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Redistribution of resonance radiation in hot and dense plasmas
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A method for calculating the redistribution of resonance radiation in hot, dense plasmas is developed by
extending the frequency fluctuation model~FFM!. This model was originally designed as a numerical proce-
dure for the calculation of the spectral shape of Stark-broadened lines emitted by multielectron ions and has
been particularly useful in computations accounting for the ion dynamics effect. The FFM is based on a
numerical technique that replaces the primitive inhomogeneous Stark component contributions to the linear
response line shape with the observable radiative channels. These channels can be viewed as equivalent to a
system of microfield dressed two-level radiators, the Stark-dressed transitions~SDT!, which emit a set of
spectral lines that reproduce the main features of the first-order radiative properties of the emitter. The mixing
of these transitions through a stochastic process is equivalent to random fluctuations of the local ion microfield.
The SDT form the basis for the extension of the FFM to the computation of nonlinear response functions. The
theory of the second-order radiative redistribution function is reviewed and examples are given.
@S1050-2947~99!08008-7#

PACS number~s!: 32.70.2n, 52.25.Qt, 95.30.Jx
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I. INTRODUCTION

Recent advances in the computation of the radiative pr
erties of complex ions in hot, dense plasmas, made pos
by the development of the frequency fluctuation mo
~FFM! @1#, have resulted in an adequate understanding of
effect of the plasma environment on the emission or abs
tion process and the shape of the associated spectral line@2#.
In addition, the FFM treatment of ion-field fluctuations h
resulted in line-shape calculations that provide good diagn
tics of the plasma parameters under a wide range of co
tions @3–5#. The next logical step in understanding the rad
tive properties of hot, dense plasmas is to develop models
the study of the multiphoton response, e.g., the scatterin
resonance radiation. One motivation for this study is that
lines with a large optical depth there remain difficult pro
lems involving radiative transfer. Beyond the simplest
sumption that the line shape is independent of the radia
redistribution, these problems cannot be understood sim
through calculations of the one-photon absorption or em
sion spectrum, but require the development of a comp
tional ability to treat the scattering of near-resonant radiat
in hot, dense plasmas. This means that a theoretical for
lation of the two-photon plasma spectral properties in
presence of a combination of homogeneous and inhom
neous broadening processes must be developed. In the
lowing, this will be accomplished by extending the usu
linear response formulation of the spectral line shape to
higher-order absorption and re-emission response func
that is required for the computation of radiation redistrib
tion.

Two basic radiative redistribution processes can be c
PRA 601050-2947/99/60~2!/1005~10!/$15.00
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sidered. The first is the straightforward observation of
scattered photons from a plasma subjected to a radia
source. A possible experimental observation of this type
the pumping of the ground state of a transition with a sou
created from the excited state of the same transition. Thi
the technique utilized in the first observations of photopum
ing in high-Z plasmas in which a hot, laser-produced alum
num plasma-produced lines from He-like ions that were u
to pump ground-state He-like ions in another, spatially d
tinct, but more dense, aluminum plasma@6#. Another ex-
ample of this process is the familiar monochromatic pum
fluorescence experiment. To significantly scatter
pumping radiation in experiments of this type, the targ
plasma must be prepared so that the optical depth is sma
the considered transition, e.g., the lower level of the tran
tion is well populated. Recent progress has resulted in
development of x-ray lasers with wavelengths appropri
for photopumping ground-state transitions of multielectr
ions @7# that have sufficient brightness to make them suita
for use as resonant photoexcitation sources@8# in experi-
ments of this type. Since these x-ray lasers are not tuna
only ionic transitions that have a near resonance with spe
laser wavelengths can be studied. Using tables of transi
wavelengths@9#, one of the 3d-2p lines of fluorinelike mag-
nesium, which at 146.526 Å is separated by only 11 m
from the zirconium 146.515-Å x-ray laser line, was iden
fied as a possible candidate for an experiment, and a prel
nary study on the feasibility of this case has been publis
@10#.

The second basic process involving radiative redistri
tion involves cases related to radiative transfer. The obse
tion of the modification of the spectrum of radiation prop
1005 ©1999 The American Physical Society
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gating in a plasma with large optical depth is an example
this type of process. This case requires a more general t
retical discussion of the effect of redistribution on radiati
transport in plasmas near ionic resonances. In addition to
plasma conditions, this process strongly depends on the
ometry of the experiment. Thus, we cannot formulate a g
eral calculation of a typical experiment as was done for
study of the feasibility of direct redistribution@10#. In gen-
eral, considerations of radiation transport give rise to co
plex problems involving both nonlinear mechanisms a
resonant diffusion in addition to inhomogeneous line bro
ening. An example involving the Balmer alpha transition
hydrogenlike carbon has been discussed in the contex
x-ray laser gain studies@11#. The results presented later
Sec. V for this transition will be limited to an examination
the redistribution function for hydrogenlike carbon plasm
conditions and will not address the more complicated rad
tive transfer issues.

Section II of this paper is devoted to a brief review
line-shape theory in the linear-response approximation,
an introduction to the FFM approach to the modeling of li
shapes in plasmas. This discussion begins with a cons
ation of the spectral lines emitted by complex ions in pl
mas. As is well known, the line shape is determined by
time-dependent coupling of the ion with the plasma envir
ment. This plasma-emitter interaction leads to Stark bro
ening of the spectral lines, and traditionally has been con
ered in the approximation that treats the effect of
electrons on the emitting ion in the impact limit while th
ionic perturbation is taken to be quasistatic. In this appro
mation, the time dependence of the perturbation has b
eliminated, resulting in a spectral line shape that has pu
homogeneous and inhomogeneous contributions and th
described by a simple sum of independent electron-imp
broadened static components.

Although the electron collisions are often well describ
by the impact approximation, it is well known that a qua
static treatment of the ion perturbation can lead to large
rors for plasma conditions that yield substantial ion-fie
fluctuations @12#. In Sec. II, to incorporate these time
dependent ion perturbation effects into a calculation of
spectrum, the FFM model is introduced@13#. As a first step,
the impact electron, quasistatic ion approximation that
sults in the profile described by an independent sum of st
Stark components, is taken as a zero-order approxima
perturbed by the time dependence of the ion interaction
this formulation the fluctuating ion interaction modifies t
inhomogeneous ion broadening, by replacing the quasis
ion field interaction by a fluctuating perturbation acting
the homogeneous electron-impact-broadened resonance
first approximation, this results in an enlarged homogene
broadening and a residual inhomogeneous contribution
to a subset of the ions. The associated modification of
line shape is usually referred to as the ion dynamics effe

Before modifying the ion perturbation to include the io
dynamics effect, however, since the individual Stark com
nents are not separately observable, we replace them
reduced set of observable resonances, the Stark-dressed
sitions~SDT!, or equivalently, dressed two-level systems.
this description, the set of independent static Stark com
nents that compose the transition in the static ion approxi
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tion is replaced by a set of independent SDT that form
same overall spectral profile. This permits a simple interp
tation of the fluctuation of the inhomogeneous compone
in the ion dynamics effect as being a mixing of the SD
through a stochastic exchange mechanism@13#. Assuming a
Markovian exchange process between the SDT, the mix
process can cause them to overlap and merge. Compar
with computer experiments based on a full simulation of
plasma indicate that the FFM accurately describes the
dynamics effect@2# for a wide range of plasma conditions
The use of this ion microfield-dressed emitter model perm
the memory of the original~static! inhomogeneous spectra
characteristics of the line shape to be retained throughou
subsequent dynamic calculation.

The modification of the FFM for the computation of th
redistribution function is presented in Sec. IV where the o
photon spectral line formalism of the FFM is extended
include two-photon processes. The ion microfield-dres
emitter representation is used to evaluate the second-o
pump-fluorescence radiative response to obtain a descrip
of the frequency dependence of the fluorescence emitte
an ion that has absorbed a photon near spectral resona
Because the spectral shape of the fluorescence dep
strongly on the mixing rate induced by the plasma, the
dynamics effect must be included. Therefore, a static mo
with the associated set of two-level transitions without e
change, cannot fully describe the response to monochrom
pumping.

In order to clarify the concepts presented, examples
radiative redistribution functions for simple cases are p
sented in Sec. V. Included is an example of an x-ray las
pumped system that illustrates the capability of the mode
provide a sensitive method for the study of radiative trans
under plasma conditions of partial redistribution. That is,
cases where the strong mixing limit is not attained so that
mixing of the inhomogeneous spectral line components
not fast enough to produce a completely redistributed li
The complete redistribution limit is the most common a
sumption in redistribution studies and is equivalent to pos
lating that the scattered radiation has the same spectral s
as the absorption line. More generally, partial redistribut
results in a fluorescence spectra consisting of a sharp co
ent Rayleigh peak centered on the frequency of the incid
radiation and a redistribution line emitted near the resona
frequency. This pattern of coherently scattered and redist
uted radiation has been observed under a variety of exp
mental conditions for neutral emitters in gases@14# or plas-
mas@15,16#. However, until recently, x-ray spectroscopy
hot and dense plasmas could not be applied to redistribu
measurements with the same precision as in the neutral
domain. X-ray laser pumping could change this situati
and provide data of sufficient quality that accurate calcu
tions of radiative transfer in dense plasmas could be tes

II. LINEAR RESPONSE: THE ONE-PHOTON SPECTRAL
LINE SHAPE

The expression for the linear response of a plasma-em
system to an unpolarized monochromatic electromagn
wave of angular frequencyv is determined by the respons
function G(v), which is the one-sided Fourier transform
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PRA 60 1007REDISTRIBUTION OF RESONANCE RADIATION IN . . .
the bath-averaged evolution operator of the emitterU(t),

G~v!5
2 i

p E
0

`

eivtU~ t !dt5~v2L0!21, ~1!

whereL0 is the Liouville operator for the system evolutio
alone. The line-shape function in the radiative dipole a
proximation is related to the imaginary part of the Fouri
transformed dipole autocorrelation function. This can
written as a normalized Liouville space-matrix element
the response function,

I ~v!5Im^^d†uG~v!udr0&&, ~2!

wherer0 is the equilibrium density-matrix operator for th
active quantum system, andd is the dipole operator for the
emitting quantum system. In Liouville space notatio
^^d†ud&&5Tr$d†d%, where the trace is taken over the suble
els of the two states involved in the radiative transition un
consideration. The subsequent calculation of the pum
fluorescence spectrum will require higher, nonlinear
sponse terms that have a simple relation to this function.
average over the polarization is understood in the ab
since unpolarized radiation has been assumed. Polariza
effects associated with the redistributed radiation will be
nored for simplicity in the following, limiting the subseque
development to one-dimensional scattering.

To account for ion dynamics, the microfield interactio
must be treated as time-dependent. This means that if
consider the interaction fluctuations or collisions to be r
dom, a stochastic Liouville equation must be solved to obt
G(v). However, in the FFM, instead of attempting an exa
solution of the complete equation forG(v), the line-shape
calculation is initially performed by treating the electron co
lisions as impacts and the ion perturbation as quasistatic.
time dependence is introduced at a later stage of the ca
lation. The result of this initial assumption is that th
quantum-emitter system evolution operator in Eq.~2!, con-
tains in the Liouville operator a non-Hermitian, homog
neous electron-impact broadening contribution, which is
merically averaged over the ion microfield interaction with
stationary-field probability distribution. For each radiati
transition, this procedure yields a spectral line-shape fu
tion that can be written as a sum of rational fractions
generalized Lorentzian spectral components of the line@2#.
These are the static Stark components, each of which is c
acterized by a complex frequency and intensity. They
complex, because of the non-Hermitian collision opera
used to describe the impact electrons.

The Stark components are the basic data for the FFM,
are not necessarily distinct or observable quantities. To
duce the computation to a more manageable size, approp
for the later introduction of time dependence in the St
interaction, we introduce the radiative channels, a set of
jects having more physical meaning. These are defined a
smallest observable resonant features that can be extra
from the quasistatic profile. As defined, an FFM radiat
channel also can be considered as equivalent to a two-l
transition dressed by the quasistatic ion microfield inter
tion, the SDT. The SDT substitution is accomplished throu
a numerical coarse-graining analysis in the frequen
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linewidth space of the Stark component set and is equiva
to a numerical merging procedure that combines the S
components that are within a prescribed neighborhood. T
procedure preserves the inhomogeneous structure of
Stark-broadened radiative transition as well as that due to
various radiative transitions that are in the spectral domain
interest. The SDT are the fundamental observable com
nents of the quasistatic line shape. Like the primitive St
components, each SDT is characterized by two comp
numbers. These are the generalized frequency,f i2 ig i , and
the generalized intensity,ai1 ic i . The linear response line
shape function for a given transition withn SDT can be
written in this approximation as a sum over the SDT,

I ~v!5(
i 51

n
ci~v2 f i !1aig i

~v2 f i !
21g i

2 . ~3!

It has been shown by direct comparison that the chang
I (v) is insignificant when these distinct radiative chann
are introduced to replace the primitive Stark components

III. FREQUENCY FLUCTUATION MODEL

The FFM is based on the premise that a quantum sys
perturbed by an electric microfield behaves like a set
dressed two-level transitions, the SDT. If the ion microfie
is time varying, then the set of transitions are subject t
collision-type mixing process induced by the field fluctu
tions. To proceed, the Liouville space of these two-le
dressed emitters is extended to include the SDT index so
the basis set of eigenvectors in this space,$ueg; i &&%, are now
labeled by the quantum states of the emitters~e,g! and, in
addition, by the channel number. In this space, we can
write the linear response line-shape function of Eq.~3! in
terms of dressed two-level radiators by defining a gene
ized dipole moment matrix element (Di)eg for the SDT. This
can be done by relating the amplitude of the SDT dip
moment matrix element to the intensity of the transition
sociated with the coupling of the radiation field to the upp
and lower levels,e andg, of the i th dressed two-level system
or SDT. The normalized matrix element is

~Di !eg5rA~11 ic i /ai !, ~4!

wherer 5A(ak is the reduced matrix element of the trans
tion associated with the emission of the SDT. This gene
ized dipole moment matrix element can be considered to
the diagonal element of thei th component of a vector opera
tor D, which acts in the extended Liouville space. We a
define the probability vector operatorp with element (pi)eg
describing the instantaneous probability of occurrence o
particular radiative channel~the i th SDT with upper and
lower states,e andg!. This probability is determined by the
normalized real part of the amplitude or relative intensity
the channel

pi5ai /r 2. ~5!

The linear response line shape of Eq.~3!, in the quasistatic
ion, impact-electron approximation can now be normaliz
and written as an average over the initial and sum over
final SDT in the extended Liouville space as
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I ~v!5Im (
i , f

pi~^^DuG0~v!uDr0&&! i , f , ~6!

where

G0~v!5~v12L0!21, ~7!

and1 is the unit operator. It is noted that the initial and fin
states may include states of different principal quantum nu
bers as required to obtain a correct description of the
profile @17#. The Liouville operatorL0 has a set of eigenfre
quencies,v i5 f i2 ig i , composed of the generalized fre
quencies and widths of the SDT. The Liouville space ma
element of the propagator in Eq.~6! is a trace over the SDT
states, which include the emitter-plasma interaction. The
microfield is considered to be quasistatic at this point,
that, in this approximation, the propagatorG0(v) is diagonal
in the SDT index and the FFM line shape is a sum of in
pendent contributions from a set of generalized Lorentz
terms, or radiative channels. Each independent term in
sum is to be associated with the emission from one of thn
SDT that interact with the radiation field through the gen
alized dipole momentD of Eq. ~4!. The next step is to exten
this formulation to include ion dynamics, i.e., the tim
dependent effect of a fluctuating ion microfield on the sp
tral line shape.

The ion dynamics is included in the FFM through t
hypothesis that the time dependence of the fluctuating
microfield causes a mixing of the SDT. When only o
Stark-broadened radiative transition is considered at a ti
the slowly varying ion Stark effect is assumed to trans
population between different radiative channels. This tra
fer is observed in the absorption or emission spectrum a
exchange mechanism, which mixes the formerly sepa
SDT. The degree of deviation from a sum of independ
Lorentzian lines~the quasistatic spectrum! is a measure of
the ion microfield fluctuation rate. In the next section, t
mixing rate of the various level populations will be seen
be an observable in the redistribution spectrum. This is
the case with an absorption or emission spectrum that
pends only on the transition amplitudes. In order to guar
tee the appropriate limits for slow and fast field fluctuatio
only SDT that originate from the same radiative transiti
are included in the mixing processes considered in the
lowing. However, to model more general cases than th
considered here, like those with fine-structure levels p
turbed by inelastic collisions, an exchange process betw
radiative transitions should be taken into account.

The exchange mechanism mixing the SDT and associ
levels is assumed to be a Markov process. Such a proce
completely determined by two sets of quantities: the inst
taneous SDT probability operatorp, with elements defined in
Eq. ~5!, and a transition rate operatorW. The elements ofW
are of two types: those that correspond to dressed level m
ing rates (W)kk and those that refer to dressed transition~or
coherence! mixing rates (W)kl . For the linear absorption o
emission spectra considered in this section, the propagat
Eq. ~6! is to be calculated in the transition subspa
$ueg; i &&%, wheree is the excited andg is the lower state of
the SDT. Therefore, the only parameters required for
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spectrum of a given radiative transition are the elements op,
(pi)eg , and the elements of the coherence mixing rate ma
ces (W)eg or (W)eg .

The mixing rate elements represent ion motion effec
and can be parametrized by the characteristic microfield fl
tuation frequencyv so that the Markov mixing process i
determined uniquely by the probabilitypi and fluctuation
frequencyv. For weakly coupled plasmas, the random i
motion, in general, dominates the collective motion and
characteristic fluctuation frequency is no longer the plas
frequencyvp but depends on the ionic thermal velocity^v&
and the average ionic separationr 0 . Because of the long
range of the Coulomb interaction, even if screened, the
crofield at the emitter can be considered to be due to a
ticular configuration of a number of ions. To obtain an e
pression for the characteristic frequency we assume, u
dimensional arguments that this frequency will be related
n5K^v&/r 0 , whereK may be evaluated by determination
the ion microfield fluctuation rate. In the present case
assume the simplistic model thatK51 in keeping with the
nature of the present results.

The transition rate operatorW is diagonal in the radiative
channel level indicesegbut not in the channel indexi. It has
diagonal and off-diagonal elements, (Wi ,i)eg , and (Wi , j )eg
that are, respectively, the inverse lifetime and the rate
mixing of the radiative channel transitions. To insure d
tailed balance in the model, the probability and rate eleme
must be connected,

~Wi j !eg52n~pi !eg ~ iÞ j !, ~Wii !eg5n@12~pi !eg#.
~8!

The linear-response line shape resulting from the stocha
mixing of the radiation channels can be written in the Lio
ville space of the dressed two-level radiators in the sa
form as Eq.~6!, but with G0(v) replaced by

G̃W
0 ~v!5~v12L01 iW!21. ~9!

The diagonal operatorL0 is that of Eq.~7! with the same
SDT eigenfrequencies,v i5 f i2 ig i . Since the dressed two
level systems are coupled together by the exchange ope
W the FFM line shape is no longer a simple sum
n-independent SDT lines. In addition, this model has app
priate fluctuation frequency rate limits for the dynamics
the ion microfield. The quasistatic limit is obtained for
vanishing fluctuation rate and the field-free case is recove
in the infinite fluctuation rate limit. As mentioned in the In
troduction, calculations of the spectral line shape of ion em
ters in hot, dense plasmas have been performed with
FFM and comparisons with experiments have verified
accuracy of the theory@3–5#.

IV. REDISTRIBUTION

The one-photon emission or absorption spectrosc
model described above is extended now to two-photon re
tribution by continuing the expansion of the response fu
tion to higher order in the emitter-radiation field interactio
@18#. This is performed by obtaining an iterative solution
the equation for the density operator to replace the equ
rium solution used in Eq.~2!. The higher-order radiative re
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PRA 60 1009REDISTRIBUTION OF RESONANCE RADIATION IN . . .
sponse functions that arise describe either redistribut
where the power spectrum of the fluorescence induced
monochromatic pumping radiation is studied@10,19#, or
pump-probe phenomena where the change of the linea
diative response due to a pump field is considered@20#. In
this paper only redistribution will be considered. This a
proach is based on a previous investigation of the fluo
cence of simple two- or three-level atomic systems in
plasma@21#. Here we treat complex multielectron ion em
ters and hot and dense plasma conditions. The SDT pic
permits a simple extension of the FFM to the calculation
these higher-order response functions. Since the emi
plasma interaction is incorporated in the SDT, the only
teraction term in the Liouville propagator for the plasm
dressed emitter propagator of Eq.~9! is the Markov channe
mixing processW. By definition, all other interaction term
have been incorporated into the SDT.

To calculate the spectrum of radiation scattered by
ionic emitter in a plasma, the monochromatic laser field w
be assumed to have a frequency near one of the ion r
nances. The interaction is described by the operator,VS or
VL , the field interaction operators for the coupling of t
spontaneous emission or the incoming pump radiation,
spectively, with the generalized dipole operator of the SD
The field interaction operators are time-dependent and h
the form

VR~ t !5VR
1e2 ivRt1VR

2eivRt, ~10!

whereVR
65D•ER

6 is the SDT-radiation field dipole interac
tion. The field amplitudeER and frequencyvR5ckR refer to
the pump field forR5L and the spontaneous emission fie
for R5S.

The power spectrum of the radiation emitted at freque
vS by a system pumped at frequencyvL can be written@18#:

I ~vS ,vL!} lim
h˜0

Im (
i , f

pi~^^VSuGW~ ih!uVLr0&&! i , f ,

~11!

whereGW( ih), the Fourier transform of the evolution oper
tor for the SDT, now contains in addition, the radiation fie
dipole interaction in the Liouville operator. As in Eq.~6!, the
SDT picture has been used to replace the average ove
ion microfield states by an average over the initial SD
states with probabilitypi and a sum over the final states.

To remove the explicit time dependence in Eq.~11!, the
Liouville space basis is augmented to include Floquet nu
bers nL that count the number of harmonics of the pum
frequencyvL present in each order of the response calcu
tion. It is also generalized to include the photon numbersne
and ng , for the spontaneous emission or absorption at
frequencyvS by the corresponding SDT@22#. The eigen-
states in this space are now denotedueg,i ,nL ,ne ,ng&&. The
Floquet-photon number operatorV is diagonal in this basis
set with eigenvalues denoted@nLvL1(ne2ng)vS#.

Theh˜0 limit of the propagator in Eq.~11! is written as
an operator in this extended space as

GW~V!5@V2L01 iW2~VS1VL!#21, ~12!

and satisfies the Dyson equation
n,
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GW~V!5GW
0 ~V!1GW

0 ~V!~VS1VL!GW~V!, ~13!

whereGW
0 (V)5(V2L01 iW)21 is the analog of the field-

free operator of Eq.~9! defined in the extended Liouville
Floquet space. In the following, we shall consider only tho
experiments that involve monochromatic pumping intensit
with Rabi frequency small compared to the relaxation p
rameters of the emitter. Then, the pump field is sufficien
weak that the iteration of the Dyson equation~13! can be
terminated at the lowest nonvanishing order. The Floqu
photon number matrix element of the propagator of Eq.~11!
becomes in this approximation,

I ~vS ,vL!}Im (
i , f

pi„^^VSuGW
0 ~vS!

3$VLGW
0 ~vS2vL!VSGW

0 ~2vL!

1VSGW
0 ~0!VL@GW

0 ~vL!

1GW
0 ~2vL!#%uVLr0&&…i , f . ~14!

The first term in the curly bracket above is the Raylei
scattering line, centered on the frequency of the incident
diation vL . The second term describes the redistributed
diation and, as will be seen, has a sensitive dependenc
the SDT mixing rate described by the matrixW. For this
reason, the spectral shape of the redistribution is affec
more significantly by the mixing action of the microfiel
fluctuation, the ion dynamics, than is the absorption or em
sion linear-response spectral line shape@18,20#. This ion dy-
namics effect has not been definitively observed at
present time, although there are numerous examples o
suspected presence@23# in spectral data. In addition, the va
lidity of the hypothesis that the Markov mixing process
the FFM accurately simulates the microfield fluctuations c
be carefully examined with redistribution experiments. A
other assumption, which can be validated, is that of the
glect of inelastic collisions in the impact theory operator d
scribing the electron collisions. These inelastic collision ra
mix the SDT, and would also appear in the propagators
off-diagonal elements@24#, as do the elements of th
transition-rate matrix. Inelastic electron collisions that cou
different states of the levels belonging to the radiative tr
sition cause the incident pump radiation to be redistributed
the various inhomogeneous components of the line even
small inelastic collision rate and change the shape of
redistribution function. These collisions can also couple
radiative transition to states belonging to levels of other tr
sition arrays. This coupling will then diminish the intensi
of the considered transition and add to that of the coup
transition. These collisions, therefore, unlike the ion dyna
ics mixing, act to depopulate a particular set of levels
which the fluorescence is calculated and thereby result in
unnormalized redistribution function for that transition@25#.
Thus although, in general, the argument that inelastic co
sion rates can be neglected because they are small comp
to elastic collision rates can be valid when considering
one-photon spectrum, it may not be a good approximat
for the fluorescence. The shape of the redistribution funct
is, therefore, a measure of the importance of inelastic co
sions in addition to that of ion dynamics. Finally, it is to b
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emphasized that the transition matrixW simulates the mix-
ing effect of the ion microfield fluctuations on the SDT le
els and transitions and is unrelated to the inelastic elec
collisions. For this reason,W does not affect the normaliza
tion of the redistribution function.

V. REDISTRIBUTION EXAMPLES

Simple three- and four-level radiative systems are con
ered first in this section to illustrate the relevant quantit
required for the discussion of radiation redistribution. At t
end, a physical case will be also considered. To describe
photopumped fluorescence, we make use ofR(vL ,vS), the
redistribution function, defined by normalizingI (vL ,vS) of
Eq. ~14!, the distribution of scattered intensity for a syste
perturbed by monochromatic radiation at frequencyvL . The
redistribution function,

R~vL ,vS!5
I ~vL ,vS!

** I ~vL ,vS!dvLdvS
, ~15!

is thus the joint probability density for the absorption of
photon of frequencyvL and the emission of a photon o
frequencyvS .

For isolated lines, the redistribution function has been
tensively studied and is quite well understood including
homogeneously broadened lines@25#. A fundamentally dif-
ferent and more complicated problem arises in the situa
where several radiative transitions must be considered sim
taneously. This can occur, for example, when two or m
lines share the same upper level, or whenever two or m
radiative transitions are coupled by a collision process wit
rate high enough to perturb the radiation scattering. In b
these situations, radiation absorbed by one transition ca
emitted by the other and the radiative transitions canno
considered as isolated.

To treat the general case, we define a conditional fu
tion, P(vL ,vS), in analogy with the customary factorizatio
of the redistribution function@25#,

R~vL ,vS!5f~vL!P~vL ,vS!, ~16!

wheref(vL) is the normalized absorption line shape, or t
probability distribution function for absorbing a photon
frequencyvL .

For isolated lines, the conditional function is normalize
independent of the pump frequencyvL and can be identified
with C(vS), the emission spectral function. We thus ha
for isolated lines,P(vL ,vS)5c(vS). The emission spectra
function is also the conditional probability distribution fo
observing a photon scattered atvS if a photon is absorbed a
vL . This also implies that, in this case, the normalized
sorption spectral distribution function f(vL)
5*R(vL ,vS)dvS . In the complete redistribution limit the
emission function becomes identical to the absorption fu
tion, so that the additional relationc(vS)5f(vS) holds.
The redistribution function for complete redistribution can
written, therefore, as a product of normalized absorpt
line-shape functions,R(vL ,vS)5f(vL)f(vS).

In the general case involving coupled transition
P(vL ,vS) is not independent ofvL , is not normalized, and
cannot be interpreted as the conditional probability dens
n
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We treat this case by definingP(vL ,vL), as the normalized
conditional probability distribution function for the scatte
ing of a photon atvS if a photon is absorbed atvL ,

P~vL ,vS!5
P~vL ,vS!

g~vL!
, ~17!

whereg(vL), is the normalization factor for the conditiona
function,

E P~vL ,vS!dvS5g~vL!. ~18!

We now also have

E R~vL ,vS!dvS5f~vL!g~vL! ~19!

and, since the redistribution function is always normalize

E f~vL!g~vL!dvL51. ~20!

The presence ofg(vL) in Eq. ~19! is a direct consequence o
the incomplete redistribution associated with the inhomo
neous spectral structure involved in the scattering. If a p
cess mixes the radiative transitions of the resonant patt
then for mixing rates greater than the spontaneous emis
rate g(vL)˜1 and P(vL ,vS)˜C(vS)5f(vS), so that
the redistributed fluorescence exhibits complete redistri
tion.

The redistribution function for a group of transition
coupled by a mixing process can be illustrated by consid
ing the two transition systems shown in Fig. 1. The indicee
andg denote, respectively, the excited and ground level, a
d1 andd2 stand for arbitrarily chosen dipole moment matr
elements for the transitions with resonant frequenciesv1 and
v2 . For the sake of simplicity, it is supposed that the tw
transitions have Lorentzian profiles with identical homog
neous widthsg related to the electron collision relaxatio
rate and a 2:1 intensity ratio, so that,d15&d2 . The mean
frequency separation of the two transitions,d5(v1
2v2)/2, is assumed to bev1/200. To insure that the transi
tions are overlapping, the mean frequency separation is ta
to be of the same order asg, the homogeneous width. Also
to make the intensity of the Rayleigh peak negligible, t
spontaneous emission rateGS is arbitrarily taken to be much
smaller thang. Thus, in the following example, we taked
5v1/20055g5500GS . Since the description of the redis
tribution process has been limited to second-order, satura

FIG. 1. Model two transition systems. The spontaneous em
sion rateGS , Lorentzian widthsg, and resonant frequenciesv i , are
such that the two transitions are not isolated;d5(v12v2)/2
5v1/20055g5500GS . A 2:1 intensity ratio is chosen withd1

5&d2 .
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effects are not included in Eq.~14!. Therefore, under this
assumption, the level configurations of Fig. 1~I and II! are
equivalent. A Markovian stochastic mixing process with
unique fluctuation raten is applied to this configuration in
order to illustrate the effect of line component mixing on t
redistribution spectrum. First, however, we note that even
the limit of a negligibly weak exchange process~mixing rate
much smaller than the spontaneous emission rate!, the con-
ditional function, P(vL ,vS), remains dependent on th
pump frequencyvL and the redistribution is not complete
The dependence onvL can be seen in Fig. 2 where the no
malization functiong(vL) is plotted againstvL /d for the
configurations on Fig. 1~I and II!. Note that for large detun
ings from the resonant frequenciesv1 ,v2 , the function
tends toward unity and the redistribution becomes compl
The n50 curve of Fig. 3~b! illustrates the behavior of the
conditional probability density as a function ofvS /d with
the pump frequency fixed at one of the resonances for
case. This will be discussed in more detail in the followin
Finally, the fluorescence in the model, Fig. 1~III !, with lines
that share the same upper level, always displays comp
redistribution. In this situation the pumping photon is sc
tered with the same frequency distribution as the one-pho
absorption function, independent of the pump frequency
that we haveg(vL)51. This case can be easily modeled
equalizing the level populations in the upper manifolds
Eq. ~14!.

To illustrate the sensitivity of the spectral functions to t
component mixing associated with the Markovian stocha
process, the configuration of Fig. 1~II ! with the previous
values,d5v1/20055g5500GS , is studied as a function o
the fluctuation rate parametern. The behavior withn of the
one-photon absorption functionf(vL) and the two-photon
conditional probability distribution function,P(vS ,vL), is
depicted in Figs. 3~a! and 3~b!, respectively. The spectrum o
the absorption function starts out at smalln with the two
Stark components present in the defined intensity ratio,
With increasingn, the coupling associated with the fluctu
tion process causes the two components to broaden and
lesce. The effect of component mixing becomes import

FIG. 2. Plot ofg(vL), the normalization function for the con
ditional probability distribution in arbitrary units for the systems
Fig. 1 ~I and II!. A dimensionless laser pump frequencyvL /d has
been used and the values of the resonance frequenciesv1 /d,v2 /d
are indicated.
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when that is when the fluctuation rate is of the same orde
magnitude as the component separation. At this value on
~equal tod, or 500GS), the two components have complete
merged. The behavior is different for the two-photon red
tributed fluorescence spectrum presented in Fig. 3~b! which
has been calculated for the pump frequency resonant
v2 . Here it can be seen that for a null or vanishingly sm
fluctuation rate, the fluorescence profile consists almost
tirely of the pumped spectral component and has only
small contribution from the other component, arising fro
the overlapping of the homogeneous widths. Thus, with
small fluctuation rate the fluorescence spectrum differs d
tically from the absorption profile with the samen, indicating
that the redistribution is incomplete. Increasing the mixi
rate causes the unpumped Stark component to grow in in
sity relative to the pumped component until at largen, the
fluorescence and absorption spectral profiles become in
tinguishable and the redistribution becomes complete. It
be seen in Fig. 3~b! that the fluorescence spectrum becom

FIG. 3. ~a! For the model system in Fig. 1~II !, the one-photon
profile function f(vL) is plotted against the dimensionless las
pump frequencyvL /d in units of the inverse mean frequency sep
ration d21 for five mixing rates of the two components.~b! For
the model system in Fig. 1~II !, the two-photon conditional prob
ability distribution function,P(vL ,vS), is plotted in units of the
inverse mean frequency separationd21 against the dimensionles
frequencyvS /d for a fixed pump frequency atvL5v2 , with the
same range of fluctuation rates as in Fig. 3~a!.
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identical to the absorption line profile when the fluctuati
rate is greater than the lifetime of the upper leveln
.50Gs).

The above examples are useful to clarify the princi
intuitive concepts, and to illustrate the contribution of t
various line-broadening mechanisms to the redistributi
e.g., the homogeneous broadening of the inhomogene
spectral components and the mixing of these component
a dynamic effect. The next example will illustrate the use
the redistribution model for the investigation of a more re
istic physical case, the 3d-2p Balmer alpha transition o
hydrogenlike carbon. This has been previously discusse
connection with gain studies associated with the deve
ment of an x-ray laser@26#. Because this transition does n
involve the ground state, it is more appropriate for stud
related to radiation transfer than for a frequency redistribu
single scattering measurement where the signal inten
would likely be small. We investigate this case here beca
of its simplicity and to illustrate some of the more importa
elements relevant to radiation redistribution. For the stu
we assume a plasma with parameters such that the ele
densityNe5531019cm23 and the electron temperatureTe
510 eV. For these plasma conditions, ion dynamics is n
ligibly small, and the spectral inhomogeneity of the radiat
pattern is associated with the Stark-broadened fine struc
In Fig. 4, the calculated normalized absorption line sha
~the absorption probability distribution! for this transition is
presented as the gray-filled profile. The absorption spect
consists of two resonances that are the result of the ion S
effect broadening and the merging of two distinct electro
broadened fine-structure components.

The redistribution dependence on the pump frequenc

FIG. 4. Absorption profilef(vL) and conditional probability
distribution functionP(vL ,vS) for the 3d-2p Balmera transition
of CIV in a plasma with parameters,Ne55.1019 cm23 and
Te510 eV. The distributions are plotted as a function ofDvS /d,
the dimensionless detuning of the fluorescence frequency from
line center of gravity,v05(v21v1)/2. The absorption profile, in
units of d21, is indicated by the solid filled curve, and the cond
tional probability,P(vL ,vS), in the same units, is presented f
three pump frequency detunings from the line center of grav
DvL52d, d, and 5.5d. The atomic physics parameters for th
Balmer a transition arev151033.731014 rad/s ~182.22 Å! and
v251034.531014 rad/s ~182.09 Å!, so that v05(v21v1)/2
51034.131014 rad/s andd5(v22v1)/250.431014 rad/s.
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also given in Fig. 4 where the normalized two-photon co
ditional probability density,P(vL ,vS), is calculated for
three different pump frequenciesvL . The absorption func-
tion f(vS) is plotted on the same graph for compariso
Two of the pump frequencies are chosen to coincide with
unshifted frequencies of the fine-structure components
182.22 and 182.09 Å (DvL /d51 and21!. The third pump
frequency is chosen to have a detuning of20.31 Å
(DvL /d55.5) from thev2 resonance. It is clear from a
comparison of the absorption profile with the condition
probability density in Fig. 5 that the redistribution is parti
for pumping near the resonances. This is to be expected
cause ion dynamics is absent for the plasma conditions c
sen so that no mechanism exists to transfer of popula
between the two resonances. The conditional probability
tribution tends toward the absorption probability density p
file ~complete redistribution! as the detuning from the reso
nances becomes large since then both resonances are pu
almost equally. Finally, the two-dimensional redistributio
function, R(vL ,vS), is given in Fig. 5. This surface repre
sents the frequency-dependent resonance radiation red
bution function for the CIV Balmera transition in the same
hot, dense plasma conditions used in Fig. 4. This functio
the required input for calculations of radiation transfer.

VI. DISCUSSION

The FFM approach, which has been used successfull
the past to provide complex ionic absorption or emiss
spectral line shapes for emitters in hot, dense plasmas,
been extended here to enable calculations of radiative re
tribution. The system of dressed two-level emitters or S
defined in the FFM includes the partial inhomogeneities
the line-broadening process, and constitutes the most im
tant simplification permitting a straightforward extension
different plasma conditions, laser pump frequencies,

he

,

FIG. 5. Three-dimensional plot of the redistribution functio
R(vL ,vS), for the Balmera transition of Fig. 4 with the same
plasma conditions. Dimensionless pump and probe frequencies
used on thex andy axes, and the redistribution function is plotted
units of d22.
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ionic emitters. Relatively uncomplicated calculations of t
photopumping of complex multielectron ionic systems c
be performed with the method presented. Saturation eff
for large Rabi frequencies such as those related to the
Stark effect splitting of lines were excluded, but could eas
be handled within the framework of the present calculatio
The computational method developed constitutes a powe
tool for the investigation of radiative transport in plasmas.
particular, for the study of the ion dynamics effect, redis
bution provides a more sensitive probe than the one-pho
spectra of the FFM. In particular, the study of the effect
the fluctuating microfields or ion dynamics on the redistrib
tion of incident resonance radiation requires plasma co
tions for which the line transitions have substantial ion St
broadening. This often dominates the one-photon spec
line profile, obscuring the perturbative effects of the m
crofield fluctuations. However, the spectral content of
redistribution function for the same transition has be
shown to be more sensitive to the ion dynamics effect.
lated to this are possible investigations that would per
radiative transfer to be studied for plasma conditions whe
sufficiently slow mixing of inhomogeneous spectral-lin
components results in partial redistribution.

As an application of the theory, the feasibility of a ph
topumping experiment, targeting a resonance between
3d-2p line of Mg IV ~146.526 Å! and a Zr x-ray laser line a
146.515 Å, was calculated and has been published elsew
@10#. The plasma conditions used in that calculation w
limited to the study of only ground-state transitions of
weakly ionized emitter and also by the available x-ray la
wavelengths. For these plasma parameters, ion Stark br
ening is a small contribution to the line profile and, therefo
ion dynamics is negligible. Nevertheless, an experime
study of the redistribution function was shown to be feasib
The pumping efficiency and fluorescence yield are such
even with a high-resolution spectrometer, the fluoresce
photons would be observable. The Mg IV line is compos
of a number of overlapping fine-structure transitions a
Stark components, yielding a resonance fluorescence s
trum that is sensitive to the photopumping of particular
homogeneous components. This is more evident at lo
plasma electron density where the homogeneous broade
L.

ec

L.

L.

t,
n,

e
e
,

n
ts
ac
y
s.
ul

-
n

f
-
i-
k
al

-
e
n
-

it
a

he

ere
e

r
d-
,

al
.
at
ce
d
d
ec-
-
er
ing

does not merge the fine structure into a single resonance
also at higher-electron density, a subtle difference from co
plete redistribution attributable to the inhomogeneous na
of the transition has been shown to exist.

Experiments such as that discussed in Ref.@10#, where
partial redistribution is predicted because of the fin
structure inhomogeneity, are of experimental interest due
the possibility of testing the basic assumptions in traditio
line-shape theories. One example is the assumption tha
elastic collisions can be ignored, which results in the pred
tion that there can be no fluorescence from unpumped sta
Thus, in plasmas with kinetics are such that inelastic co
sions are significant; this would manifest itself as an ad
tional fluorescence component from these states. The in
sity of these additional components would be a measure
the contribution of the inelastic collisions to the redistrib
tion process. A second example of what a critical test red
tribution experiment could provide is found in the standa
Stark-broadening theory assumption that the ions are s
and the electrons impact. This hypothesis results in a sp
trum with distinct Stark components that merge under co
mon plasma conditions. At present, no observation of
merged individual components, which compose the spec
line profile, has been possible. A redistribution experim
could result in a measurement of these inhomogeneous c
ponents and would be a simple confirmation of this ba
theoretical line-broadening concept. Cases, which could h
observable redistribution spectra with interesting plas
conditions, are under active investigation at present. Ther
a narrow range of plasma conditions, however, that give
to partial redistribution due to an ion Stark effect, so that
experimental observation of this effect will remain a difficu
problem.
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