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Superfluorescence without inversion in coherently driven three-level systems

Victor Kozlov,* Olga Kocharovskaya, Yuri Rostovtsev, and Marlan Scully
Department of Physics, Texas A&M University, College Station, Texas 77843
(Received 1 March 1999

A superfluorescence effect in\&type medium with initial Raman inversion, driven by a strong coherent
field on one of the transitions, is studied analytically and numerically. It is shown that the collective sponta-
neous emission evolves in the presence of a minor population of an upper state of a superfluorescent transition.
In the limit of the Rabi frequency of a driving field large compared to that of a superfluorescent pulse, the
system of two equations for the fields and density-matrix equations for three states of the medium is reduced
to Maxwell-Bloch equations for an effective two-level system. The shape of a superfluorescent pulse is
perfectly described in terms of a slowly varying envelope functishich is a solution of the Maxwell-Bloch
equationg filled with fast oscillations associated with Rabi floppings on the driving transition. In the average,
i.e., after integrating over a period of Rabi oscillations, the upper superfluorescent state is populated less than
other states, such that the phenomenon may be called “superfluorescence without inversion” by analogy with
lasing without inversion[S1050-294{®9)04408-X]

PACS numbd(s): 42.50.Gy, 42.50.Fx, 42.65.Re

[. INTRODUCTION state that never decays. As an example, he considered a
simple system of two neutrons in a uniform magnetic field,
In recent years there have been many intriguing theoretione being in the excited spin state and the other in the
cal and experimental proposals for manipulating some of thground state. He pointed out that the triplet or symmetric
coherence effects in atomic systems to achieve amplificatiosuperposition state of one excited and one unexcited state has
of a weak probe beam without requiring a traditional popu-the double radiation rate of a single excited neutfsuper-
lation inversion among the bare states of the medium. Thesadiance. On the other hand, the singlet or antisymmetric
proposals, several of which are discussed in REf. have state never decaysubradiance
been broadly classified as “lasing without inversio.WI) The main point is how to prepare an ensemble of two-
and have created a great deal of interest because of thdavel atoms in the superradiant state. One possible way is to
potential for generating laser light at regions of the electro-use a coherent pulse of external radiation. In this case a
magnetic spectrum where it is currently difficult or impos- coherent superposition of upper and lower states for each
sible to do so. However, any laser system in the x-ray regiomtomic dipole(spin will be automatically prepared, imply-
meets with difficulties in the design of the reflecting mirrors, ing the inducing of phase correlations between all dipoles in
which do not permit use of the usual stimulated radiationthe ensemble. The emission time of this collective dipole is
process for the generation of coherent radiation. From thid times faster than the decay time of a single dipole, and this
point of view the spontaneous radiative decay of an eneollective decay is known as free induction decay.
semble of atoms or molecules in the collective mode, known Another possibility that seems much more interesting is to
as superfluorescence, is the optimal process for extractingse an incoherent pumping pulse, which prepares an en-
coherent energy from an inverted mirrorless system. Howsemble ofN atoms in some incoherent mixture of upper and
ever, we again come to the requirement of population inverfower states. The whole process, which starts from small
sion on the radiative transition. In such a situation, a possiblguantum fluctuations, with the subsequent self-organization
way to create the mirrorless source of optical coherent highef atoms and their collective spontaneous emission, and
frequency radiation lies in the combination of LWI physics which finally results in a pulse with a duration shorter than
together with the superfluorescence effect. This concept ahe decay time of a single dipole, is called superfluorescence
“superfluorescence without inversion” is embodied in a re-(SP. This effect is due to the induction of correlations be-
alistic three-level atomic configuration of thétype and is  tween the dipole moments of the spatially separated atoms
investigated in detail in the present paper. interacting via a common electromagnetic field. For this self-
Before we proceed let us make more certain the usage @rganization process, population inversion is required as a
two different terms—superfluorescencand superradiance  source of instability, providing growth in coherent polariza-
The superradiance concept frspin4 systems(which are  tion, and the rate of this instability is proportional to the total
equivalent to two-level atomsplaced in a volume of less population inversion. As a result, the atoms in a volume of a
than optical wavelength, has been developed by Dicke in himacroscopic size emit coherently. Since the total energy ra-
classic papef2]. He showed the existence of superradiantdiated by an ensemble &finverted atoms iN7% w,,, where
states, with the decay rate scaledN& and a subradiant w,,, is the transition frequency, then the emission intensity
can scale asxNZ.
Since Dicke’s paper, there has been some work done on
*Present address: Department of Physics, University of Rochestesuperradiance and subradiance in three-level sysfamfs],
Rochester, NY 14627-0771. including a paper by Keitel, Scully, and Sussmann on three-
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level superradiance in thé configuration[5], where it was
shown how microwave pulses resonant with one transition
can produce and destroy a superradiant state at the other
optical transition. This result as well as the fact that the net
gain in the three-level driven system may occur without need
of population inversiofl] allow us to expect that population
inversion at the operating transition should not be necessary
for the realization of superfluorescence in three-level atoms
coherently driven at the adjacent transition. This is due to the
strong influence of the coherent driving field on the interfer- FIG. 1. Level scheme of thé-type medium showing the coher-
ence processes in three-level atoms. The possibility of SEnt driving (2) and laser &) fields, decaysy,, y., and incoherent
without inversion is exactly the problem we address in thispump rates ,,r.. Circles illustrate the relative initial distribution
paper. of populations between the levels in a medium with Raman inver-
The SF phenomenon manifests itself also in the Ramagion.
scattering of light(cooperative Raman scatteringnd has
been observed by Pivts&t al.[6] in molecular hydrogen. In  relaxation processes may destroy the phase interatomic cor-
[7] it has been shown that the time-dependent scattering dyelations. So, it is not cleaa priori what kind of gain one
namics of a quasimonochromatic pulse is very similar to theshould expect for the SF system.
collective spontaneous emission from two-level atoms with Indeed, our numerical calculations prove that a SF pulse
the dipole moment lowered by a factor@fA, whereQ) and  has to be shorter than all decay processes in the system, and
A are the Rabi frequency and the detuning of the scatterellence LWI gain in its ordinary sense has no time to develop.
field. Generally, Raman schemes require high-intensitHowever, we show that the conventional definition of gain
pump fields, because they operate at large values of detumithout inversion might be extended for ultrafast coherent
ings, where the atom-field interaction is weak. Approachingohenomena, such that the LWI condition is asserted “in the
the resonance, i.e., taking into consideration a third level thaaverage,” i.e., after averaging over the period of Rabi oscil-
is resonantly coupled to the other two, allows one to dimin-lations on the driving transition.
ish dramatically the requirement on the pump intensity and Taking into account that the duration of a SF pulse is
gives rise to the new interesting phenomena. Thuggjithe  shorter than all relaxation times, we can considerably sim-
effect of resonant spontaneous cooperative Raman scatteripdfy the treatment by omitting all relaxation terms in the
has been considered in the three-level atomic system/of a density-matrix equations. Then, using the given driving-field
configuration, when the incident field excites the atoms fromapproximation we reduce the system of coupled equations
the lower to the upper level, creating the population inver-for six density-matrix elements to the familiar system of two
sion between the upper and the intermediandtially un- Bloch-like equations. The latter describes the interaction of
populated levels. If the excitation and the scattering pro- the field with an effectivepseud® two-level system. This
cesses are fast enough to prevent phase relaxation fronew two-level system does not constitute a real atomic situ-
destroying atomic coherence, the atomic dipoles that oscilation, but appears as the mathematical result of the reduction
late at the scattering frequency retain their phase memorgf the original equations. Formally speaking, we have found
and therefore they radiate cooperatively. a convenient basis in which the complex picture of the inter-
More recent worK9] contains an extension of the concept action of two fields with two coupled optical transitions
of amplification without inversion to the SF problem for a shows up as an interaction of a probe field with a single
particular A configuration. Two lower levels of the three- optical transition.
level system are closely spaced, so that the spectrum of the The reduction of the original density-matrix equations for
SF pulse covers them both. It has been demonstrated that $Fthree-level system to the Bloch-type equations becomes
can take place without the need of population inversion ifpossible due to the separation of the fast oscillations of the
atoms have been initially prepared in a certain coherent sifield and atomic variables associated with the Rabi frequency
perposition of the lower states, and some ways for preparingf the driving field and the slow time-dependent variations
these states are discussed. associated with a SF pulse. This procedure is very similar to
For generation of the coherent radiation in the high-a slowly varying amplitude and phase approximation, where
frequency region preference is given to the up-conversiofiast oscillations with the optical frequency are separated
schemes, where the low-frequency photons are converted ftom the slow time-dependent evolution of atomic variables
those of high-frequency. From this standpoint a three-leveind fields. So, finally a SF pulse shows up as an envelope
system where two fields are coupled through the lower levelilled by fast sinusoidal oscillations; see Fig. 2. The envelope
(V-type medium), see Fig. 1, turns out to be the most advan-is a solution of the reduced system of the Maxwell-Bloch
tageous. This system possesses gain without population iquations, and the oscillations have a period equal to the
version for the probe field, even with a minor population ofinverse Rabi frequency of the driving field.
the upper leve{LWI gain). Stimulated emission of LWI sys-
tems has been discussgd ir_] numerous papers, while coopera- Il. DESCRIPTION OF THE MODEL
tive spontaneous emission is less well understood. In particu-
lar, LWI gain appears only for systems with specific Dicke has pointed out that there is nothing inherently
relationships between decay constants, while a SF pulse hasiantum mechanical about superfluorescence, and a collec-
to evolve on a time scale shorter than all decays, since thigon of classical dipoles appropriately prepared can exhibit
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FIG. 2. Time dependence of the dimensionless field amplitude
(normalized to the amplitude of the driving fief,) at the rare end J . .
of the mediumz=L. Comparison of the exact numerical solution Epcb: = YebPeb— 1 pec— ppp) T @pea, (6)

of Egs. (1)—(9) with initial and boundary condition$l5) (solid
line), and numerical solution of the equivalent system of Maxwell- P
. . 0 .
Bloclj7equat|ons(59)o—(61) (daghed ling Theo parameters arg;, SfPaa=— YaPaat T aPop—1(a* pan— appa), 7)
=101, Q9=Q¢, paa=0.2, ppp,=0.8, andp;.=0 for the three-
level model; pO=35%x10"7, N°=0.1 for two-level model.

Throughout all the numerics we put.,, and o5, equal to zero. d .
2 prb: YaPaat YePec™ (Fat T o) popti(a™ pap— appa)

superfluorescent behavior; see Rdf] and[10]. Later, it

has been shown in Refgll] and[12] that a simple theoret-

ical model based on a semiclassical approdchassical p

fields, quantized atomsccurately describes the features of 2 - (0%

the emitted radiation both in a mean-field approach and in a gt Pec™ ~ YePoo FoPbn (7 peo= Qe ©

long (or densg¢ medium [11-13. So, in our theoretical . )

model the semiclassical approach is adopted, in order to takléN€re vap, vac, and yc, are dephasing rates of polariza-

propagation effects fully into accouft4]. tions; ya, vc, e, andr, are the decay and pumping rates
Consider aV-type three-level system with the ground indicated in Fig. 1,

state|b) and excited statela) and|c) as shown in Fig. 1.

+i1(Q% pep—Qppo), ®

Transition |b)«|c) is driven by a strong field with Rabi y :ya+ra+rc+7ph (10
frequency()(z,t). A probe pulsex(z,t) appears on the tran- ab 2 ab:
sition |b)«|a), resulting from the initial fluctuation in po-
larization p,p,. In the slowly varying envelope approxima- Yat Yo on
tion, the temporal and spatial evolution of the fields are Yac:T+ Yacs (12)
governed by the wave equations
2 %b=m + 8- (12)
d . WeppcpN 2 ¢
(CE'FZWO'Cb)Q(Z,t):ITpCb, (1)
0 The last terms in Eq9.10)—(12) correspond to the random
perturbations of the levels, which lead to the phase damping
d wapu2pN of atomic states, while keeping the populations unchanged.
(054‘277%!)) a(Z.t):leo—ﬁPab: ) Usually, such kinds of perturbations are induced by colli-
sions in dense gaseous media, or by interaction with phonons
in solids.
wherez is the propagation distance, and the real tirhés The analysis is referred to the case of the clogetype

changed to the retarded tintet=t’—z/c. p,, andpc, are  system, so that one of the equatidiisys. (7)—(9)] is to be
off-diagonal density-matrix elements in the rotating frame,replaced by the normalization condition

wep and w,p, are optical frequencies of the corresponding

transitions,u¢, and u,, are dipole matrix elements of the Paat PobT Pec=1. (13
transitions|c)«|b) and|a)«|b) (supposed to be real, for

simplicity), N is the density of atoms, and,, ando, ac- We assume, that thdV three-level atoms are confined into
count for the losse@ncluding diffraction lossesof the fields  the active volume/, which has the shape of a cylinder with
inside a sample. Refractive indices on both transitions aréengthL and cross-section ar&(L> \/S). Before the arrival
chosen the same and put equal to unity. Slowly varying amef the driving pulset’ <0, the medium is under the effect of
plitudes of the driving and probe electric fields, andE,,, continuous(or pulsed incoherent pumping, and thereby is
are related to the Rabi frequenci@sand a according to prepared in the following manner:
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results will also be obtained in certain limiting cases. These

Pop=Ppp(t<0)= results are useful as an aid to understanding the underlying

1+rlyatredlye’ .
alYamlelYe physical processes.
0 — (t<0) :L (14)
Paa= Paa 141, yatrelve Ill. REDUCED EQUATIONS
The effective self-induction of correlations between the
0 — 5 (t<0)= relve atomic dipole moments of a two-level system can be possible
Pec=Pec 1+r,/ya+relye’ only in a case where the evolution tirig of the process is

shorter than the phase relaxation timg, and also shorter

so that the initial state is incoherent; i.e., there are no correg, o y2 1. The same is certain to be applied for {ag< |b)
lations between the wave functions of the different atoms. Atsubsygtem in the three-level configuration, such that a SF

the momentt’=0 the pumping process is switched off
ro(t’=0)=0 andr.(t'=0)=0, and the atoms evolve inde-
pendently in radiative decay.

The following initial and boundary conditions are used for
the fields and polarizations:

' pulse has to be shorter thgn and y,,. It is a more com-
plicated problem to realize intuitively a role for other relax-
ation rates, namelyy., ¥cp, andy,.. It is known that a cw
gain without inversion implies fast decay at the driving tran-
sition[1]. On the other hand, this relaxation may destroy the

Q, 720 phase correlations between dipoles responsible for the SF
Q(z,t'=0) :[ ’ ’ process. A detailed discussion based on the numerical calcu-
0, 0O<z<L, lations is reserved for the succeeding sections. We give here
only the general conclusion: the increasingaimy decay rate
Q(z=01")= 0, t<0, results in the termination of the radiation process. _
' Qq, t=0, Thus, as for a two-level consideration, we keep the basic
properties of a SF pulse unchanged in the limit whenyal
a(z=0t")=0, go to zero. In the lossless approximation
a(z,t'=0)=0, (15) To, Tr, @~ 1<all decay times, (16)
pep(z,t' =0)=0, whereTp is the delay time, an analysis of the cumbersome
system of equation&)—(2) and(4)—(9) becomes simpler. In
Pac(z,t'=0)=0, this section we show how the original system of density-
matrix equationg4)—(9) can be reduced to the Bloch-type
pan(z,t'=0)=p%. equations for a two-level system in the limit of sufficiently

large intensities of the driving field, so th@t ! appears as
We will consider the case where initially there is no popu-the fastest characteristic time of the system,

lation inversion between the bare stata$ and |b) on the
probe transitionp®,< p2, . If, in addition to that, there is an Q i<Tg, 0t (17)
inversion on a two-photon transitiora)—|b)—|c), i.e.,
pga> pgc, we say that the system is prepared in a state wit
Raman inversion. In the opposite casg@@f< p?. there is no
inversion of any kind.

r;I'he fact that the final equations have the form of Bloch
equations makes further consideration unnecessary, since the
solutions of the form of SF pulses are well-known; see Refs.
14] and[16]. Some numericals, which are useful for going

Se_miclassical density-matrix equations in_herently do no eyond the approximations and for comparison with the ana-
contain any mechanism for spontaneous emission, so that Mics will be presented in Sec. IV

initially inverted system cannot evolve. This problem can be At the initial moment,t=0, the driving field enters the
overcome by adding a phenomenological initial polarization : o L "

0 to simulz;/te the gffecr'z of s ontanec?us emissioFr)1 This ter me.dlum exciting the polarlzatu_)n on tl11e><—>|p> transition,
Pab b dtob PO th th ; hich leads in turn to the oscillation behavior of the popu-
can be constructed to be consistent with the requirements @by, gifference between these levels. Passing a medium in a
thermal equilibrium as well as energy and number conservgime = /¢, the field initiates the oscillations along the
tion; see the paper by MacGillivray and Felt2]. whole lengthL of a sample. We choose the length to be short

Three baS|c_ assumptions are.mcorporfa.te:d Into Els: enough, so that influence of these oscillations back on the
(9): (i) the semiclassical model with an artificially introduced field is negligible

small initial polr”;trizationpgb to simulate spontaneous emis-
sion is used, instead of a quantized field modél; the
plane-wave approximation is utilized, thus effects associated L<Q, >
with finite beam diameter are neglected, which is the good weppcpN
approximation for Fresnel numbersS/AL, larger than 0.1
[15]; (iii) the interaction of forward and backward traveling and Rabi frequency may be considered as a constant value
waves is ignored. throughout the sample. We also assume that

Numerical solutions of Eqq1) and(2) and (4)—(9) will
be presented in the following; however, approximate analyti-
cal solutions that are in a close agreement with the computer

hC
€0 (18

L
E<TR, Tp. (19
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The inequality(19) implies that the photons of the probe Finally the density-matrix equations for the polarizations re-
field leave the active volume in a time that is shorter than theluce to

characteristic time of evolution of the interatomic correla-

tions; hence, the stimulated processes on|&)e-|b) tran-
sition are unimportant during the emission.

The formal solution for the evolution of tHe)—|b) sub-
system can be found from Eq®), (7), and(9),

o
(Pcc™ Pb) = Nop COL 20 t) — N

tg a
+ | — +— cog2Q(t' —t)]dt’,
foélt' Paa Qopca §2Q00( )]

(20

Lo ZQt+th&

pcb__incbsm( ot) 5 OE

@ 1 ! !
X|Ppaat Q_Opca sinf 2Q(t" —t)]dt’, (21
with

Nop=Pec™ Php- (22

The first terms in the left-hand side of solutioi@§) and(21)

describe the well-known Rabi oscillations between the two

P _ i _
gtPab™ 1Qopac— Ea[3paa_ 1—fssin(2€,t)
+(ngyt fo) cog2Q0t)], (27)
a _ 1
gtPac™ — i1Qopap— Ea[fs cog20Qt)
+(n+ f) sin(2Q,t)]. (28

Polarizationp,, and two-photon coherence,. appear in
Egs. (27) and (28) symmetrically, and we can easily de-
couple the equations in terms of the new variables,

R=pabtpac; Q= pab—Pac-

Now the equations foR andQ become
d , [ o .
ot R=—iQoR~ Ea[3paa_ 1+neptfe—ifs]

Xexp —2iQqt), (29

d 1
£Q=1020Q— 5 a[3paa—1+ ndy+ fotifglexp +2iQgt).
(30)

levels. If the probe field appearing on the adjacent transition _

|a)«|b) does not reach an appreciable value, such ¢hat Then the formal solution foR andQ reads
<(), takes place, the contribution of higher harmonics to the -
dynar_mcs on théc)«|b) transition vanishes. Thg same in- R=— _f a{(3paa—D)exgd +iQy(t' —t)]
equality allows us to neglect the second term in Ef). 2Jo

However, we should take into account ttie component as 0 _ _ , ,
well as those parts of integrals in Eq®0) and (21) that +nept fe—ifslexd —iQo(t’ +1)]}dt,
oscillate with frequency Q. Let us introduce the Fourier

components, f., andf, in the following way: Q=- IE Jta{(Bpaa—l)exr[—iQo(t’ ~1)]
0

(31)

d

- +[nd+ fotifglexd +iQo(t' +1)]}dt’.

o } of  of (32

. dfs .
Paat - Pea| = gy + 2 ¢ COS200t) +27sin(20t),
(23

Now using the definitions foR andQ and the solution$31)
and (32), one can find the explicit solutions for the off-

where we have neglected all the hlgher harmorf—iCic, and diagona| density-matrix e|emenﬂ'§b andpac,

fs are supposed to vary slowly comparecﬂ@‘l. At the end

of our calculations we find the relationships between the it ,
Fourier components and real atomic and field variables. ~ Pab™ — Efo a{(3paa—1) cog Qo(t' —1)]
Now we can rewrite Eqg20) and(21) in a shorter form,

+ (ngb-i- feo)cod Qo(t' +t)]—fssiMQq(t’ +t)]}dt’,

poc— Pob=(NZp T fo)cog2Q0t) — Fsin(2Q0t),  (29) .
_ o ; _ i 1 (t
pen= ~ 3Mep ™ fe)SIN(20l) = 5scOq200). (29 o= | @l(3paa=1) SOt )] (1, )
Using Eq.(24) and the conservation law of the form of Eq. XsiMQo(t'+1) ]+ fscog Qo(t' +1)]}dt’. (34

(13), we express the population of thie) state in terms of
paa a@nd the Fourier component, andf, It is seen from Eqs(33) and (34) that both polarizations
contain two quadrature components oscillating rapidly with
frequency(),. The same modulation is superimposed on the
probe fielda through the propagation equati¢®). Separat-

ing this fast motion one can represent the polarizatiefs

1 _
Pob=>1 1~ paa+t fsSiN(20t) — (ngy+ fo)c0g 2Q0t)].
(26)
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andp,., as well as the fieldy, in terms of envelope func- t 1 [t
tions according to the following definitions: fCZQoJO nsdt’+5 Jo(asrga+ acre) dt’, (47
Pab="ap SIN(Qot) + 15, CO Qyt), (39 . 1 rt
pac=TSSIN Q) +15 s gt), (39 tetof et [ fartimatyar. a0
a=agSin(Qt) + a. cog Qgt). (37) Equations(39)—(45) for slowly varying quadrature com-

ponents Ofp,p, Pac: Paa: @nda describe the whole class of

This procedure is very similar to the separation of fast term&oherent phenomena taking place in a three-level system
in the slowly varying amplitude and phase approximation driven by a strong cw field. They seem rather complicated
And referring to the latter we neglect the contribution of thePecause the sine and cosine componeatsapd o) of the
terms oscillating with higher frequencies, which are of theProbe field turn out to be coupled through the atomic vari-
order of /) and less. In such a manner one usually keep&Ples. However, we do not need to solve the system of equa-
only the dc component of the population difference while tions in the general formi39)—(45) in order to describe the
considering two-level atoms. However, this is not the case>F phenomenon. In the following we show that only one
here, where two-photon processes play an important ro|g_c]u§1dr§1ture component survives in a medium with no popu-
Thus, for the self-consistent description of the three-levelation inversion between stat¢s) and|b).

system we should keep thie component of,, along with

sine and cosine ones, IV. MAXWELL-BLOCH EQUATIONS

Let us consider the initial stage of evolution of a SF pulse,
when the field is weak enough, so that the linear approxima-
tion ona, andag is applicable. Equation89)—(45) become
uncoupled in this limit and we get only two differential equa-
tions for the components of polarization,

Paa=N+NgSiN(2Q4t) + N, cog 2Qt). (38)

Formally, the reason for keeping the oscillating terms in Eq
(38) is clearly seen from the solution®0) and (21). A
couple of steps further we find thag andn, are of the order

of a/Qy. However, they cannot be neglected, because the P i

integrals in Eqs(20) and(21) contain the derivatives gf,,, —ré=—=[p— polac, (49)

which give an additional factor of), after differentiation. at 2

The same reason is valid for keeping thg, terms in the 5 i

integrals. Y s __'ro_o0 50
After substitution of expansion@5), (36), and(37) into ot ap 2[10aa Peclas, 50

(33) and (34) with the subsequent separation of fast terms,

we come to the simple equations for the envelope functionsand the correspondent components of the two-photon coher-
ence follow the polarization with a/2 shift,

J [[— i
StTa= — z[8n—1+n+felact Sfeas, (39 Fac=—1"4b" (51)
5 _— ; i rec=+irs,. (52
—rap=— 7[3n—1-ngp—fclast+ 5 fsac, 40 .
at"a0= gl en felast 5 Tsac 40 The SF effect originally starts from a weak spontaneous
emission, and the generated SF pulse contains only those
c — 0 frequency components of the field that experienced gain on a
Silac=+ z[8n—1-ng—flast Sfsaec, (4D jinear stage of evolution. The initial inversionless condition
p2.<pp, results in an absorption of the cosine component of
J 1 _ 1 the field. So, even though the spontaneous emission contrib-
ﬁrif - Z[3ﬂ—1+ ndp+ felac— Efsas, (42)  utes toa,, this mode will eventually decay. On the other
hand, if the system is prepared in a state with initial Raman
g inversion,pga> pgc, the as component will experi(_ance gain.
—n=—i(asrS,+acrsy), (43)  So, we conclude that the SF pulse evolves only in the system
ot with initial Raman inversion and contains only one mode of
_ radiation, namely g .
200nc=i(acrjp+asryy), (44) Coming back to the full system of equatiof9)—(45)
and puttinge, equal to zero, we have for the Fourier com-
2Qons=i(asryy—acrsy)- (45)  ponents,
Coming back to the definitions for the Fourier coefficients f=n—nl—o, (53
f, fg, andf., see EQ.(23), we now can express them in o o
terms of the envelope functions, fe=nl—o—n, (54

=n—nlo, (46) fs=0, (55)
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and for the components of the population|aj state, V. EVOLUTION ON THE DRIVING TRANSITION
J_ Now, having the explicit expressions for the Fourier com-
En: —iasryy, (56) ponents of the form of Eq$53)—(55), one can describe the
evolution of atomic variables in the driving transition. Sub-
ne=0, (57) stituting Egs.(54) and (55) into Eqgs.(24)—(26), we get
. = (N4 p% — M)+ (1+N—-3p2.— 3N0) cof(Qot),
290 I’ISZ—H asrgb- (58) pbb (N pCC M ( N pCC N ) co ( 0 267)

Finally we get for the SF field a self-consistent system of

(A0, O _ 2 0 _ar0)
equations of the Maxwell-Bloch type: Pec=(NO+ pe—N) + (1+N=3pe.—3NP) sirf(Qt),

(68)
( i Ez)=1 Q2P 59 i
Coz T2moan| 2D =1 QP (59 per=5(1+ N=3p%~3NO) si20ot). (69
ip: —iNE (60) As long as the probe field does not considerably change the
ot ' population of thela) state, i.e. N=A?, the driving transi-

tion experiences familiar Rabi oscillations near the equilib-
ij\/: _2i(E P—EPh), 1) riumovalue[(l—_pga)IZ] with an amplitude equal to4pd,
at —2p¢.- Increasing the probe field is accompanied by remov-
ing the population from th¢a) state. Once all the excited
atoms have transferred their energy to the probe field, i.e.,
inversion\ has changed sigoy— —N°, the SF process is
completed. The Rabi oscillations still take place between the
(620 |b) and|c) states, but with a reduced amplitude—<{2p°,

with the following definitions of inversion, polarization, and
field,

- 0 0
. 2N—Paa= Pec

2 ' —p2) and an increased equilibrium valfigl — p2.)/2].
S As followed from Eqs(41) and(42), the sine component
P Tap 63) of the two-photon coherence vanishes as a result of the sup-
27 pression of thew, mode. The cosine component behaves
identically to the polarizatior?, possessing additionally a
o % (64) constantsr/2 phase shift

J
_ .C _
In Eq. (59) we introduced the cooperative frequer@y, at Fac=2NE. (70

[wapue2N The linear amplitude losses.,, have no effect on our
Qc= T eh (65 analytics as long as conditiof17) takes place. lfo.,#0,
one simply needs to change the constant vdlyeevery-
The closed system of equatioriS9)—(61) constitutes the where to a new space-dependent variable
main analytical result of the paper, demonstrating that the
envelope of a SF pulse evolves in a three-level medium
driven by a strong coherent cw field as if it were a two-level
medium with the initial population difference

27oey

z|. (72

QO — Qoex[{ -

0_ 0 VI. NUMERICAL SIMULATIONS
Nozpaaz pcc. 66)

Numerical simulations have been performed to prove the
analytical speculations and to supplement them, going be-
The sine component of the probe field experiences gain witond the majority of the approximations made above. Figure
an increment that is proportional to the Raman populatiors shows the typical shape of the SF pulsee curveg1)] in
inversionQZ Ay, contrary to a two-level system, where the the driven system obtained from the exact numerical calcu-
increment depends on the population difference betweelations of the full set of Eqq1), (2), and(4)—(9) with initial
lower and upper states. Let us stress here that this is notand boundary conditions given by Eqd4) and (15). The

real increment for a weak field, because we initially have sepulse displays the characteristic oscillatory behavior accord-

at zero the decaying components of polarizatigg.andr,. ing to the above analytical predictions; see E3jl). More-
A more accurate study of a linear regime has to include th@ver, under our hypothesis, the slowly varying envelope of
interplay between sine and cosine modes. curve (1) has to be fitted by the solution of the reduced

The developed Maxwell-Bloch formalism gives an addi- (Maxwell-Bloch) system of equations(59)—(61). Indeed,
tional advantage in understanding the SF phenomenon in theurve (2) perfectly fits all the lobes of radiation. However, it
driven three-level system. Thus, all the properties of the twois worth pointing out that for such a good agreement we
level SF can be simply transferred to the three-level configuwould have to use two different numerical values for the
ration. initial spontaneous polarizatiot,, .



PRA 60 SUPERFLUORESCENCE WITHOUT INVERSION IN ... 1605

10000 T T T T T 1.2
1 @ tr
L .
g 1000 | > o 08F
¥ e
> 2
> = 06
G £
3 100 ¢ S o0af
3 @ 2) 02|
10 : : : : - o , , ,
0 20 40 60 80 100 120 0 5 10 15 20
cooperative frequency
0.1

FIG. 4. Dependence of the absolute value of a dimensionless
peak amplitude on the cooperative frequency (forthe two-level
configuration;(2) the three-level configuration. The amplitude and
cooperative frequency are plotted in units of Rabi frequeflgy

intensity
o
P
<

The second reason is also the consequence of the simpli-

'ﬁé 00001 fication accepted in the reduced equations. We have men-
g 16.05 ] tioned earlier that the two-level model cannot fully describe
© 3 the linear stage of evolution of the SF field, since the decay-
ing components of polarization and two-photon coherence
1e-06 20 40 60 80 100 120  Were put to zero. Their influence might be important at the
length very start of evolution of the SF pulse.

The above arguments are only of a qualitative type and

FIG. 3. (a) Delay time(arb. unit§ and (b) dimensionless peak should be treated as a partial explanation for the observed
intensity (normalized ta23) of the first burst of radiation versus the distinction in the delay times. Note here that further discus-
length of a sampléarb. unit3. For three-level numericalzurves  sion on the choice of a certain value pgb is of doubtful
(1) and(3)] the parameters aygd,=10"7, p2,=0.2, p3,=0.8, and  benefit in the framework of the semiclassical approach,
pec=0. For two-level numericalfcurves(2) and (4)] the param-  where this parameter is included phenomenologically. So,
eters argg, =107, N°=0.1. Q,=Q, for curves(1) and(2); the  we leave the detailed consideration of the initial stage of SF
cooperative frequency for curve8) and (4) is 4 times smaller  eyolution to further quantum-mechanical treatments, in
without changes in the value 61,. which the spontaneous-emission process can be described in

a natural way.

The numerical simulations that have been performed with |t js a well-established fact that the longer the delay time,
the same value of initial polarizatigsf,, show that the delay the shorter the pulses that are generated, and therefore the
time for the two-level problem is always shorter than for thehigher the amplitudes they have. Since the three-level me-
full three-level analysis; see Fig(e. At least two different  dium exhibits longer delay compared to the two-level con-
reasons can be given to explain the inconsistency. First, it ifiguration, we should expect the generation of more intense
a direct consequence of the difference between the boundapises. Figure ®) lives up to our expectations, showing the
conditions for the two problems. The analytical derivationlength dependence of the intensity of the first burst of radia-
essentially utilizes the requirement that the Rabi oscillationsion. All the curves are similar and have the quadratic depen-
on the driving transition be already established throughout @ence of the peak intensity on the length, which can be
sample. It is equivalent to the uniformly excitéthe entire  thought of as a manifestation of the SF effect. Note here that,
system inverted simultaneouglywo-level system, and the for the rather long samples, Fig. 3 displays small deviations
radiation grows throughout the sample from the same levefrom the smooth curve. This behavior becomes clear if we
of initial fluctuations, namelypJ,. On the other hand, the recall that the duration of a SF pulse decreases linearly with
real three-level system is prepared with no population inverincreasing length. So the number of oscillations covered by
sion between the bare state® and |b), and therefore ab- the envelope reduces progressively, and, hence, the position
sorbs the radiation energy in the absence of the driving fieldof the maximum associated with the oscillation peak be-
It starts to emit only after the arrival of the drive pulse, socomes less undetermined.
that the atoms at the rare end of the sample absorb the radia- Another, more direct verification of the SF effect is illus-
tion during the escape timeé=L/c, and appear to be in- trated in Fig. 4, where the amplitude dependence on the
volved in the coherent evolution only fdae>L/c. This is  atomic density(cooperative frequengys displayed. The lin-
very similar to swept excitatiofsystem inverted by a pulse ear behavior of the curves for relatively small values of the
traveling longitudinally through the medium at the speed ofcooperative frequency corresponds to the growth of peak in-
light) of a two-level systeni17]. So, the difference in the tensity asN? and, thus, gives an indication of the SF effect.
starting conditions for the SF pulse for the two approached\s long as the peak amplitude of the probe field is small
can differ significantly. enough(more than three times smaller for Fig. @mpared



1606 KOZLOV, KOCHAROVSKAYA, ROSTOVTSEV, AND SCULLY PRA 60

0.1 35
| a) a
g o.05 | Al . _ g 30 ) ]
g \ 825t
N o I v 2
% | 220
&, -0-05 - § i
;;- 15 |
-0.1 . z
o 500 1000 1500 2000 S 10
N
© £ st
Q 0.1
5 o.os | i 1
B o | b) 0 -
© 0.06 . b -60 -40 -20 0 20 40 60
< oo0a |
Q i
O ooz | |
o o i ) 30
8 oozt |
© -0.04 |
a -0.06 | \ g25¢ b) |
& -o.o8 E
Z -0.1 : D 20
2 500 1000 1500 2000 3
(=9
0.25 “15
' oy
C) 1 7 10
g o
= 2
k| £ °
=
& o L. . . .
(=9 -1500 -1000 -500 o] 500 1000 1500
frequency (arb.units)

o 500 1000 1500 2000

time (arb. units) FIG. 6. Intensity spectréarb. unitg of the SF pulses, which are

shown in Fig. 2.(a) Two-level model;(b) three-level model, inset

FIG. 5. Comparison of the exact numerical solution of Egs.shows the detailed structure of the left component centered at
(1)—(9) with initial and boundary condition&5) and the numerical = —520.
solution of the equivalent system of Maxwell-Bloch equations
(59)—(61): (a) polarizationp,, (solid line) andP (dashed ling (b)  the polarizationP. One can see tha®(t) faithfully copies
polarizationp,,. (solid line) andP (dashed ling (c) populationp,,  the slowly varying variations op,, and p,.. The temporal
(solid line) and (V+A°) (dashed ling almost indistinguishable. ~ dynamics of the population of tHa) statep.., is displayed
All the curves are plotted for the point at the rare end of the medin Fig. 5(c) by a solid line. As one could expect from ana-
dium, z=L. The parameters are the same as for Fig. 2. lytical consideration, it changes slowly in time and does not

exhibit any noticeable fast variations associated with Rabi

to the driving field, the results for the two-level computation ggcillations on the coupling transition. Again, the numerical
COpy the Output f0r the fu” thl’ee-|eve| model. W|th a further Simulations perfect'y match the two_|eve| Computations
increase in intensity the analytically predicted agreement be('dashed curve Note here that variations in the Rabi fre-
comes inapplicable, and the pulse shapat shown takes a  quency of the driving field do not affect the parameters of a
chaotic structure without any visible regularities. In othergg pulse, and change only the density of oscillations under
words, the consideration in terms of fast oscillations modu+pe pulse envelope.
lated by a slowly varying envelope becomes incorrect. TWO The spectral characteristics of a SF pulse contain addi-
different effects come into play with the density growth:  tional information about the underlying physics. Thus, Fig.
the self-action of the probe pulse through the interaction withgp) displays a spectrum of an output SF pulse with widely
the coupling transition; ani) the effect of stimulated emis- separated peaks, which are arranged symmetrically near the
sion, i.e., the amplification of the pulse due to the propagaresonance frequency. Such a shape is a direct manifestation
tion through an extremely dense sample. The latter is alsgf the dynamic Stark splitting of the ground level under the
responsib_le for _deviations from the perfect line for the two-action of a strong driving field applied on the coupling tran-
level configuration. _ sition. The fine structure of each of the peaks reproduces all

As we have mentioned in Sec. IV, only the sine compo-the features of a SF spectrum for a two-level medium; see
nents ofp,, and« can survive in the inversionless medium. Fig. §a). So, the separation of the fast and slow motions in
In a similar spirit, the sine component of the two-photonthe temporal representation is embodied in the spectral pic-
coherence decays, while the cosine arje, displays exactly ture in the form of distant harmonig&s the result of fast
the same time-dependent behavior gs; see Eq(70). Fig-  oscillations, each displaying the internal structuf@ssoci-
ures %a) and §b) show the time evolution of the polariza- ated with the slowly varying envelopeA closer look at Fig.
tion p,, and two-photon coherengg,. for the atoms located 6(b) allows us to detect the presence of harmonics oscillating
at the rare end of the sample=L). The envelopes are with double frequency. It is precisely these terms that are
identical for both the curves and are obtained from the nuneglected in our theoretical treatment.
mericals on the two-level modéb9)—(61) as a solution for So far, we have discussed primarily the temporal behavior
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FIG. 7. Plots of the populationd) paa, (2) ppp, and(3) pc as functions ofz/L (along the sampleat (a) t=300, (b) t=600, and(c)
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at (d) t=300, (e) t=600, and(f) t=900. The dimensionless field is normalized(g.

of field and atomic variables. To complete the analysis let uslensity matrix also display slow space variations. Thus, the
consider spatial propagation effects, which strongly influenceearly harmonic exchange of populations betwéenand

the shape of a SF pulse in an extended SF system, as whS states is simply the space distribution of Rabi oscillations
fully realized in Ref[12]. In the Bloch formalism for a point having the space-time dependence of the formtbf-@/c);
sample, a totally inverted system corresponds to a vectaee Eqs(67) and (68).

pointing straight up, analogous to a rigid pendulum balanced Summarizing the numerical results, we conclude that the
exactly on end. Similarly, the initially inverted extended me-equivalent Maxwell-Bloch system of equations perfectly de-
dium corresponds to a spatial distribution of Bloch vectorsscribes the basic features of the SF phenomenon in a three-
all pointing straight up. However, as was pointed out in Reflevel medium for large values of the driving field. There is
[12], the individual Bloch vectors of the extended medium,no need for further consideration in the sense that the two-
which are coupled together via the common radiation fieldJevel SF is well studied, and all the results obtained in the
may evolve differently, owing to propagation effects. The previous works can simply be extended to the three-level
regenerative amplification process leads to a rapid deexcitaonfiguration.

tion of a certain region of the medium, after which essen-

tially all of the population is brought into the lower level; VII. DISCUSSION

i.e., the Bloch vectors all point downward. Deexcited regions

can then be reexcited by the radiation from other regions, Let us consider in detail the dynamics underlying the am-
which gives rise to the ‘“ringing” observed in the output plification process of the spontaneous field on the probe tran-
radiation. As one can see from Fig. 7, a similar behavior issition. We start from the linear stage of evolution, when the
typical for the driven system as well. Additionally to the probe field is not of an appreciable value. Then, the popula-
spatial evolution of the two components of the Bloch vectortions on the driving transition oscillate between th¢ and
(here, p,p, and p,,), the other elements of the three-level |c) states with an amplitude equal pﬁb—pgc, while p,,
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driving transition,py, [curve (1)] and p.. [curve (2)], for the point  relaxation rates(1) v, for y,>¥50, 20, ¥ae. ¥e: (2 yap for
at the rare end of the medium=L. The temporal evolution g, Yab=Yae> Ya: Yo Yop: (3 Yeb fOr %> 00, Y20, ¥oe, va: ()
andp,, is shown by curves3) and(4), correspondingly. Time is in Y TOr ¥20= Y202 ¥a, ¥e. ¥2h: (5) Yab fOr ¥2> Y20 (6) ap for
units of Qg L. The shaded regions indicate “windows” of bare ¥3p>7a. Curves(5) and(6) are plotted for the equivalent two-level
inversion, i.e., whem > ppp - system. Parameters for the three-level and two-level systems are the
same as for Fig. 2. The inset shows the details that are not resolv-

keeps its initial valuepga; see Fig. 8. Similar oscillations able in the plot

take place in space, which is clearly seen in Figa)-77(c).
As we have shown previously, the SF develops only in gAfter a discussion of the ideal SF is a proper place to take
system with initial Raman inversion, such that statpis to  various decay channels into consideration, and to analyze the
be populated more than state) at t=0. This condition role of each decay constant.
implies that the “windows” of bare inversionpi,> ppp,) The decay op,p plays the same role as that for a simple
and Raman inversionp{,>p..) are opened for a certain two-level system, resulting in the destruction of the coopera-
period of time. Looking at a period of Rabi oscillations onetive behavior of atomic dipoles at tHa)— |b) transition.
can see that the windows of bare inversion coincide withCurves(1) and(2) of Fig. 9 are plotted for a dilutéwhere
windows of Raman absorption, and vice versa. Howeveryg'g< va) and for a dens(axvhereygg> va) medium, respec-
averaging the populations over a period of Rabi oscillationstively. One can see that the decay of population of diae
and keeping in mind the inversionless conditipf,<pg,,  has a much more dramatic effect on pulse energy than the
we get pure dephasing processq@,{], which are not accompanied
by changes in populations.
It is interesting to note that the decay rates of both upper
levels, y, [see curvel) in Fig. 9] and y, [see curve3) in
Fig. 9], produce an almost identical effect on pulse energy.
i.e., the area of the absorption windows is larger than the arebhis can be easily understood in terms of inversion windows.
of the “amplification windows.” In spite of that, a probe As we have learned from the above consideration, the am-
radiation experiences gain, and the inequalit®) allows us plification rate of a SF pulse is proportional to the areas of
to classify it as a “LWI gain in average.” these windows. The decay of population from thé state
The polarizationp,,, which oscillates with a doubled continuously lowers the upper borders of the windows, re-
Rabi period, is zero exactly at the points of largest onesulting in a decrease of their total area. On the other hand,
photon absorptioand largest Raman inversion, correspond-the decay from théc) state gradually reduces the amplitude
ingly); see Fig. 8. On the other hangd,, develops their of the Rabi oscillations, while keeping their equilibrium
nonzero(negative and positiyeportions when windows of value,pgb—pgc, unchanged. This process leads to a decreas-
bare inversion are opened. Averaging over two periods oing in size of an inversion window by raising its lower bor-

(Paa)av<(Pcc)av=<(Pbb)av (72

Rabi oscillations(corresponding to one period pf, oscil-  der. Note thatyQQ produces the same effect on the Rabi
lations we finally get an amplification for the probe field, oscillations, and hence the decay cur(@sand(4) are close
i.e., (Pap)ay=>0. to each other.

The above consideration helps us to understand why one Curves(5) and(6) in Fig. 9 show the dependence of pulse
mode of radiationits sine componentamplifies, while the energy on the relaxation rates for the two-level system with
other vanishes. The suppressed m@sine componehbs-  the same value of cooperative frequency. The decay of the
cillates with aw/2 phase shift, such that the extremapgf,  upper statdsee curveg5)] results in a very similarly abrupt
coincide with peaks of bare absorption, and hence, on avetermination of SF as for the three-level modlebmpare to
age the probe field loses energy. curves(1) and (3)]. However, for the two-level system the

Based on our numerical calculations, showing that anydephasing process alofgee curvg6)] produces a less pro-
relaxation process leads to the termination of the SF effechounced effecfcompare to curvé?2)]. The faster decay in
we have neglected them completely through our analysighe three-level configuration can be associated with the ad-
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ditional decay channel—the relaxation of the two-photon copulse is perfectly described in terms of a slowly-varying en-

herencey?! (in the example we pui=Pl). This decay velope function filled with fast oscillations. The latter are

channel does not appear in a two-level system for obviougssociated with Rabi floppings on the driving transition, and

reasons. The relaxatiopf! destroys the correlation between the envelope is just a solution of the corresponding Maxwell-

the driving and probe fields, and, hence, additionally contribBloch equations.

utes to the energy damping. These Rabi floppings periodically produce windows of
bare inversionp,,— ppp,=>0. The polarization on a SF tran-
sition builds up in those time intervals whep,,— ppp

VIIl. CONCLUSIONS reaches its maximum, and becomes close to zero during the

We have studied the SF effect in a coherently driVenintervals of maximal absorption. In the average, i.e., after

V-type medium, and shown that the collective spontaneou@tegraﬂng over a period of Rabi o;qllanons, the populations
emission is possible even with a minor population of theOf the states satisfy the LY}” conditidfi2), so that. the phe—
upper SF state|4&) in our notations Two necessary condi- n_om”enon may be (_:alled_ sup_erfluor_escen_ce without inver-
tions are to be fulfilled to achieve a SF reginfie:the initial sion” by analogy with lasing without inversion.

Raman inversion between two upper state$,and|c); (ii)

a gcrit_)wth rate of a SF larger than all relaxation rates of the ACKNOWLEDGMENTS
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