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Local-field effects in a dense ensemble of resonant atoms:
Model of a generalized two-level system

A. A. Afanas’ev,1,* A. G. Cherstvy,1 R. A. Vlasov,1 and V. M. Volkov2

1Institute of Physics, Belarus Academy of Sciences, 70 F. Skaryna Avenue, 220072 Minsk, Belarus
2Institute of Mathematics, Belarus Academy of Sciences, 11 Surganov Street, 220072 Minsk, Belarus

~Received 4 June 1998!

The local-field effects are considered which are feasible in a dense ensemble of resonant atoms modeled by
multilevel quantum systems. Our approach is based on the generalized two-level system@V.S. Butylkin, A.E.
Kaplan, and Yu.G. Khronopulo, Zh. E´ksp. Teor. Fiz.59, 921 ~1970!#. Making use of this model, we take
account of the nonresonant polarization and Stark shift of the absorption line due to the difference in linear
polarizabilities of atoms in ground and excited states. With near dipole-dipole interaction and quadratic Stark
effect included simultaneously, new features of the hysteresis behavior of the population difference as a
function of the external-field intensity are predicted.@S1050-2947~99!01504-8#

PACS number~s!: 42.65.Pc, 42.25.Gy
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I. INTRODUCTION

In Ref. @1# it was shown that under conditions of resona
radiation absorption by a dense medium the near dip
dipole ~NDD! interaction or local-field effect is a mechanis
that leads to the spectral shift of the absorption line, which
equal tonvL wheren5n12n2 is the level population dif-
ference,vL5(4p/3)N0m2/\ is the Lorentz frequency,m is
the dipole transition moment, andN0 is the density of reso-
nant atoms. This inference seemed to be an important im
cation for the prediction of the bistable dependence of po
lation differencen on the radiation intensityI or intrinsic
optical bistability~IOB! @2#. The local-field correction modi-
fies the Bloch equations in a nontrivial way, and this is ju
what admits a two-valued solutionn(I ). The prediction of
IOB @2# stimulated quite a number of investigations devo
to different aspects of this phenomenon~see, for example
Refs. @3–5#!. The appearance of IOB is feasible at suf
ciently high concentrations of resonant atoms. However,
creasing the density of resonant atoms by itself does
necessarily provide the bistable behavior of the popula
difference as a function of the external-field intensity. In t
relevant theory there is a criterion~necessary threshold con
dition! that has the formb[T2vL>4 whereT2 is the lateral
relaxation time@4#. Thus parameterb plays the role of the
NDD interaction constant, that has to take on the ‘‘magi
value of not less than approximately 4. The above inequa
imposes a very rigid restriction on the feasibility of IOB. F
example, for a collision-broadened gas this condition is
satisfied in principle and the optical bistability is not atta
able@4#. These considerations to a great extent motivated
study, the results of which are presented in this paper. H
we show that a dense ensemble of atoms modeled by m
level quantum systems displays a more complicated~in com-
parison to ordinary two-level systems! dynamics of IOB due
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to the renormalization of the local-field amplitude and ad
tional shift of the resonant absorption line caused by
quadratic Stark effect. It is remarkable that a dense ensem
of multilevel resonant atoms gives a chance of reducinb
~up to b,1) to attain conditions required for the emergen
of IOB. Our examination presumes the adiabatic characte
the change in the external-field intensity and is not concer
with the radiation propagation effects.

To describe the resonant interaction of the fieldE
5Ee2 ivt with the multilevel quantum systems under cond
tions of the one-photon resonance, use is made of the m
of a generalized two-level system proposed and develo
by Butylkin, Kaplan, and Khronopulo@6#. In the framework
of this model one can correctly take into account the cha
in the resonant medium polarization influenced by the q
dratic Stark effect related to the difference between the lin
polarizabilities of atoms in groundu1& and excitedu2& states.

It is worthwhile to divide our further treatment of th
subject as follows. In Sec. II we address the modification
Bloch equations that are intended for the adequate des
tion of multilevel systems. Section III is the principal on
where the basic idea is formulated into the proper equa
for the population difference. Section IV illustrates a varie
of feasible situations where the high density of multilev
atoms results in novel properties of IOB. In conclusion,
Sec. V some experimental points and possible applicati
are briefly discussed.

II. GENERALIZED TWO-LEVEL MODEL.
MODIFIED BLOCH EQUATIONS

In the case of the one-photon resonance the Bloch eq
tions for the generalized two-level system can be written
@6#

ṅ52
4m

\
Im~EL* P!2

n21

T1
, ~1!
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Ṗ5 i
m

\
ELn2

P

T2
@12 i ~d2V!#, ~2!

whereP is the polarization amplitude,T1 is the time of lon-
gitudinal relaxation, andd5T2(v2v0) is the normalized
detuning of the frequencyv of the acting field from the
frequencyv0 of resonant transitionu1&↔u2&. Equations~1!
and~2! are distinguished from the usual Bloch equations
the ordinary two-level system@7# by the parameter

V5guELu2[
k12k2

\
T2uELu2. ~3!

It determines the Stark shift of the absorption line due to
nonresonant interaction of the field with a multilevel qua
tum system. Here

k j5
2

\ (
n.2

umn ju2vn j

vn j
2 2v2

1
~21! j umu2

\~v01v!
~4!

are the tensor components of the linear atomic polarizab
in the j th state (j 51,2) at the frequencyv, mn j and vn j
being the dipole moments and frequencies of nonreso
transitionsun&↔u j &. The local-field amplitudeEL involved
in Eqs.~1! and~2! is defined taking into account the Lorent
Lorenz correction:

EL5E1
4p

3
P, ~5!

whereP is the macroscopic polarization amplitude for
ensemble of resonant atoms. As is shown in Ref.@6#, in the
generalized two-level model of quantum systems the po
ization amplitude is

P5Pnonr1Pres5
N0

2
@k11k21~k12k2!n#EL1mN0P.

~6!

In view of Eq. ~6! the local-field amplitude is reduced to

EL5aS E1
4p

3
mN0PD , ~7!

with

a5S 12
2p

3
N0@k11k21~k12k2!n# D 21

, ~8!

and the inequality (2p/3)N0@k11k21(k12k2)n#,1 takes
place. Consequently, the influence of the nonresonant
Pnonr results in the renormalization of the local-field amp
tude. It is interesting that this renormalization resembles
of the local field in the case of an ensemble of reson
atoms embedded into a host~background! dielectric medium
@8#. However, in our case becausek1Þk2 the renormaliza-
tion parametera depends on the population differencen of
resonant levels. Equations~1! and ~2! can be recast using
Eqs.~3! and ~7!, so that
r
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ṅ52
4md

\
Im ~E* P!2

n21

T1
, ~9!

Ṗ5 i
md

\
nE2

P

T2
$12 i @k1huPu21s Re~E* P!#%,

~10!

where the new symbols introduced arek5d1abn
2a2guEu2, h52g@(4pa/3)N0m#2, s52ga2(8p/
3)N0m; b5(4p/3\)m2N0T2 is the above introduced con
stant of NDD interaction.

Thus in the model of a generalized two-level system
Stark shift of the absorption line is caused by two mec
nisms: the NDD interaction and nonresonant medium-fi
interaction. Note that wheng˜0 and a˜1 Eqs. ~9! and
~10! go over into the modified Bloch equations for the ord
nary two-level system@1–5,8,9#.

III. BASIC RELATIONSHIPS

Let us analyze Eqs.~9! and~10! in the stationary approxi-
mation (ṅ50, Ṗ50). As a matter of convenience we rep
resent Eq.~10! as a system of two equations for two comp
nentsU andV (P5U1 iV):

a
m

\
nEI2

V

T2
1

U

T2
@k1h~U21V2!1s~EIU1EIIV!#50,

~11!

a
m

\
nEII2

U

T2
1

V

T2
@k1h~U21V2!1s~EIU1EIIV!#50.

~12!

Here E5EI1 iE II . From stationary equation~9! it follows
that

~EIV2EIIU !5
\

4ma

12n

T1
, ~13!

and bearing it in mind, after simple algebraic manipulatio
from Eqs.~11! and ~12! one can obtain the relationship

U21V25
n~12n!

2D
, ~14!

whereD52T1 /T2 . Equation~14! is essentially an analog o
the probability conservation law that holds for time interva
substantially less thanT1 andT2 @7#, its form in our notation
beingU21V214n25const . Relationship~14! enables Eqs.
~11! and~12! to be transformed to the single quadratic equ
tion for P

S s

2
E* D 2

P21 i F12 i S k1
h

2D
n~12n! D GP

1EnS s

4D
~12n!1

amT2

\ D50, ~15!

the solution of which has the form
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P5
E

isuEu2
H F12 i S k1

h

2D
n~12n! D G2AF12 i S k1

h

2D
n~12n! D G2

12suEu2nS s

4D
~12n!1

amT2

\ D J . ~16!

It should be noted that the second root of Eq.~15! has no physical meaning, since atg˜0 anda˜1 it gives a divergent
solution for the polarization. And solution~16! becomes the well-known expression for the polarization amplitude corresp
ing to the conventional two-level system@9#. To simplify further analysis, let us reduce the number of parameters
introducing corresponding physical quantities. In particular, the conditionV51 permits us to introduce a constant th
determines the intensity of the Stark field,

uEuSt
2 5

\

uk12k2uT2
, ~17!

at which the absorption line shifts by a value of 1/T2 . Another characteristic parameter of the problem is the intensity of
resonant transition saturation atd50:

uE0u25S \

2m D 2 1

T1T2
. ~18!

As will be shown below, the quantity

k5sgn~g!
uE0u2

uEuSt
2

~19!

is, together witha, an additional dimensionless parameter that arises in changing over to the model of a generalized tw
system. Substitution of Eq.~16! into stationary Eq.~9! results in an equation of the sixth degree for the population differe
of resonant levels:

(
m50

6

bmnm50, ~20!

the coefficients being functions of parameters of our systemb, d, D, k, f512(2p/3)N0(k11k2), and the normalized
intensity I 5uEu2/uE0u2:

b05~2bk1f!@ I 2k212kf2~2b2k2Id!24bkf31f4~11d2!#,

b158b4k4Df12b3k2@ Ik1f2d14kf2~223D!#24b2kf$Ik~11kdD!1f2@d16k25kD2kDd2#%

2f$I 2k21If2~122dk!1f4~11d2!%1b$I 2k3~22D!1Ikf2@312kd~3D22!#%

1bf4$2d12k~d215!25kD~11d2!%,

b25bI2k3~D21!2b5~k314D2k5!22b2fIk2~3D24!~11kDd!2b4k2f@2314kD~d18k26kD!#

2Ikbf2@323D12kd~3D21!#1b2f3$112k@12k14d24D~d1kd215k!15kD2~11d2!#%

2bf4$2d15k1kd225kD~11d2!%2b3k„22Ik2@kdD212D23#

13f216kf2$d22dD14k1kD@2121D~51d2!#%…,

b352b3k3$24b21b2D@312kD~4kD2d28k!#%2b3k3I @261D~814kdD22kdD223D!#

1b2k2fI @2416D23D212kDd~3D22!#1k2b4f$2916D212kdD~D21!%14k2D@12218D1D2~51d2!#}

2b3kf2$3D2626kd212kdD~D22!12k2@28136D230D226D2d215D3~11d2!#%

2b2f3$114kd28kdD18k224k2D~51d2!110k2D2~11d2!%,

b452b3Ik3~D21!~2D2212kD2d2D2!2b5k3$629D1D2@316kd24kdD124k2224k2D1k2D2~51d2!#%

2b4k2f$2923D~D24!14kdD@312D~D23!#1k2D@32272D18D2~51d2!25D3~11d2!#%

2b3kf2$323D12k@d16dD~D21!12k1kD~212115D13Dd225D225D2d2!#%,
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b552b5k3$2419D1D2@2622kd~D21!~D23!1D1k2~D22!~828D1D21D2d2!#%

2b4k2f$313D~D22!24kdD~D21!~2D21!1k2D@24D2824D2~51d2!15D3~11d2!#%,

b65b5k3~D21!$122D1D2@122kd~D21!24k2~D21!1k2D2~11d2!#%.
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In going over to the conventional two-level system~when
k˜0 andf˜1) Eq.~20! gives the well-known cubic equa
tion for n @1–5,8,9#.

IV. DISCUSSION OF RESULTS

Equation ~20! predicts qualitatively new features of th
dependence of the population difference on the external-fi
intensity. They are due to the nonresonant polarization c
ponent and joint exhibition of the NDD interaction of atom
and Stark shift of the absorption line because of the dist
tion in the linear polarizabilities in the ground and excit
states. That is, the more complicated nonlinear behavio
the population difference is provided by the renormalizat
of the field amplitude and different nature of the absorpt
line shift versus the external-field intensity because of ND
interaction and quadratic Stark effect.

As a result, our theory predicts less rigid conditions of t
IOB appearance and substantial change in its properties
pending on parameters of a dense resonant medium an
external field. In Ref.@10# ensembles of ions O2

2 in KCl
crystals and coupledI 2 excitons in CdS monocrystals ar
proposed as promising systems for the experimental ob
vation of IOB. However, such dense disordered ensem
are similar, in their spectroscopic properties, to gaseous
dia where the same mechanism is responsible for both
local-field effects and absorption line broadening@11#. As is
shown in Ref.@12#, the local-field correction is important a
the relatively high densityN0 of resonant atoms when th
collision broadening is dominant and, respectively, we arr
at the relation

T2'
\

hCpN0m2
, ~21!

where, for instance, for transitionj 51˜ j 50 the parameter
hC52p/3. It is easily seen that in this case the NDD inte
action constantb does not exceed the value 2/p.0.64. Ac-
tually, this is related to the fact that the increase in the d
sity N0 of resonant atoms is compensated by
corresponding decrease in the lateral relaxation timeT2 .
This result is valid in the framework of the binary-collisio
approximation whenN0r0

3!1 @13#, wherer0 is the Weis-
skopf radius. For gases atm2<10236 erg cm3 and the mean
velocity of thermal motionV'105 cm s21 this condition
holds up toN0'1020 cm23. Thus by virtue of the restriction
on the NDD constant for gaslike media, the theory based
the ordinary two-level model fails to substantiate the IO
phenomenon, for the requirementb*4 cannot be fulfilled. It
is notable that in the case of the generalized two-level mo
the situation drastically changes@and this is corroborated b
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FIG. 1. Population difference of resonant levels as a function
the external-field intensity for different values of the parameterx0

5pN0k̄ (k5pmx0/3D, f5122x0/3) at b50.64, d520.5, D
55, and m50.8: ~b! x050.41; ~c! x050.82. Curve~a! corre-
sponds to the ordinary two-level model withx050 (k50 andf
51). With the density of resonant atoms chosen, the maxim

valuex050.82 corresponds tok̄55310221 cm3.
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FIG. 2. Same as Fig. 1 but for different values of the coefficientD at b56, d522, f50.4, andk50.025: ~b! D54; ~c! D54.5; ~d!
D55; ~e! D510; ~f! D520. As with Fig. 1, curve~a! is plotted in accordance with the ordinary two-level model (k50 andf51).
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the numerical so-lution of Eq.~20!#; namely, the Stark shift
of the absorption line and field amplitude renormalizati
related to the nonresonant interactions results in the IOB
b,4.

Figure 1 illustrates the curven5n(I ) numerically ob-
tained from Eq.~20! for different values of coefficientsk and
f. The parameters chosen are typical for dense gaseous
dia: N055.231019 cm23, m2510238 erg cm3, T252.9
310210 s. The numerical values of the susceptibility tens
components for thek j (k11k2[k̄ and uk12k2u/k̄[m
,1) are quoted from the monograph by Butylkinet al. @14#.
As is seen in Fig. 1, with allowance for the nonreson
polarization component and quadratic Stark effect, the
pendencen(I ) undergoes substantial changes. In particu
r

e-

r

t
e-
r,

while increasingk̄, the initially monotonic curven(I ) dis-
plays the hysteresis~IOB! in the region of comparably sma
values of the external-field intensityI (I<2) at b,1. Our
analysis shows that the reason for the IOB appearance i
additional shift because of the quadratic Stark effect. And
local-field amplitude renormalization due to the nonreson
polarization provides a displacement of the IOB region in
direction of smaller values ofI. It is important to emphasize
that in the high-intensity region (I .2) there occurs a mono
tonic increase in the population difference up to the limiti
~unit! value because of the ‘‘system drift from resonanc
due to the Stark shift of the absorption line.

For the IOB observation to be achievable in an ensem
of two-level atoms atb*4 one might use ordered system
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where the NDD interaction is responsible for the emerge
of exciton bands. These might be molecular crystals@11#, in
which case exciton lines must be observed in optical spe
at low temperatures@15#. The very existence of exciton state
suggests that the exciton bandwidthe.vL is greater than the
reciprocal of lateral relaxation timeT2

21 . Accordingly, the
necessary conditionvLT2[b@1 can be realized at low tem
peratures@11#.

In Fig. 2 we show the hysteresis behavior ofn(I ) in or-
dered systems for different values ofD52T1 /T2 at b56,
d522, f50.4, andk50.025, which corresponds to th
following values of physical parameters:N051.531020

cm23, k̄52310221 cm3, m50.5, m2510238 erg cm3, T2
51029 s. As is seen from Fig. 2, accounting for the no
resonant polarization component and quadratic Stark ef
makes the dependencen(I ) more complicated. In particular
at D54 the functionn(I ) is a bistable curve that has tw
hysteresis loops in different regions of the field intensi
With a relatively small increase inD, the region of the sec
ond hysteresis loop is appreciably extended in the direc
of smaller values of the external-field intensity, which lea
then to the intersection of the hysteresis loop regions.
D.10 the dependencen(I ) is again transformed into a one
loop curve, the area thereof being much greater than that
bistable curve corresponding to the ordinary two-le
model.

Note that in our calculations the timeT2 was assumed to
be fixed. Then, in fact, a change inD implies a change in the
time T1 and, as a result, intensity of the resonant transit
saturation@see Eq.~18!#. That is why, when the curves i
Fig. 2 for different values ofD are compared, the renorma
ization of the external-field intensityI (D) should be re-
garded.

Thus the behavior and properties of a dense ensemb
resonant multilevel systems is a direct consequence of
concerted influence of nonresonant and NDD interactio
This gives rise to qualitatively novel bistable effects:~i! ap-
pearance of bistability in the region of small values of t
NDD constant (b,1); ~ii ! emergence of two hysteres
loops; ~iii ! intersection of hysteresis loops.

We underscore that in our study of IOB the field intens
is assumed to be a given external parameter. Such a co
eration is valid for thin optical samples where the attenuat
of the field propagating therein may be ignored. For de
resonant media the absorption lengthL0;l/10 (l is the
wavelength! @2# and, respectively, the external-field intens
may be supposed as a given parameter for samples of th
nessL,L0 . The analysis of propagation effects requires
solution of the self-consistent Maxwell-Bloch system. W
have restricted ourselves only to the investigation of med
polarization that determines the medium permittivity. T
bistable polarization behavior is sure to result, for examp
in the hysteresis reflection from a dense resonant med
Without solving the very boundary value problem here, o
can set forth, nevertheless, some interesting peculiaritie
be expected. Undoubtedly the hysteresis in reflection m
e
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correlate with the formation of near-surface phase transi
layers~domains!. In the case of the bistable curve with tw
hysteresis loops@see Fig. 2~b!# two light-induced interfaces
and, respectively, two domains of different-level excitati
must be formed. Then there will be a double light-induc
sharp discontinuity in the nonlinear permittivity. Of cours
this will have an effect on reflectivity. To be more exact, t
intensity-dependent light reflection coefficient is expected
have two hysteresis loops too. Ifb,1, i.e., a medium is
virtually rarefied enough, in solving the problem one m
take advantage of the slowly varying amplitude approxim
tion, with applicability limits holding good; that is, the ex
amination of propagation effects can be simplified the
This boundary value problem will be considered elsewhe

V. CONCLUSION

At present we have no information concerning direct e
perimental evidence of IOB in dense resonant media. W
respect to the recent highly interesting research reporte
Refs.@17,18# where the authors presumably attribute the o
served bistability to the local-field influence, in our opinio
the question of a veritable bistability mechanism here
nevertheless, still open and requires an additional analy
To our knowledge, to date there are only reliable experim
tal data on the exhibition of local-field effects in a den
atomic potassium vapor where their influence leads me
to a deformation of the profile of the resonant absorption l
@19#. The plain fact is that the main difficulty in attainin
IOB in dense resonant media described by the conventio
two-level model lies in the relatively large required value
the NDD interaction constantb (b*4). Our results show
that preferable media might be ones described by the ge
alized two-level model and having a significantly smal
threshold value ofb (b,1).

Therefore the successful search for resonant media
the suitable constant of the Stark shift can be expected to
the rather severe restriction on the parameterb. Our estima-
tions look quite encouraging for finding desirable para
eters. The feasible reduction of the constantb, which facili-
tates the emergence of IOB, is likely to offer a real prosp
for the hysteresis phenomenon observation in relatively
lute resonant media~with b,1) and possible applications i
optical computing. In particular, the two-loop bistability ca
be used in producing multiplexer logic elements and diff
ent devices of integrated optics@16#.

ACKNOWLEDGMENTS

The preliminary results obtained were reported at the
International Seminar on Quantum Optics, Minsk, Belar
The research was partially supported by the Fundame
Research Foundation of the Republic Belarus~Grant No.F
97-062!.



e

. A

ys

v.

el

,

ev

v. A

.
r

.C.

m.

v.

PRA 60 1529LOCAL-FIELD EFFECTS IN A DENSE ENSEMBLE OF . . .
@1# R. Friedberg, S.R. Hartmann, and J.T. Manassah, Phys. R
Phys. Lett.7C, 101 ~1973!.

@2# Y. Ben-Aryeh, C.M. Bowden, and J.C. Englund, Phys. Rev
34, 3917~1986!.

@3# J.W. Haus, Li Wang, M. Scalora, and C.M. Bowden, Ph
Rev. A 38, 4043~1988!.

@4# R. Friedberg, S.R. Hartmann, and J.T. Manassah, Phys. Re
39, 3444~1989!.

@5# R. Inguva and C.M. Bowden, Phys. Rev. A41, 1670~1990!.
@6# V.S. Butylkin, A.E. Kaplan, and Yu.G. Khronopulo, Zh. E´ksp.

Teor. Fiz.59, 921 ~1970! @Sov. Phys. JETP32, 501 ~1971!#.
@7# L. Allen and J.H. Eberly,Optical Resonance and Two-Lev

Atoms~Wiley, New York, 1975!.
@8# M.E. Crenshaw and C.M. Bowden, Phys. Rev. A53, 1139

~1996!.
@9# A.A. Afanas’ev, R.A. Vlasov, V.M. Volkov, and N.B. Gubar

J. Opt. Soc. Am. B15, 1160~1998!.
@10# M.E. Crenshaw, M. Scalora, and C.M. Bowden, Phys. R

Lett. 68, 911 ~1992!.
p.,

.

A

.

@11# V.A. Malyshev and E. Jarque Conejero, Opt. Spectrosk.82,
630 ~1997! @Opt. Spectrosc.82, 582 ~1997!#.

@12# R. Friedberg, S.R. Hartmann, and J.T. Manassah, Phys. Re
40, 2446~1989!.

@13# J.T. Manassah, Phys. Rep.101, 359 ~1983!.
@14# V.S. Butylkin, A.E. Kaplan, Yu.G. Khronopulo, and E.I

Yakubovich, Resonant Interactions of Light with Matte
~Nauka, Moscow, 1977!.

@15# A.S. Davydov,Theory of Molecular Excitons~Plenum, New
York, 1971!.

@16# J.W. Haus, C.M. Bowden, and Chi C. Sung, inOptical Bista-
bility III, Proceedings of the 3rd Topical Meeting, edited by H.
U. Gibbset al. ~Springer, Berlin, 1986!.

@17# M.P. Hehlen, H.U. Gudel, Q. Shu, J. Rai, S. Rai, and S
Rand, Phys. Rev. Lett.73, 1103~1994!.

@18# M.P. Hehlen, H.U. Gudel, Q. Shu, and S.C. Rand, J. Che
Phys.104, 1232~1996!.

@19# J.J. Maki, M.S. Malcuit, J.E. Sipe, and R.W. Boyd, Phys. Re
Lett. 67, 972 ~1991!.


