the bare statesua& and ub& on the
probe transition:raa

0 ,rbb
0 . If, in addition to that, there is an

inversion on a two-photon transitionua&˜ub&˜uc&, i.e.,
raa

0 .rcc
0 , we say that the system is prepared in a state w

Raman inversion. In the opposite case ofraa
0 ,rcc

0 there is no
inversion of any kind.

Semiclassical density-matrix equations inherently do
contain any mechanism for spontaneous emission, so tha
initially inverted system cannot evolve. This problem can
overcome by adding a phenomenological initial polarizat
rab

0 to simulate the effect of spontaneous emission. This te
can be constructed to be consistent with the requiremen
thermal equilibrium as well as energy and number conse
tion; see the paper by MacGillivray and Feld@12#.

Three basic assumptions are incorporated into Eqs.~1!–
~9!: ~i! the semiclassical model with an artificially introduce
small initial polarizationrab

0 to simulate spontaneous emi
sion is used, instead of a quantized field model;~ii ! the
plane-wave approximation is utilized, thus effects associa
with finite beam diameter are neglected, which is the go
approximation for Fresnel numbers, 2S/lL, larger than 0.1
@15#; ~iii ! the interaction of forward and backward travelin
waves is ignored.

Numerical solutions of Eqs.~1! and ~2! and ~4!–~9! will
be presented in the following; however, approximate anal
cal solutions that are in a close agreement with the comp
e-
t

-

h

t
an
e
n
m
of
a-

d
d

i-
er

results will also be obtained in certain limiting cases. The
results are useful as an aid to understanding the underl
physical processes.

III. REDUCED EQUATIONS

The effective self-induction of correlations between t
atomic dipole moments of a two-level system can be poss
only in a case where the evolution timeTR of the process is
shorter than the phase relaxation timegab

21 and also shorter
thanga

21 . The same is certain to be applied for theua&↔ub&
subsystem in the three-level configuration, such that a
pulse has to be shorter thanga andgab . It is a more com-
plicated problem to realize intuitively a role for other rela
ation rates, namely,gc , gcb , andgac . It is known that a cw
gain without inversion implies fast decay at the driving tra
sition @1#. On the other hand, this relaxation may destroy
phase correlations between dipoles responsible for the
process. A detailed discussion based on the numerical ca
lations is reserved for the succeeding sections. We give h
only the general conclusion: the increasing inanydecay rate
results in the termination of the radiation process.

Thus, as for a two-level consideration, we keep the ba
properties of a SF pulse unchanged in the limit when allg ’s
go to zero. In the lossless approximation

TD , TR , a21!all decay times, ~16!

whereTD is the delay time, an analysis of the cumberso
system of equations~1!–~2! and~4!–~9! becomes simpler. In
this section we show how the original system of densi
matrix equations~4!–~9! can be reduced to the Bloch-typ
equations for a two-level system in the limit of sufficient
large intensities of the driving field, so thatV21 appears as
the fastest characteristic time of the system,

V21! TR , a21. ~17!

The fact that the final equations have the form of Blo
equations makes further consideration unnecessary, sinc
solutions of the form of SF pulses are well-known; see Re
@14# and @16#. Some numericals, which are useful for goin
beyond the approximations and for comparison with the a
lytics, will be presented in Sec. IV.

At the initial moment,t50, the driving field enters the
medium exciting the polarization on theuc&↔ub& transition,
which leads in turn to the oscillation behavior of the pop
lation difference between these levels. Passing a medium
time t5L/c, the field initiates the oscillations along th
whole lengthL of a sample. We choose the length to be sh
enough, so that influence of these oscillations back on
field is negligible,

L!V0

e0\c

vcbmcb
2 N

, ~18!

and Rabi frequency may be considered as a constant v
throughout the sample. We also assume that

L

c
!TR , TD . ~19!
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The inequality~19! implies that the photons of the prob
field leave the active volume in a time that is shorter than
characteristic time of evolution of the interatomic corre
tions; hence, the stimulated processes on theua&↔ub& tran-
sition are unimportant during the emission.

The formal solution for the evolution of theuc&2ub& sub-
system can be found from Eqs.~6!, ~7!, and~9!,

~rcc2rbb!5ncb
0 cos~2V0t !2

a

V0
rca

1E
0

t ]

]t8
Fraa1

a

V0
rcaGcos@2V0~ t82t !#dt8,

~20!

rcb52
i

2
ncb

0 sin~2V0t !1
i

2E0

t ]

]t8

3Fraa1
a

V0
rcaGsin@2V0~ t82t !#dt8, ~21!

with

ncb
0 5rcc

0 2rbb
0 . ~22!

The first terms in the left-hand side of solutions~20! and~21!
describe the well-known Rabi oscillations between the t
levels. If the probe field appearing on the adjacent transi
ua&↔ub& does not reach an appreciable value, such thaa
!V0 takes place, the contribution of higher harmonics to
dynamics on theuc&↔ub& transition vanishes. The same in
equality allows us to neglect the second term in Eq.~20!.
However, we should take into account thedc component as
well as those parts of integrals in Eqs.~20! and ~21! that
oscillate with frequency 2V0. Let us introduce the Fourie
componentsf̄ , f c , and f s in the following way:

]

]tFraa1
a

V0
rcaG5

] f̄

]t
12

] f c

]t
cos~2V0t !12

] f s

]t
sin~2V0t !,

~23!

where we have neglected all the higher harmonics.f̄ , f c , and
f s are supposed to vary slowly compared toV0

21. At the end
of our calculations we find the relationships between
Fourier components and real atomic and field variables.

Now we can rewrite Eqs.~20! and~21! in a shorter form,

rcc2rbb5~ncb
0 1 f c!cos~2V0t !2 f ssin~2V0t !, ~24!

rcb52
i

2
~ncb

0 1 f c!sin~2V0t !2
i

2
f scos~2V0t !. ~25!

Using Eq.~24! and the conservation law of the form of E
~13!, we express the population of theub& state in terms of
raa and the Fourier components,f s and f c ,

rbb5
1

2
@12raa1 f ssin~2V0t !2~ncb

0 1 f c!cos~2V0t !#.

~26!
e
-

o
n

e

e

Finally the density-matrix equations for the polarizations
duce to

]

]t
rab52 iV0rac2

i

2
a@3raa212 f s sin~2V0t !

1~ncb
0 1 f c! cos~2V0t !#, ~27!

]

]t
rac52 iV0rab2

1

2
a@ f s cos~2V0t !

1~ncb
0 1 f c! sin~2V0t !#. ~28!

Polarizationrab and two-photon coherencerac appear in
Eqs. ~27! and ~28! symmetrically, and we can easily de
couple the equations in terms of the new variables,

R5rab1rac , Q5rab2rac .

Now the equations forR andQ become

]

]t
R52 iV0R2

i

2
a@3raa211ncb

0 1 f c2 i f s#

3exp~22iV0t !, ~29!

]

]t
Q5 iV0Q2

i

2
a@3raa211ncb

0 1 f c1 i f s#exp~12iV0t !.

~30!

Then the formal solution forR andQ reads

R52
i

2 E0

t

a$~3raa21!exp@1 iV0~ t82t !#

1@ncb
0 1 f c2 i f s#exp@2 iV0~ t81t !#%dt8, ~31!

Q52
i

2 E0

t

a$~3raa21!exp@2 iV0~ t82t !#

1@ncb
0 1 f c1 i f s#exp@1 iV0~ t81t !#%dt8. ~32!

Now using the definitions forR andQ and the solutions~31!
and ~32!, one can find the explicit solutions for the of
diagonal density-matrix elementsrab andrac ,

rab52
i

2E0

t

a$~3raa21! cos@V0~ t82t !#

1~ncb
0 1 f c!cos@V0~ t81t !#2 f s sin@V0~ t81t !#%dt8,

~33!

rac5
1

2E0

t

a$~3raa21! sin@V0~ t82t !#2~ncb
0 1 f c!

3sin@V0~ t81t !#1 f s cos@V0~ t81t !#%dt8. ~34!

It is seen from Eqs.~33! and ~34! that both polarizations
contain two quadrature components oscillating rapidly w
frequencyV0. The same modulation is superimposed on
probe fielda through the propagation equation~2!. Separat-
ing this fast motion one can represent the polarizationsrab
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and rac , as well as the fielda, in terms of envelope func
tions according to the following definitions:

rab5r ab
s sin~V0t !1r ab

c cos~V0t !, ~35!

rac5r ac
s sin~V0t !1r ac

c cos~V0t !, ~36!

a5as sin~V0t !1ac cos~V0t !. ~37!

This procedure is very similar to the separation of fast ter
in the slowly varying amplitude and phase approximatio
And referring to the latter we neglect the contribution of t
terms oscillating with higher frequencies, which are of t
order ofa/V and less. In such a manner one usually ke
only the dc component of the population difference whi
considering two-level atoms. However, this is not the c
here, where two-photon processes play an important r
Thus, for the self-consistent description of the three-le
system we should keep thedc component ofraa along with
sine and cosine ones,

raa5n̄1ns sin~2V0t !1nc cos~2V0t !. ~38!

Formally, the reason for keeping the oscillating terms in E
~38! is clearly seen from the solutions~20! and ~21!. A
couple of steps further we find thatns andnc are of the order
of a/V0. However, they cannot be neglected, because
integrals in Eqs.~20! and~21! contain the derivatives ofraa ,
which give an additional factor ofV0 after differentiation.
The same reason is valid for keeping therca terms in the
integrals.

After substitution of expansions~35!, ~36!, and ~37! into
~33! and ~34! with the subsequent separation of fast term
we come to the simple equations for the envelope functio

]

]t
r ab

c 52
i

4
@3n̄211ncb

0 1 f c#ac1
i

2
f sas , ~39!

]

]t
r ab

s 52
i

4
@3n̄212ncb

0 2 f c#as1
i

2
f sac , ~40!

]

]t
r ac

c 51
1

4
@3n̄212ncb

0 2 f c#as1
1

2
f sac , ~41!

]

]t
r ac

s 52
1

4
@3n̄211ncb

0 1 f c#ac2
1

2
f sas , ~42!

]

]t
n̄52 i ~as r ab

s 1ac r ab
c !, ~43!

2V0 nc5 i ~ac r ab
s 1as r ab

c !, ~44!

2V0 ns5 i ~as r ab
s 2ac r ab

c !. ~45!

Coming back to the definitions for the Fourier coefficien
f̄ , f s , and f c , see Eq.~23!, we now can express them i
terms of the envelope functions,

f̄ 5n̄2n̄u t50 , ~46!
s
.

s

e
e.
l

.

e

,
s,

f c5V0E
0

t

ns dt81
1

2 E0

t

~asr ca
c 1acr ca

s ! dt8, ~47!

f s5V0E
0

t

nc dt81
1

2 E0

t

~asr ca
s 2acr ca

c ! dt8. ~48!

Equations~39!–~45! for slowly varying quadrature com
ponents ofrab , rac , raa , anda describe the whole class o
coherent phenomena taking place in a three-level sys
driven by a strong cw field. They seem rather complica
because the sine and cosine components (as andac) of the
probe field turn out to be coupled through the atomic va
ables. However, we do not need to solve the system of eq
tions in the general form~39!–~45! in order to describe the
SF phenomenon. In the following we show that only o
quadrature component survives in a medium with no po
lation inversion between statesua& and ub&.

IV. MAXWELL-BLOCH EQUATIONS

Let us consider the initial stage of evolution of a SF pul
when the field is weak enough, so that the linear approxim
tion onac andas is applicable. Equations~39!–~45! become
uncoupled in this limit and we get only two differential equ
tions for the components of polarization,

]

]t
r ab

c 52
i

2
@raa

0 2rbb
0 #ac , ~49!

]

]t
r ab

s 52
i

2
@raa

0 2rcc
0 #as , ~50!

and the correspondent components of the two-photon co
ence follow the polarization with ap/2 shift,

r ac
s 52 i r ab

c , ~51!

r ac
c 51 i r ab

s . ~52!

The SF effect originally starts from a weak spontaneo
emission, and the generated SF pulse contains only th
frequency components of the field that experienced gain o
linear stage of evolution. The initial inversionless conditi
raa

0 ,rbb
0 results in an absorption of the cosine componen

the field. So, even though the spontaneous emission con
utes toac , this mode will eventually decay. On the oth
hand, if the system is prepared in a state with initial Ram
inversion,raa

0 .rcc
0 , theas component will experience gain

So, we conclude that the SF pulse evolves only in the sys
with initial Raman inversion and contains only one mode
radiation, namely,as .

Coming back to the full system of equations~39!–~45!
and puttingac equal to zero, we have for the Fourier com
ponents,

f̄ 5n̄2n̄u t50 , ~53!

f c5n̄u t502n̄, ~54!

f s50, ~55!
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and for the components of the population ofua& state,

]

]t
n̄52 i as r ab

s , ~56!

nc50, ~57!

2V0 ns51 i as r ab
s . ~58!

Finally we get for the SF field a self-consistent system
equations of the Maxwell-Bloch type:

S c
]

]z
12psabD E~z,t !5 i Vc

2P, ~59!

]

]t
P52 i NE, ~60!

]

]t
N522i ~E*P2EP* !, ~61!

with the following definitions of inversion, polarization, an
field,

N5
2n̄2raa

0 2rcc
0

2
, ~62!

P5
r ab

s

2
, ~63!

E5 as

2
. ~64!

In Eq. ~59! we introduced the cooperative frequencyVc ,

Vc5Avabmab
2 N

e0\
. ~65!

The closed system of equations~59!–~61! constitutes the
main analytical result of the paper, demonstrating that
envelope of a SF pulse evolves in a three-level med
driven by a strong coherent cw field as if it were a two-lev
medium with the initial population difference

N 05
raa

0 2rcc
0

2
. ~66!

The sine component of the probe field experiences gain w
an increment that is proportional to the Raman populat
inversionVc

2N0, contrary to a two-level system, where th
increment depends on the population difference betw
lower and upper states. Let us stress here that this is n
real increment for a weak field, because we initially have
at zero the decaying components of polarization,r ab

c andr ac
s .

A more accurate study of a linear regime has to include
interplay between sine and cosine modes.

The developed Maxwell-Bloch formalism gives an ad
tional advantage in understanding the SF phenomenon in
driven three-level system. Thus, all the properties of the tw
level SF can be simply transferred to the three-level confi
ration.
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V. EVOLUTION ON THE DRIVING TRANSITION

Now, having the explicit expressions for the Fourier co
ponents of the form of Eqs.~53!–~55!, one can describe the
evolution of atomic variables in the driving transition. Su
stituting Eqs.~54! and ~55! into Eqs.~24!–~26!, we get

rbb5~N 01rcc
0 2N!1~11N23rcc

0 23N 0! cos2~V0t !,
~67!

rcc5~N 01rcc
0 2N!1~11N23rcc

0 23N 0! sin2~V0t !,
~68!

rcb5
i

2
~11N23rcc

0 23N 0! sin~2V0t !. ~69!

As long as the probe field does not considerably change
population of theua& state, i.e.,N'N 0, the driving transi-
tion experiences familiar Rabi oscillations near the equil
rium value@(12raa

0 )/2# with an amplitude equal to 12raa
0

22rcc
0 . Increasing the probe field is accompanied by rem

ing the population from theua& state. Once all the excited
atoms have transferred their energy to the probe field,
inversionN has changed sign,N˜2N 0, the SF process is
completed. The Rabi oscillations still take place between
ub& and uc& states, but with a reduced amplitude (122raa

0

2rcc
0 ) and an increased equilibrium value@(12rcc

0 )/2#.
As followed from Eqs.~41! and~42!, the sine componen

of the two-photon coherence vanishes as a result of the
pression of theac mode. The cosine component behav
identically to the polarizationP, possessing additionally a
constantp/2 phase shift

]

]t
r ac

c 52NE. ~70!

The linear amplitude lossesscb have no effect on our
analytics as long as condition~17! takes place. IfscbÞ0,
one simply needs to change the constant valueV0 every-
where to a new space-dependent variable

V0 ˜ V0expF2
2pscb

c
zG . ~71!

VI. NUMERICAL SIMULATIONS

Numerical simulations have been performed to prove
analytical speculations and to supplement them, going
yond the majority of the approximations made above. Fig
3 shows the typical shape of the SF pulse@see curve~1!# in
the driven system obtained from the exact numerical ca
lations of the full set of Eqs.~1!, ~2!, and~4!–~9! with initial
and boundary conditions given by Eqs.~14! and ~15!. The
pulse displays the characteristic oscillatory behavior acco
ing to the above analytical predictions; see Eq.~37!. More-
over, under our hypothesis, the slowly varying envelope
curve ~1! has to be fitted by the solution of the reduc
~Maxwell-Bloch! system of equations,~59!–~61!. Indeed,
curve~2! perfectly fits all the lobes of radiation. However,
is worth pointing out that for such a good agreement
would have to use two different numerical values for t
initial spontaneous polarizationrab

0 .
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The numerical simulations that have been performed w
the same value of initial polarizationrab

0 show that the delay
time for the two-level problem is always shorter than for t
full three-level analysis; see Fig. 3~a!. At least two different
reasons can be given to explain the inconsistency. First,
a direct consequence of the difference between the boun
conditions for the two problems. The analytical derivati
essentially utilizes the requirement that the Rabi oscillati
on the driving transition be already established througho
sample. It is equivalent to the uniformly excited~the entire
system inverted simultaneously! two-level system, and the
radiation grows throughout the sample from the same le
of initial fluctuations, namely,rab

0 . On the other hand, the
real three-level system is prepared with no population inv
sion between the bare statesua& and ub&, and therefore ab-
sorbs the radiation energy in the absence of the driving fi
It starts to emit only after the arrival of the drive pulse,
that the atoms at the rare end of the sample absorb the r
tion during the escape time,t5L/c, and appear to be in
volved in the coherent evolution only fort.L/c. This is
very similar to swept excitation~system inverted by a puls
traveling longitudinally through the medium at the speed
light! of a two-level system@17#. So, the difference in the
starting conditions for the SF pulse for the two approac
can differ significantly.

FIG. 3. ~a! Delay time~arb. units! and ~b! dimensionless peak
intensity~normalized toV0

2) of the first burst of radiation versus th
length of a sample~arb. units!. For three-level numericals@curves
~1! and~3!# the parameters arerab

0 51027, raa
0 50.2, rbb

0 50.8, and
rcc

0 50. For two-level numericals@curves~2! and ~4!# the param-
eters arerab

0 51027, N 050.1. V05Vc for curves~1! and~2!; the
cooperative frequency for curves~3! and ~4! is 4 times smaller
without changes in the value ofV0.
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The second reason is also the consequence of the sim
fication accepted in the reduced equations. We have m
tioned earlier that the two-level model cannot fully descri
the linear stage of evolution of the SF field, since the dec
ing components of polarization and two-photon cohere
were put to zero. Their influence might be important at t
very start of evolution of the SF pulse.

The above arguments are only of a qualitative type a
should be treated as a partial explanation for the obser
distinction in the delay times. Note here that further disc
sion on the choice of a certain value ofrab

0 is of doubtful
benefit in the framework of the semiclassical approa
where this parameter is included phenomenologically.
we leave the detailed consideration of the initial stage of
evolution to further quantum-mechanical treatments,
which the spontaneous-emission process can be describ
a natural way.

It is a well-established fact that the longer the delay tim
the shorter the pulses that are generated, and therefore
higher the amplitudes they have. Since the three-level
dium exhibits longer delay compared to the two-level co
figuration, we should expect the generation of more inte
pulses. Figure 3~b! lives up to our expectations, showing th
length dependence of the intensity of the first burst of rad
tion. All the curves are similar and have the quadratic dep
dence of the peak intensity on the length, which can
thought of as a manifestation of the SF effect. Note here t
for the rather long samples, Fig. 3 displays small deviatio
from the smooth curve. This behavior becomes clear if
recall that the duration of a SF pulse decreases linearly w
increasing length. So the number of oscillations covered
the envelope reduces progressively, and, hence, the pos
of the maximum associated with the oscillation peak b
comes less undetermined.

Another, more direct verification of the SF effect is illu
trated in Fig. 4, where the amplitude dependence on
atomic density~cooperative frequency! is displayed. The lin-
ear behavior of the curves for relatively small values of t
cooperative frequency corresponds to the growth of peak
tensity asN2 and, thus, gives an indication of the SF effe
As long as the peak amplitude of the probe field is sm
enough~more than three times smaller for Fig. 4! compared

FIG. 4. Dependence of the absolute value of a dimension
peak amplitude on the cooperative frequency for~1! the two-level
configuration;~2! the three-level configuration. The amplitude an
cooperative frequency are plotted in units of Rabi frequencyV0.
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1606 PRA 60KOZLOV, KOCHAROVSKAYA, ROSTOVTSEV, AND SCULLY
to the driving field, the results for the two-level computati
copy the output for the full three-level model. With a furth
increase in intensity the analytically predicted agreement
comes inapplicable, and the pulse shape~not shown! takes a
chaotic structure without any visible regularities. In oth
words, the consideration in terms of fast oscillations mo
lated by a slowly varying envelope becomes incorrect. T
different effects come into play with the density growth:~i!
the self-action of the probe pulse through the interaction w
the coupling transition; and~ii ! the effect of stimulated emis
sion, i.e., the amplification of the pulse due to the propa
tion through an extremely dense sample. The latter is a
responsible for deviations from the perfect line for the tw
level configuration.

As we have mentioned in Sec. IV, only the sine comp
nents ofrab anda can survive in the inversionless medium
In a similar spirit, the sine component of the two-phot
coherence decays, while the cosine one,r ac

c , displays exactly
the same time-dependent behavior asr ab

s ; see Eq.~70!. Fig-
ures 5~a! and 5~b! show the time evolution of the polariza
tion rab and two-photon coherencerac for the atoms located
at the rare end of the sample (z5L). The envelopes are
identical for both the curves and are obtained from the
mericals on the two-level model~59!–~61! as a solution for

FIG. 5. Comparison of the exact numerical solution of E
~1!–~9! with initial and boundary conditions~15! and the numerical
solution of the equivalent system of Maxwell-Bloch equatio
~59!–~61!: ~a! polarizationrab ~solid line! andP ~dashed line!; ~b!
polarizationrac ~solid line! andP ~dashed line!; ~c! populationraa

~solid line! and (N1N 0) ~dashed line!, almost indistinguishable
All the curves are plotted for the point at the rare end of the m
dium, z5L. The parameters are the same as for Fig. 2.
e-

r
-
o

h

-
o

-

-

-

the polarizationP. One can see thatP(t) faithfully copies
the slowly varying variations ofrab andrac . The temporal
dynamics of the population of theua& state,raa , is displayed
in Fig. 5~c! by a solid line. As one could expect from an
lytical consideration, it changes slowly in time and does n
exhibit any noticeable fast variations associated with R
oscillations on the coupling transition. Again, the numeric
simulations perfectly match the two-level computatio
~dashed curve!. Note here that variations in the Rabi fre
quency of the driving field do not affect the parameters o
SF pulse, and change only the density of oscillations un
the pulse envelope.

The spectral characteristics of a SF pulse contain a
tional information about the underlying physics. Thus, F
6~b! displays a spectrum of an output SF pulse with wide
separated peaks, which are arranged symmetrically nea
resonance frequency. Such a shape is a direct manifest
of the dynamic Stark splitting of the ground level under t
action of a strong driving field applied on the coupling tra
sition. The fine structure of each of the peaks reproduces
the features of a SF spectrum for a two-level medium;
Fig. 6~a!. So, the separation of the fast and slow motions
the temporal representation is embodied in the spectral
ture in the form of distant harmonics~as the result of fast
oscillations!, each displaying the internal structure~associ-
ated with the slowly varying envelope!. A closer look at Fig.
6~b! allows us to detect the presence of harmonics oscilla
with double frequency. It is precisely these terms that
neglected in our theoretical treatment.

So far, we have discussed primarily the temporal behav

.

-

FIG. 6. Intensity spectra~arb. units! of the SF pulses, which are
shown in Fig. 2.~a! Two-level model;~b! three-level model, inset
shows the detailed structure of the left component centered av
52520.
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FIG. 7. Plots of the populations~1! raa , ~2! rbb , and~3! rcc as functions ofz/L ~along the sample! at ~a! t5300, ~b! t5600, and~c!
t5900. Plots of~1! the probe fielda, ~2! the polarizationrab , and~3! the two-photon coherencerac as functions ofz/L ~along the sample!
at ~d! t5300, ~e! t5600, and~f! t5900. The dimensionless field is normalized toV0.
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of field and atomic variables. To complete the analysis le
consider spatial propagation effects, which strongly influe
the shape of a SF pulse in an extended SF system, as
fully realized in Ref.@12#. In the Bloch formalism for a point
sample, a totally inverted system corresponds to a ve
pointing straight up, analogous to a rigid pendulum balan
exactly on end. Similarly, the initially inverted extended m
dium corresponds to a spatial distribution of Bloch vect
all pointing straight up. However, as was pointed out in R
@12#, the individual Bloch vectors of the extended mediu
which are coupled together via the common radiation fie
may evolve differently, owing to propagation effects. T
regenerative amplification process leads to a rapid deex
tion of a certain region of the medium, after which esse
tially all of the population is brought into the lower leve
i.e., the Bloch vectors all point downward. Deexcited regio
can then be reexcited by the radiation from other regio
which gives rise to the ‘‘ringing’’ observed in the outpu
radiation. As one can see from Fig. 7, a similar behavio
typical for the driven system as well. Additionally to th
spatial evolution of the two components of the Bloch vec
~here, rab and raa), the other elements of the three-lev
s
e
as

or
d

-
s
f.
,
,

a-
-

s
s,

s

r

density matrix also display slow space variations. Thus,
nearly harmonic exchange of populations betweenub& and
uc& states is simply the space distribution of Rabi oscillatio
having the space-time dependence of the form of (t82z/c);
see Eqs.~67! and ~68!.

Summarizing the numerical results, we conclude that
equivalent Maxwell-Bloch system of equations perfectly d
scribes the basic features of the SF phenomenon in a th
level medium for large values of the driving field. There
no need for further consideration in the sense that the t
level SF is well studied, and all the results obtained in
previous works can simply be extended to the three-le
configuration.

VII. DISCUSSION

Let us consider in detail the dynamics underlying the a
plification process of the spontaneous field on the probe t
sition. We start from the linear stage of evolution, when t
probe field is not of an appreciable value. Then, the popu
tions on the driving transition oscillate between theub& and
uc& states with an amplitude equal torbb

0 2rcc
0 , while raa
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1608 PRA 60KOZLOV, KOCHAROVSKAYA, ROSTOVTSEV, AND SCULLY
keeps its initial valueraa
0 ; see Fig. 8. Similar oscillations

take place in space, which is clearly seen in Figs. 7~a!–7~c!.
As we have shown previously, the SF develops only in
system with initial Raman inversion, such that stateua& is to
be populated more than stateuc& at t50. This condition
implies that the ‘‘windows’’ of bare inversion (raa.rbb)
and Raman inversion (raa.rcc) are opened for a certai
period of time. Looking at a period of Rabi oscillations o
can see that the windows of bare inversion coincide w
windows of Raman absorption, and vice versa. Howev
averaging the populations over a period of Rabi oscillatio
and keeping in mind the inversionless conditionraa

0 ,rbb
0 ,

we get

~raa!av,~rcc!av<~rbb!av , ~72!

i.e., the area of the absorption windows is larger than the a
of the ‘‘amplification windows.’’ In spite of that, a prob
radiation experiences gain, and the inequality~72! allows us
to classify it as a ‘‘LWI gain in average.’’

The polarizationrab , which oscillates with a doubled
Rabi period, is zero exactly at the points of largest o
photon absorption~and largest Raman inversion, correspon
ingly!; see Fig. 8. On the other hand,rab develops their
nonzero~negative and positive! portions when windows of
bare inversion are opened. Averaging over two periods
Rabi oscillations~corresponding to one period ofrab oscil-
lations! we finally get an amplification for the probe field
i.e., (rab)av.0.

The above consideration helps us to understand why
mode of radiation~its sine component! amplifies, while the
other vanishes. The suppressed mode~cosine component! os-
cillates with ap/2 phase shift, such that the extrema ofrab
coincide with peaks of bare absorption, and hence, on a
age the probe field loses energy.

Based on our numerical calculations, showing that a
relaxation process leads to the termination of the SF eff
we have neglected them completely through our analy

FIG. 8. Two periods of Rabi oscillations of populations on t
driving transition,rbb @curve~1!# andrcc @curve~2!#, for the point
at the rare end of the medium,z5L. The temporal evolution ofraa

andrab is shown by curves~3! and~4!, correspondingly. Time is in
units of V0

21. The shaded regions indicate ‘‘windows’’ of bar
inversion, i.e., whenraa.rbb .
a
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After a discussion of the ideal SF is a proper place to ta
various decay channels into consideration, and to analyze
role of each decay constant.

The decay ofrab plays the same role as that for a simp
two-level system, resulting in the destruction of the coope
tive behavior of atomic dipoles at theua&↔ub& transition.
Curves~1! and ~2! of Fig. 9 are plotted for a dilute~where
gab

ph!ga) and for a dense~wheregab
ph@ga) medium, respec-

tively. One can see that the decay of population of stateua&
has a much more dramatic effect on pulse energy than
pure dephasing processes,gab

ph , which are not accompanie
by changes in populations.

It is interesting to note that the decay rates of both up
levels,ga @see curve~1! in Fig. 9# andgc @see curve~3! in
Fig. 9#, produce an almost identical effect on pulse ener
This can be easily understood in terms of inversion windo
As we have learned from the above consideration, the
plification rate of a SF pulse is proportional to the areas
these windows. The decay of population from theua& state
continuously lowers the upper borders of the windows,
sulting in a decrease of their total area. On the other ha
the decay from theuc& state gradually reduces the amplitud
of the Rabi oscillations, while keeping their equilibrium
value,rbb

0 2rcc
0 , unchanged. This process leads to a decre

ing in size of an inversion window by raising its lower bo
der. Note thatgcb

ph produces the same effect on the Ra
oscillations, and hence the decay curves~3! and~4! are close
to each other.

Curves~5! and~6! in Fig. 9 show the dependence of puls
energy on the relaxation rates for the two-level system w
the same value of cooperative frequency. The decay of
upper state@see curve~5!# results in a very similarly abrup
termination of SF as for the three-level model@compare to
curves~1! and ~3!#. However, for the two-level system th
dephasing process alone@see curve~6!# produces a less pro
nounced effect@compare to curve~2!#. The faster decay in
the three-level configuration can be associated with the

FIG. 9. Energy~arb. units! dependence of the SF pulse on th
relaxation rates~1! gab for ga@gab

ph , gcb
ph , gac

ph , gc ; ~2! gab for
gab

ph5gac
ph@ga , gc , gcb

ph ; ~3! gcb for gc@gab
ph , gcb

ph , gac
ph , ga ; ~4!

gcb for gcb
ph5gac

ph@ga , gc , gab
ph ; ~5! gab for ga@gab

ph ; ~6! gab for
gab

ph@ga . Curves~5! and~6! are plotted for the equivalent two-leve
system. Parameters for the three-level and two-level systems ar
same as for Fig. 2. The inset shows the details that are not res
able in the plot.
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ditional decay channel—the relaxation of the two-photon
herencegac

ph ~in the example we putgac
ph5gab

ph). This decay
channel does not appear in a two-level system for obvi
reasons. The relaxationgac

ph destroys the correlation betwee
the driving and probe fields, and, hence, additionally cont
utes to the energy damping.

VIII. CONCLUSIONS

We have studied the SF effect in a coherently driv
V-type medium, and shown that the collective spontane
emission is possible even with a minor population of t
upper SF state (ua& in our notations!. Two necessary condi
tions are to be fulfilled to achieve a SF regime:~i! the initial
Raman inversion between two upper states,ua& and uc&; ~ii !
a growth rate of a SF larger than all relaxation rates of
medium.

The developed analytical treatment is based on the
sumption that a coherent driving field is strong, i.e., the R
frequency of a driving field remains larger than that of a
pulse for all stages of evolution. This assumption allows
to consider the SF phenomenon in a wide range of par
eters in terms of the familiar Maxwell-Bloch formalism th
describes the effective two-level system. The shape of a
s

nd

d

c-

-
.

S.
-

s

-

n
s

e

s-
i

s
-

F

pulse is perfectly described in terms of a slowly-varying e
velope function filled with fast oscillations. The latter a
associated with Rabi floppings on the driving transition, a
the envelope is just a solution of the corresponding Maxw
Bloch equations.

These Rabi floppings periodically produce windows
bare inversion,raa2rbb.0. The polarization on a SF tran
sition builds up in those time intervals whenraa2rbb
reaches its maximum, and becomes close to zero during
intervals of maximal absorption. In the average, i.e., af
integrating over a period of Rabi oscillations, the populatio
of the states satisfy the LWI condition~72!, so that the phe-
nomenon may be called ‘‘superfluorescence without inv
sion’’ by analogy with lasing without inversion.
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