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The electron-impact excitation cross sections of the a'll, c' 'Z'„, a" 'Z', gy'6„, Q' 'Z'„, Q'0„,
ABZ'„, 8tH~, CtII„,D~Z'„, W~Q, and E3Z~ states of N& have been calculated over the range of
0-2000 eV for the singlet states and 0-40 eV for the triplet states by means of the Born ap-
proximation with Ochkur's and Budge's scheme for treating the electron-exchange-scattering
amplitude. The Franck-Condon-factor approximation was used to obtain the excitation cross
sections to each vibrational level of the electronic states. The computation of the scattering-
amplitude integrals was greatly facilitated by expressing the molecular wave functions in terms
of atomic Gaussian-type orbitals. Four sets of self-consistent-field molecular wave functions
have been employed for the calculations in order to test the sensitivity of the calculated cross
sections to the choice of the wave functions. With the exception of the c' Z'„state, the cross
sections based on three of the four sets vary by typically about 15%. As a test of the Born cross
sections for singlet-singlet excitation, comparison between the theoretical and the available ex-
perimental values shows 25% agreement for the a II~ state at 900 eV and 50% for the a" Z~ state
at 80 eV. In the case of triplet excitation, the theoretical cross sections of the C30„state
agree very well with the experimental data, but for the A Z'„and BSH~ states the discrepancy is
generally as large as a factor of 2.

I. INTRODUCTION

Although a great deal of efforts have been direct-
ed toward characterizing the electron-excitation
functions of atoms and comparing the experimen-
tal excitation cross sections with the theoretical
values in recent years, similar studies for mol-
ecules are rather sparse in the literature. Even
with the simplification of using the Born approxi-
mation, computation of the cross sections of elec-
tron excitation of the electronic states of diatomic
molecules is complicated by the necessity of eval-
uating multicenter integrals. Indeed, calculations
of cross sections for diatomic molecules using ac-
curate molecular wave functions have been report-
ed for only a few cases. 6 The introduction of the
Gaussian-type orbitals (GTO), which has been used
extensively in the calculations of electronic struc-
ture of moleculesv'8 and more recently of crystal-
line solids, has circumvented the difficulty of
multicenter integration to the point that the compu-
tational procedure for electron-excitation cross
sections of molecules is no more complex than the
corresponding atomic cases. 6'0

A large part of the experimental efforts of mea-
suring electron-excitation cross sections of the
electronic states of molecules has been devoted to
the N~ molecule. Experimental studies of a num-
ber of triplet states have been reported from sev-
eral laboratories. " ' Recently the excitation
functions of the Lyman-Birge-Hopfield bands (a II~)
and of the g"'Z state have been measured. '
The availability of these experimental data makes
it possible to conduct a comprehensive comparison
between theoretical calculations and experiments.

In this paper we present our calculations with the
Born-type approximations of the electron-excita-
tion cross sections of the a'Il. , c''Z„',, a"'Z'. ,

8'3h„, and S Z,'. states of N& by means of the tech-
nique of GTO. We have computed the cross sec-
tions by using different sets of wave functions to
test how sensitively the former depend on the ac-
curacy of the latter. Theoretical Born-type cross
sections of the a II and b II„stateshave been re-
ported by Hozsnyai, ' and those of the six triplet
states by Cartwright. ' In both Refs. 21 and 5, the
molecular wave functions were expressed as linear
combinations of the Slater-type orbitals (STO), thus
certain approximations were made in order to eval-
uate the Born integrals. In some cases, quite sub-
stantial differences are found between the results
of the previous workers and those of ours. More-
over, in comparing the algebraic expressions of
cross sections given in Cartwright's paper to those
of ours, we find that Etl. (17) of Ref. 5 leads to
cross sections which are twice larger than the ones
computed according to our formulation, as noted
in our previous paper. This discrepancy is due
to an error in the integration over spin variables
in Cartwright's work, and the correction for this
error has been given. ~

The experimental data of the g'lI, . state furnish
a test of the accuracy of the Born approximation
(without exchange) as applied to electronic exci-
tation of diatomic molecules since the measure-
ments extended to incident energies as high as
2000 eV. For the sake of completion our calcu-
lated cross sections (Born approximation) are
given for incident energies down to the threshold;
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however, our interests lie mainly in the high-en-
ergy region, since the plane-wave approximation
is no longer valid in the near-threshold region.
It may be mentioned that while systematic com-
parisons of theoretical excitation cross sections
calculated by the Born approximation with the ex-
perimental values have been made for atoms, sim-
ilar studies for electronic excitation of molecules
are very sparse in the literature.

For calculations of singlet-triplet excitation
cross sections, modifications of the Born-
Oppenheimer approximation have been introduced
by Ochkur 4 and by Budge. 5 Although the use of
the plane-wave approximation is expected to be
valid only at high energies, these modifications
could possibly provide sufficient degree of im-
provement over the Born-Oppenheimer scheme so
that their applicability may extend to much lower
energies than does the Born-Oppenheimer approx-
imation. The singlet-triylet excitation functions
fall off with energy much more rapidly than the
singlet-singlet counterparts; indeed in most of the
experimental work, the energy range of interest
lies between threshold and about 50 eV rather than
the high-energy region where the triplet cross
sections become very small. Accordingly, our
discussions of calculated triplet cross sections
{by Ochkur's and Rudge's modifications) and their
comparison with the experimental data will be
confined to incident energies below 40 eV.

II. FORMULATION

The process of our prime interest is the excita-
tion of N2 from the ground electronic and ground
vibrational state to a particular vibrational level
of a certain excited electronic state. The rota-
tional structure of the molecule will be neglected;
instead, we shall average the excitation cross sec-
tions over the orientation of the molecular axis
with respect to the direction of incident electron.
This is essentially equivalent to summing over
the rotational levels of the final state and averag-
ing over those of the initial state.

Let us consider a system of an incident electron
and a diatomic molecule with N electrons (N being
even) and denote the syatial and spin coordinates
of the incident electron by r, and Oi, respectively,
those of the molecular electrons by r2, r3, ~

02, o3, , and the interatomic distance of the
molecule by B. To derive a general expression
for the excitation-scattering amplitude, we adopt
a procedure similar to that of Seaton2~ for treating
an (N+1)-electron system corresponding to an
electron-molecule collision process. The first step
is to couple the electronic part of the molecular
wave functions with the spin of the incident (or scat-
tered) electron to form a set of basis functions
Q„(S,M3I'r2, r3, ~ r„.1,' a1 ~ . oN. 1; R) which is

characterized by the total spin quantum numbers

S, M~ of the entire system. For instance, the ini-
tial state (0) of the N2 molecule is a spin-singlet
from which we obtain a basis function p0 with S= —

„

M3 = —,'. The final state (13) may be a singlet or trip-
let. However, in setting up the scattering equations
we need to consider only those g„corresponding to
S= —,', M~= —', . In this work, each electronic state is
represented by the one-configuration picture, and
the wave functions are constructed from the appro-
yriate antisymmetrized products of the self-consis-
tent-field (SCF) molecular orbitals P, 's.

For electron excitation of the N2 molecule from
the ground electronic and ground vibrational state
to the vth vibrational state of the excited electronic
state (33), we denote the wave vector of the incident
and of the scattered electron as ko and k, re-
spectively. The wave function of the entire (N+1)-
electron system is expanded as a series (with prop-
er antisymmetrization) of the form E„„(r,)

(2x 2 I f2x f3 x ~N 1x (71 ' ON 1xR) X (R) where
y„„(R)stands for the vibrational wave functions
and F„„(r,) is to be determined by solving the
scattering equations. By using the Born approx-
imation it is straightforward to show that the
direct-excitation collision amplitude is

f„„(ey)= —(2v) ' f e""00 "-"1V „(r,)dr„
where ~ f 8 4 1 ll~

(00lr)= ~f x..4. 4 2 lr2 ' ' rN+1 c1 cN1xR)

&& 40(-2 —.
I r2

xdRdr, " dr„„.(2)

& the above e1luation, g, signifies summation over
all spin coordinates, Z is the charge of each nucle-
us, and z» is the distance of the electron from the
nucleus A. When the wave functions are given by
the one-configuration approximation as described
previously, the collision amplitude reduces to that
of a two-electron molecule with the excitation of
one electron from the molecular orbital P„to p, ,
x. e. ,

f„„(ep)= —2K f (1/M2)[p„(r„R)Q~(r2,R)

+y,(r„R)y„(r„R)]*(e'"'01+e' '2)

x'$ (r1, R) p,(r2, R) X*„(R)g00 (R) R dR dr, dr3,
(&)

where K=k00-k„„.
In a similar manner, the exchange-excitation

collision amplitude can be treated by Ochkur's or
by Budge's modification of the Born-Oppenheimer
approximation with the results
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g„'„(8$)= 2T 'f (1/W2) [$,(r„R)p„(r,R)

+y,(r„R)y, (r„R)]e'"'sy, (r„R)
xp„(r2,R) y„„(R)100(R)RdRdr, dr3, (4)

g -(ey) =2' r f (1/M2)[y, (r„R)y„(r„R)
p—,(r„R)y„(r„R)]&'"'a y, (r„R)

xp (r, R)g (R)goo(R)R dRdr~dr~, (5)

where g' and g are the exchange amplitude for
singlet and triplet excitation, respectively, and

excitation
T =

~ Ochkurk„„,deexcitation
T'= (k„„—i~"')' (Budge),

and q is the ionization potential of the initial state
in Rydberg units. To further simplify the calcu-
lation it is customary to use the "Franck-Condon-
factor approximation" with which we neglect the
deyendence of the molecular orbitals on the inter-
nuclear distance in Eqs. (3)-(5), so that the R in-
tegration leads directly to the Franck-Condon
factor. This procedure is satisfactory for excita-
tion from the ground vibrational state whose wave
function has a localized form. With this approxi-
mation Eq. (3) becomes

f„„=2KSg„(K,e, 4) f g* (R)gpo(R)R dR,

where

$,„(K,e, e) = —f (1/M2)[y, (r„R,)y„(r„R,)

+~,(r. , R.) ~.(ri, Ro)] (""'~+""'~)
x y),(r„R,) y, (r3, R,) dry dry, (8

8 and 4 specify the orientation of the molecular
axis relative to K, and Bo is the equilibrium bond
length of the molecule in the ground electronic
state. Likewise, the exchange amplitudes can be
factored in a similar way. The differential cross
sections for singlet and triplet excitation are

I„'„(sy)=(~.k„./4vk„)fdfI lf., +g'I

=(~.k..q, /vk~) f« l(K~- -'T ~)

xs, „(K,e, e)l, (9)

f'(~y)=(»„k„„q„„/vk.o)f«I - .T &o. (Ko" q)l-
(lo)

respectively, where q„„,the Franck-Condon fac-
tor, is

q..=
l fx*(R)x~(R) R dRl,

&„is the degeneracy of the excited state, and the
integration over Q results from averaging over the
orientation of the molecular axis with respect to
K. Integration of the differential cross sections
over K from K „(=koo —k„„)to K „(=koo+k )

5:,„(K)= (nZ) G, „(K),
where LE is the vertical excitation energy.

(17)

gives the total electronic-vibrational excitation
cross section Q(00- nv). The total excitation
cross section of an electronic state is obtained by
summing Q(00- nv) over all v, viz. ,

~ma.Q(O- n) =Z„Q(00-nv) = 2vZ„q„,J;,'*f„.(K) KdK,

(12)
where I„„(K)has the following forms for singlet and
triplet excitation:

I„'„(K)KdK= (~„KdK/vk')

xfdnl(K ——.'& )ho. (K, e C)I

for singlet excitation, (18)

I„'„(K)K dK= (3~„KdK/vk,', )

xfdn l
—,'r~8, „(—K,o, c)l

for triplet excitation. (14)

Although in principle the values of K ~ and X
„

depend on v, except near the threshold one can ig-
nore their variations due to the difference of ver-
tical excitation energies to different vibrational
levels of the upper electronic state and simply use
some mean value K,„andE

„

for all the vibra-
tional components, i.e. ,

Q(O- n) =2v Z„q„„f;™xr„(K)KdK
min

=2v f; '*f„(K)KdK. (15)

The error in the total cross section due to this ap-
proximation is about 2' at 40 eV, and at energy
greater than 100 eV the error is completely negli-
gible. However, the use of Eq. (12) requires re
liable Franck-Condon factors, whereas the use of
Eq. (15) does not. In this paper we used Eq. (12)
to compute cross sections for all triplet states and
the a'II, . state. The Franck-Condon factors used
in this paper are from the work of Benesch et aE.
for a II, , B II~, C II„,and ASZ„'; and from the
work of Cartwright' for 5'3~, ESZ,', and D Z„'.
For the other singlet states (b II„,b' ~Z„', go b,„,a" Z~, c' Z„'), wc used Eq. (15) to compute the
cross sections„ It is convenient to introduce the
quantity

G,„(K)=(2~J4vK') f l8, „(K,e, e)l dn, (15)

from which one can easily obtain both the singlet
and triplet excitation cross sections. Here Go„(K)
depends only on the wave functions of the initial
and final electronic states; therefore, it is espe-
cially suitable for testing the sensitivity of cross
sections to the accuracy of the wave functions
used. The generalized oscillator strength Po„(K)
is related to Go„(K)as
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IH. METHOD OF COMPUTATION

To obtain the excitation cross sections, we first
compute go „[asdefined in Eg. (8)] which, on ac-
count of the orthonormality of the molecular orbit-
als„reduces to

80„(K,S, 4)= —v 2 fp„(r)e'"'p„(r)dr. (18)

We use the Franck-Condon-factor approximation
throughout this payer; thus, the molecular orbitals
are taken to be at a fixed internuclear distance
corresponding to the equilibrium bond length of the
ground electronic state. Each of the molecular
orbitals is written as a linear combination of atom-
ic orbitals centered at the two nuclei A and I3 as

~!~f I+f(rA) + ~Alga (rs)1 (19)

where r„and r~ are the radius vectors of the elec-
tron extended from A and B, respectively, and M»
is either 1 or —1. If the atomic orbitals I, are
expressed in terms of the STO, Eq. (18) contains
a series of multicenter integrals of the type

fr„e' F,„(8~$)e' 'ree y(. ~ (Hsp)dr .
(20)

The evaluation of such integrals is quite difficult.
An approximation scheme of using f-function ex-
pansion has been given by Cartwright and Kuyper-
mann. Even with this expansion technique the
computational complexity increases rapidly with
inclusion of atomic orbitals of higher quantum
numbers. On the other hand, GTO's have been
employed to great advantage in evaluating the mul-
ticenter integrals in molecular-structure calcula-
tions, and application of the GTO to the studies of
electron excitation of molecules has been made by
Miller and Krauss. In fact, if the STO's in Eq.
(20) were replaced by the GTO's, the resulting
multicenter integral can be evaluated in closed
forms. ' 0 A detailed account of the method of in-
tegration can be found in Ref. 10. In this paper
we shall adopt the GTO approach. Although the
molecular orbitals are generally given in terms of
the STO's in published works on the SCF calcula-
tions of the electronic structure of N&, they can be
converted into the form of linear combinations of
GTO's by a curve-fitting procedure. For each
molecular orbital we used seven ls-type, seven
2p-type, and seven Sd-type GTO's and the opti-
mum choice of the Gaussian exponents and their
weighting coefficients is determined by a nonlinear
least-squares curve-fitting technique of Mar-
guardt. Typically in the region where the value
of the wave function is greater than 10 ~ of its peak
value, the fit is accurate to within a few tenths of
a percent. As the wave function decreases to 10-~

of its peak value, the accuracy of the curve fitting
reduces to about 1%. The fit becomes poorer
(about 10%) as the wave function decreases to 10 I

of the peak value. To get an idea of how sensitively
the calculated cross sections depend on the "good-
ness" of the GTO expansion of an STO, we note that
the accuracy of the curve fitting indicated above is
considerably higher than the six-term GTO expan-
sions of the ls and 2p wave functions of the hydro-
gen atom (Fig. 1 of Ref. 10) which give excitation
cross sections within 1% of those calculated by the
exact hydrogenic wave functions.

Following the procedure outlined in Ref. 10, one
can express 8~,(K, Q. , C ) in analytic forms. To
facilitate the integration of 80„(K,8, C) over the
orientation of the molecular axis, it is convenient
to choose the coordinate axes such that K lies on
the y-e plane. Equation (16) then gives Go„(K)
from which one can obtain the generalized oscilla-
tor strengths, the differential cross sections, and

the total cross sections.

IV. RESULTS AND DISCUSSION

A. Generalized Oscillator Strengths

Before making an extensive comparison between
the theoretical and experimental excitation cross
sections of the Na molecule, it is important to as-
certain how sensitively the theoretical values vary
with the choice of the electronic wave functions.
To this end we have used the wave functions given

by Nesbet, ~ Richardson, Ransil, 3' Sahni and De
Lorenzo, 3 and Lefebvre-Brion and Noser. ~s The
wave functions of Ransil and those of Sahni and

De Lorenzo contain in the basis functions m =1 and
~= 2 atomic orbitals, with the difference that the
exponents of atomic orbitals were optimized in the
former set, whereas they were not in the latter.
The wave functions of Richardson differ from those
above in that the number of g = 2 atomic orbitals
were doubled. The Sd atomic orbitals were in-
cluded in Nesbet's wave functions which give better
energies. For comparison we have performed an
SCF calculation of the electronic structure of Nz

using 13 s-type and seven p-type GTO's as the
basis functions. The exponents and the "contrac-
tions" of the Gaussians were taken from the work
of Huzinaga and Sakai~; however, the "contrac-
tions" on the 2p GTO's were relaxed to gain more
variational freedom. For convenience we shall
designate by set (i) Nesbet's wave functions for
both the ground and excited states, by set (ii)
Richardson's wave functions, and by set (iii) the
GTO functions. In the cases of excitation to the
Rydberg excited states (c', D ' Z„', and a'", E ' Z ), ~
we used the wave functions of the excited orbitals
by Lefebvre-Brion and Moser in combination with

Nesbet's, Richardson's, and our GTO ground-state
functions. However, we shall continue to use the
same designations without confusion, since those
wave functions by Lefebvre-Brion and Noser are
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the only ones used for the Rydberg excited orbitals
of (Ss)o, and (Sp)o„. By set (iv) we shall refer to
the combinations of Ransil's ground-state and the
excited-state functions of Sahni and De Lorenzo's
"restricted treatment. "

Since both the singlet and triplet excitation cross
sections are proportional to the generalized oscil-
lator strength, we have examined in some detail
the various versions of the functions Go„(K)com-
puted by different sets of wave functions. 3' The
singlet cross sections are particularly sensitive
to the behavior of Go„(K)for small values of K
(~ 1.0), whereas the triplet cross sections are
governed mainly by Go„(K)for larger values of K
[see Eqs. (13) and (14)J. When the electronic
states of the molecule are represented by those of
a single, electron configuration, each excitation
can be characterized as a one-electron transition
from one molecular orbital to another. In this sub-
section we discuss the 3o,- 1p~, 2o„-lp„lg„
—lv, So - (Ss)o, and So - (3p)cr„transitions
which are the underlying one-electron transitions
of all the excitation processes considered in this
paper.

l. 30 ~ le'

This transition corresponds to the g'II, . and
B'll, of the (lo, )'(lo„.)3(2o,)'(2o„)'(lv„)(So,)(lv, ) con-
figuration. ~e We have calculated Go, (K) by using
all four sets of wave functions. Figure 1 shows
the curves of Go„(K)calculated by sets (i), (iii),
and (iv) along with the experimental values of
Lassettre and Krasnow. ~v The results of set (ii)
lie between sets (i) and (iii) and are left out for

Berg- I erg

I
0-I

C
O

clarity. The theoretical values calculated using
sets (i)—(iii) agree very well with one another
(within 10%) and also show a reasonable agreement
with the experimental data for small values of K.
The theoretical generalized oscillator strengths
have been reported by Rozsnyai (based on Ransil's
functions with Nnoptimized exyonents for both the
ground and excited states). " His values are lower
than all four sets of theoretical values mentioned
above (Fig. 1). Although Rozsnyai's scheme of
computation involves some apyroximations, this
discrepancy of a factor greater than 2 is difficult
to explain. As we shall see in Sec. IVA2, his
values for the 20„-1p,transition agree much bet-
ter (20%) with ours. Rozsnyai was able to increase
the value of the oscillator strengths by dropping the
ls and 2s constituents from the 3cr, molecular or-
bital, but the theoretical justification for this step
is not clear. The close agreement between the
theoretical values calculated from the wave func-
tions of Nesbet, Richardson, and our GTO wave
functions is especially encouraging.

Z. 2o„ lm'

The electronic configuration (2o„)(Scr,)'(lv„)(Iv~)
gives rise to the C g„states and to one 'Q„state;
the latter (b 'II„),however, is believed to be mixed
with the (2o„)(Sa )(Iv„)~(lv ) configuration. The
graphs of Go„(K)calculated by sets (i) and (iv) along
with Rozsnyai's values ' and Lassettre and Kras-
now's experimental values are displayed in Fig.
2. The results of sets (ii) and (iii), which are not
shown in Fig. 2, differ from those of set (i) by no
more than 8. 6 and 2. 6%, respectively. All four
calculated Go„(K)curves show a maximum at K
=0, characteristic of the generalized oscillator
strengths of a dipole-allowed transition. More-
over, they are not very sensitive to the choice of
wave functions for this transition. From electron-
impact energy-loss experiments, Lassettre and
Krasnow obtained the generalized oscillator
strengths for the energy loss b,E = 12.85 eV.3~ It
was suggested that the spectrum of this energy
loss probably includes contributions from vibra-
tional levels of g''g„', 5''g„aswell as 5'II„. Be-
cause of these uncertainties no comparison be-
tween theory and experiment will be made for this
transition.

I
0-2

0
I t I 1 I ( I ) I

I 2 2 3 4 5
K

FIG. 1. Values of Go„(K) [defined in Eq. (16)J for the
30~ 1m~ transition computed by using wave-function set
(i) (solid line), set (iii) (even dashed line), and set (iv)
(long-short dashed line). Also included are Rozsnyai's
(Ref. 21) computed values (long-short-short dashed line),
and the experimental data of Lassettre and Krasnow given
in Ref. 37 (x).

1m„~lx

%hen an electron in the degenerate lg„is pro-
moted to another degenerate lg, orbital, four dif-
ferent assignments may be made, which are re-
sponsible for a Z„', a Z„,and a doubly degenerate
b,„state.' The 'Z„'state (designated as b' 'Z„')is
an optically allowed one, and its triplet counter-
part is the A~Z'„state. The other states (a'~Z„,
B' Z„, go h„,W a„)are all dipole forbidden. The
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3.0
2 cr„—I w

I,O

hC

C0
C9

O.I

0
I I I

0.5 I.Q

I I I I i I

1.5 2,0 2.5
K

pIG. 2. Values of Go„g) [defined in Eq. (16)] for the
20„1~~transition computed by using wave-function set
(i) (solid line) and set (iv) (even dashed line), including
the Rozsnyai's (Ref. 21) computed values (long-short
dashed line), and the experimental data of Lassettre and

Krasnow given in Ref. S7 (x).

shape of the Go„(K)curves indeed properly reflect
the optical nature of the transitions as may be seen
in Figs. 3 and 4 t Go„(K)is identically zero for
symmetry-forbidden transition to Z„]. Figure 3
shows the Go„(K)appropriate to ' Z„'computed by
sets (i) and (iv), and the results by set (ii) are
represented simply by dots for clarity. Set (iii)
gives values which are between sets (i) and (ii) ex-
cept near K= 0 where they are about 5% larger than
those of set (ii). Sets (i) and (iv) differ moat, but

the difference is within 25% for K~ 3.0. We ob-
served an interesting feature of the secondary ex-
trema (not shown in Fig. 3) beyond K= 3.5 (by all
sets of wave functions). However, these extrema
occur at too large values of K and the magnitude is
too small (less than 10 ~ of the value at K= 0) to af-
fect the total cross sections in any appreciable
way.

Figure 4 shows Ga„(K)appropriate for '~A„com-
puted by sets (i), (iv) and (iii) (by dots). The re-
sults by set (ii) are smaller by 10% at K=0. 1 and

larger by 10% at K= 6.0 compared with those of
set (i). We note the much broader peak in this
curve compared with other optically forbidden
transitions. As we shall see later, this broad
peak is responsible for a broad peak in the exci-
tation functions of the ur'n, „and W n„states.

4. 3e ~(3p)e„and30 ~(3s)o

The Sa~ - (Sp)o„transition corresponds to excita-
tion to the Rydberg c' 'Z„'and D Z„'states. In Fig.
3 we present the Go„(K)curves for the So,- (Sp)o„
transition. As designated before, for this and the
Sa~- (Ss)o~ excitations, sets (i)-(iii) refer to the

0,4 I ~ I ' I ~ I 4.Q

O. I l.o
C)

Q I

C0
(3

O. l

0.0 02 —--
0 0.5 I.O

K
l.5 0.02

FIG. S. Values of G«(K) [defined in Eq. (16)] for the

lm„ l~~ (appropriate for ~ SZ'„states) and So~ (Sp)0'„
transitions computed by using wave-function set (i)
(solid line), set (ii) (dots), set (iii) (even dashed line),
and set (iv) (long-short dashed line).

Sa,. orbitals of Nesbet, Richardson, and GTO, re-
spectively, in combination with (Sp)o„.and (Ss)a~
orbitals of Lefebvre-Brion and Noser. The gen-
eralized oscillator strengths depend more sensi-
tively on the So, orbital in the low-K region as seen
in Fig. S. This will be reflected much more
strongly in the singlet cross sections than in the
triplet cross sections.

From the measurements of absorption spectrum,
Lawrence, Mickey, and Dressier 3 obtained the
absolute optical oscillator strength to be 0. 14
+ 0.04 for the p'Z„'band which is the first vibra-
tional member of c' Z„'state. By comparing
the transition probabibty deduced from their oscil-
lator strength and the one from the lifetime mea-
surement, they conclude that the Franck-Condon
factor for the p' level to be very close to unity.
Assuming the Franck-Condon factor to be unity,
our computed Go„(K=0) leads to an optical oscilla-
tor strength of 0.060V which is about 2. S times
smaller than the measured value. Unlike other
transitions studied in this work, the G~„(K)function
for c' Z„'shows an unusual behavior of decreasing
very rapidly from K=O to K=0.84 by a factor
greater than 200 and then rising again to a broad
maximum around K= 1.3 (Fig. 3). This sharp .

decrease in Go„(K)indicates a strong angular de-
pendence of the differential cross section. The
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FIG. 4. Values of G«(h. ) fdefined in Eq. (16)] forthe17).
„—17t~ (appropriate for ' 4„states) and 30~—(3g)a~ tran-

sitions computed by wave-function set (i) (solid line),
set (ii) (Iong-short dashed line), set (iii) (dots), and set
(iv) (even dashed line).

relative intensity measurements of electron-impact
energy-loss spectra also show the strong angular
dependence. The point is discussed in fuller de-
tail in Sec. IVB3.

The generalized oscillator strengths of the 3o,
—(3s)a, transition, which yields4S the a" ~Z' and
F. Z,

' states, are seen to have the qualitative behav-
ior of those of a dipole-forbidden state (Fig. 4).
Compared with the values obtained by set (i), set-
(ii) results are about 7/g larger for K~ 1.0, where-
as set (iii) gives values which are about 20% small-
er for E & 0. 5, but practically identical for E & 2. 0.

B. Excitation Cross Sections for Singlet States

l. a ' ll State (Lyman-Birge-Hop field Bands)
g

The a'II, state is the only singlet state for which
a considerable amount of experimental work on the
measurements of the absolute excitation cross sec-
tions has been reported in the literature; there-
fore, it is a particularly good case for testing the
Born cross sections. In applying the Born approxi-
mation to the singlet-singlet excitation problems,
it had been customary to ignore the exchange ef-
fect. By means of the Ochkur and Budge modi-
fications, the exchange effect can be taken into ac-
count more satisfactorily than by the Born-Oppen-
heimer approximation. Accordingly we have cal-
culated the excitation cross sections by these two
versions of exchange treatment and by neglecting
exchange, using wave functions set (i), and com-
pared the results in Fig. 5. It is seen that the
Ochkur exchange tends to decrease the computed
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FIG. 5. Excitation functions of the p 'II~ state (Lyman-
Birge-Hopfield bands) computed by using wave-function
set (i) without exchange [direct (i), solid line]; set (i)
including exchange by Ochkur's modification [O(i), even
dashed line]; set (i) including exchange by Rudge's mod-
ification Q(i), long-short dashed line]; and set (iv) in-
cluding exchange by Ochkur's modification fO(iv), long-
short-short dashed line]. Also included are Rozsnyai's
computed values (dashed line labeled Ref. 21), and ex-
perimental data of Holland, given in Ref. 17 (x), and of
Ajello, given in Ref. 18 (dots).

cross sections in the low-energy region, whereas
the use of the Budge formula reduces only slightly
the cross sections above 40 eV but gives a sub-
stantial increase over the nonexchange values as
the incident-electron energy is decreased. In fact,
it is easy to see from Egs. (6) and (13) that for in-
cident-electron energy less than &+b,E (in Ry) the
Budge exchange term tends to increase the cross
sections. We also observe a similar increase of
cross sections (at low energies) associated with
the use of the Budge modification for all the other
singlet states studied in this paper. (Parentheti-
cally we may add that the same kind of behaviors
were also noted in the excitation functions of the
'P and 'D states of He. ") From the available ex-
perimental data of Na, we find it difficult to decide
which version of the exchange approximation works
better for singlet-singlet excitation. Moreover,
the difference between the nonexchange Born ap-
proximation and the two modifications is appre-
ciable only at relatively low energies where such
effects as polarization and .distortion, which were
not included in all the Born-type theory, may play
important roles in determining the cross sections.
Without a quantitative measure of these effects,
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it is impractical to attempt a critical appraisal of
the two versions of exchange formula by comparing
the theoretical values with experimental data.
However, the steep rise of cross sections with re-
ducing energies below 30 eV according to Rudge's
modification could be somewhat unrealistic. For
this reason and the reason that Budge's modifica-
tion lacks the detailed balancing in the case of
singlet-to-singlet excitations, 5 we shall adopt the
Ochkur modification to include the exchange ef-
fect. Unless otherwise specified, all singlet cross
sections presented in this paper are computed with
exchange by the Ochkur modification.

The theoretical excitation cross sections calcu-
lated by using the wave functions of sets (i)-(iii)
agree very well with one another, of which the re-
sults of set (i) are shown in Fig. 5. The excita-
tion functions by the other two sets are about 5/0

smaller than the one shown. The excitation func-
tion computed with set (iv) is markedly smaller,
however (see Fig. 5). The sensitivity of cross
sections on the choice of wave functions for this
and other singlet states is summarized in Table I.

The theoretical cross sections based on wave
functions (i)-(iii) are somewhat larger than the
experimental values reported by Holland'~; above
500 eV the agreement is within 25/0. This provides
an experimental test of the accuracy of the first
Born approximation for electron-molecule excita-
tion since at energies above 500 eV the exchange
effect is entirely negligible.

Experimental measurements of the excitation
cross sections have been reported also by AjeQo'8

for the energy range 10-200 eV. His cross sec-
tions are much larger than those of Holland in the
energy range where the two sets of data overlap.
Between 100 and 200 eV, Ajello's cross sections
are substantially larger than the theoretical values.

Aarts and De Heer have studied the electron-
impact emission of the a 'IIe-X'Z, transitions, and

by normalizing the cross sections to the experi-
mental data of Lassettre and Krasnow at 500 eV,
obtained the excitation cross sections of the a 'IIe
state. Their results are in very good agreement
with those of Holland. ' Brinkmann and Trajmar
reported electron-excitation measurements for
a number of states of N2. By normalizing to the
absolute cross sections of other workers and by
extrapolation they gave an electron-excitation func-
tion of the a II, state which agrees mell with Hol-
land's values. Other cross-section measurements
of the a 'IIe state include the work of Horst' and of
Freund in the region 0-40 eV.

It should be mentioned that the measured cross
sections of Holland and Ajello were not corrected
for cascade contributions. Ajello' estimated the
probable cascade to be less than 10%%uo. In Holland's
work evidence has been cited to indicate that the

TABLE I. Peak electron-excitation cross sections
(pm~), energies of the peak [E(pm~) j, and cross sections
at 1000 eV [Q(10 eV)] for six singlet states of N2 cal-
culated by wave-function sets (i)-(iv). Cross sections
are in units of ao and energies in eV.

a IIe

t I fg+a e

Sets

(i)
(ii)

(iii)
(iv)

(i)
(ii)

(iii)

0)
(ii)

(iii)

(i)
(ii)

(iii)
(iv)

(i)
(ii)

(iii)
(iv)

(i)
(io

(iii)
(iv)

@mm

0.980
0.945
0.931
0. 551

0.253
0.255
0.210

O. &48

0. 104
0. 101

0.0674
0. 0664
0. 0733
0.0553

8.287
9.392
9.409
9.324

4. 875
5.275
4, 950
4. 442

18.5
18.5
18.5
19, 0

60
60
60

30
32
30
34

40
4o
40
40

q(10' eV)

0.0442
0.0427
O. 0417
0.0276

0.0134
0.0134
0.0110

0.0383
O. 0272
0.0249

0.00715
0.00751
O. 00783
0.00708

l.241
l.391
1.411
1.347

O. 620
0.670
O. 625
0.542

cascade contribution is not large. ' However, it
mas pointed out in Ref. 17 that if the radiative life-
time of the a IIe state is as short as 40 p.sec, the
cross sections may include a cascade contribution
of 25-35%. Recent measurements of Horst and
Zipf give the lifetime of the a 'IIe state of N~ as
(115+20) psec, supporting the idea of a small
cascade contribution to the observed cross sec-
tions.

Included in Fig. 5 are the theoretical cross
sections reported by Hozsnyai. His values are
much lower than our theoretical cross sections
calculated from all four sets of wave functions as
was noted in Sec. IVA1. There also exist other
calculations of cross sections by semiempirical
means, ' but the methods employed were quite
different from the one used here, hence no com-
parison of the results will be made.

2. a 'Z Siuie

The a" 'Z~ state arises from the (1v„) (Sv~)
(Ss(r~) configuration. In Fig. 5 are shown the
theoretical excitation functions of a" 'Ze computed
using sets (i) and (iii). The excitation cross sec-
tions do not seem to depend too sensitively on the
choice of wave functions, sets (i) and (iii) differing
by about 20%%uo. The theoretical cross sections show
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FIG. 6. Excitation functions of the g" 'Zz and the
Z'„states computed by means of Ochkur's modification

and using wave-function set {i) (solid line), set (ii) (even
dashed line), and set (iii) (long-short dashed line), in-
cluding the experimental data {g" Z~) by Brinkmann and

Yrajmar, given in Ref. 20 (long-short-short dashed line),
and the experimental data (c' 'ZJ by Aarte and De Heer,
given in Ref. 19, {dots) which is normalized to the theo-
retical cross section of set (i) at 2000 eV.

an E ' dependence beyond 250 eV. The experimen-
tal excitation function reported by Brinkmann and
Trajmar is about 50% of our theoretical counter-
part above 80 eV, although agreement is considera-
bly better at lower energy. The E ' dependence
of their excitation function starts at much lower
energy than 250 eV found in this theoretical work.
Brinkmann and Trajmar studied electron-impact
energy-loss spectra at 15, 20, 30, 60, and 80 eV
of incident-electron energy. They have normalized
their data to different known experimental cross
sections according to the incident-electron energy.
At incident-electron energies greater than 80 eV,
they extrapolated to obtain the cross sections.
Their procedures of reducing experimental data
may account for some of the discrepancy found be-
tween the theory and experiment.

3. e' 'Z+„State

The c ' 'Z'„state, which belongs to the (lm„) (3&&~)

(3Po„)configuration, is a dipole-allowed state;
thus it is of special interest to study its excitation
properties. The excitation functions obtained by
using wave functions (i)-(iii) are shown in Fig. 6.
The broad peak of the excitation function reminds
one of the corresponding case of the dipole-allowed
excited states of atoms. For this state we see
unusually large variations of the cross sections due
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FIG. 7. Differential cross sections 0' of the g' 'Z'„
state at various incident electron energies (solid lines).
Also included are the differential cross sections of the
a ~II~ state (dashed line) at incident-electron energy of
20 eV for comparison. Wave-function set (i) was used
for all computation.

to the choice of wave functions (as large as 50%),
the shape of the theoretical curves remaining nearly
the same. Recently the P' Z'„state has been iden-
tified as the lowest vibrational level of the c' Z'„
state. The optical excitation function of P' Z'„
-X'Z; (v"= l) has been measured by Aarts and

Qe Heer, ' and the shape of their excitation function
is in good agreement with our calculations. Since
only one vibrational component (v'= 0-v"= l) of
the c' Z'„XZ~ transitions and one component of
c"Z„'-aII, were reported in the measurements of
Aarts and De Heer„' we are unable to compare the
magnitude of our theoretical cross sections with
experiments. Instead, we normalized the optical
cross sections of Aarts and De Heer to the theoreti-
cal cross section [by set (i)] at 2000 eV in order to
compare the shape of the excitation functions. The
normalized cross sections of Aarts and De Heer
are included in Fig. 6. The agreement is seen to
be quite good.

Like the case of a dipole-allowed atomic excited
state, the differential excitation cross sections of
c"Z„'are sharply peaked in the forward direction
as illustrated in Fig. V where we have plotted the
differential cross sections at various incident-elec-
tron energies, including that of a II» at 20 eV for
comparison. This is in qualitative agreement with
the experiment by Williams and Doering. Las-
settre has pointed out the sharp decrease in rela-
tive intensity at zero angle of the 12. 93-eV transi-
tion of the electron-impact spectra of Heideman,
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Kuyatt, and Chamberlain, "and identified this peak
as P' Z'„state. Our calculations give a theoretical
value of 8 for the ratio of the differential cross
sectionat 8= Oof theP"Z„'state at S5eVtothat at 20
eV in qualitative agreement with the observation cited
above.

IO—

bH

4. w ' b,„andb' ' Z+„States

The configuration (lm„)' (So,)'(lm, ) gives rise to
three singlet states se '6„,O''Z'„, and a"Z„.We
are not aware of any direct experimental measure-
ments of electron excitation of the so h„state;
however, Freund has pointed out a possible ex-
perimental evidence of such an excitation process. '2

The excitation functions of the m 4„state computed
by using wave-function set (i) is displayed in Fig.
8. Compared with the results shown, the cross
sections by set (ii) are about 5%% smaller at low

energy but 5% larger at high energy. Set (iii) gives
cross sections which are uniformly larger by 10%%uc

than the ones shown. Below 40 eV, the cross sec-
tions by set (iv) are about 20%% smaller than the
ones by set (i), but above 200 eV the agreement is
within 5%%. The broad shape of Ge„(Ã)for this
transition is reflected in the broad peak of the
excitation function with E ' dependence starting
around 400 eV.

The O' Z„'state is another dipole-allowed state.
However, theoretical calculations here are com-
plicated by the mixing with the (1w„) (Sv~) (So„)
configuration (35%) and possible vibrational per-
turbation of the high vibrational levels. ' ' The
latter will not be treated in this paper, but the form-
er can be analyzed in some detail. In Fig. &, we
have shown theoretical cross sections to the pure
(1w„) (So~) (1m~)'Z'„state, to the pure (lm„) (So~)
(So'„)'Z'„state,and to the state of 65-35%% weighted
mixture of the above two (using Richardson's func-
tions). Although the pure cross sections of lw„- le~ and So~- So„excitations are quite similar
both in magnitude and shape, the severe destruc-
tive' interference in he„(K)results in the "mixed"
cross sections being about one tenth of either of
the pure cross sections. The sensitivity of the
"mixed" cross sections indicates that in order to
obtain reliable excitation cross sections of O' Z„'
state, it would be necessary to conduct an accurate
analysis of the configuration mixing.

Under the first Born approximation (including
Ochkur's or Rudge's exchange term), the excita-
tion cross sections of the a' Z„state becomes
zero. To analyze theoretically excitation to this
state, one must consider the indirect coupling be-
tween X'Z,'. and a' 'Z„-.through the various inter-
mediate states. Calculations of excitation cross
sections involving indirect coupling are beyond the
scope of this paper. Nevertheless, we may point
out a somewhat similar case of excitation of neon
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FIG. 8. Excitation functions of the 5 '&„state and the
gg '~„{enlarged by a factor of 20) state computed by using
wave-function set {i) and excitation functions calculated
from wave-function set (ii) for the pure (ling~(S&~) (lv~)
~Z'„, for the pure (lv„)(3c'~)(3o'g Z„', and for the
state consisting of 65-35% weighted mixture of the above
two configurations. Exchange by Ochkur's modification
is included in all results.

atoms in which the Born cross sections (exclusive
of exchange terms) of a number of the excited
states of the 2p'gp and 2p nd configuration are
zero. 3

5. b)D„State

The O'Il„.state may be described as deriving
from the (2o„)(lp„)(lp ) configuration mixed with
(1~„.) (Sar)(l~r) . Since we are not able to find
wave functions for the latter configuration, our
discussions for this state are only qualitative in
nature. Nevertheless, we have computed the ex-
citation. cross sections for the pure (2o„)(lm„)(lm, )
II„.In Fig. 8 is shown the excitation function

calculated by using set (i). The sensitivity to the
choice of wave function is not too great (see Table
I). The excitation function exhibits the broad max-
imum characteristic of the dipole-allowed states.
The shape of the excitation function is in fact rath-
er similar to that of the O' 'Z„'state.

The singlet excitation functions (computed by
using Nesbet's functions) for the dipole-allowed
5"Z„'(pure lm„-lm, ), 5'll„, and c'l „'states show
within 5% Z 'lnZ dependence from 500, 700, and
1400 eV on, respectively. For the dipole-forbid-
den a'll, , a" 'Z,', and te '+ states, the E ' depen-
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dence becomes apparent at incident energies above
300, 250, and 400 eV, respectively.

C. Excitation Cross Sections for Triplet States

Compared with the singlet states, a considera-
bly larger amount of experimental data are avail-
able for excitation cross sections of the triplet
states. Particularly the 8 II, (first positive sys-
tem) and C II„(secondpositive system) states have
been investigated experimentally by several
groups. " ' Unlike the case of some of the sin-
glet states, there is no evidence of serious con-
figuration mixing or of perturbation of vibrational
levels in the triplet electronic states. Since the
electron-exchange effect is entirely responsible
for exciting the triplet states, one expects a much
larger difference between the Ochkur-type and the
Budge-type calculations than in the singlet counter-
parts. From Eqs. (6) and (10) we see that if the
vertical excitation energy ~F. is equal to the ion-
ization potential q of the initial state, the two
modifications would give identical results. Thus
for the excitation to the triplet states of the helium
atom, for which the excitation energy is more than
80~/0 of the ionization energy, one finds a close
agreement between the results of two modifica-
tions. However, for the B 0 state of N2 which
is about halfway between the ground state and the
ionization limit, the Ochkur approximation gives
markedly larger cross sections than does the
Budge modification. The Budge formula was
derived in a first-principle manner based on the
variational method, thus we will adopt it in our
calculations of the triplet-excitation cross sec-
tions. Unless otherwise specified, all of our cal-
culated cross sections of the triplet states report-
ed in this section are of the Judge type. We have
used both theoretical and experimental values of
the ionization energy & in Eq. (6). We present the
results using the latter only. The replacement of
the latter by the former may reduce the cross
sections by as much as 20% for 8 II~, C II„,
DsZ„', and EsZ', and increase by as much as 20%
for A Z„'and W ~.

The sensitivity of the triplet cross sections to
the choice of wave functions employed is summa-
rized in Table G.

C II„State(Second Positive System)

The excitation function of the C II„statecalcu-
lated by using Nesbet's wave functions (with Rudge's
exchange) is shown in Fig. 9. For the purpose of
comparison, we have also plotted the excitation
function (scaled to one-half) calculated by means
of the Ochkur exchange. The results by using
wave-function sets (i)-(iii) agree within 4%, and
the results of set (iv) differ no more than 10'Fo from
the above group (see Table 11). The theoretical

TABLE II. Peak electron-excitation cross sections
(Qm~), energies of the peak [E(Q~~j, and cross sections
at 40 eV [@{40eV)] for six triplet states of N2 calculated
by @rave-function sets (i)-(iv). Cross sections are in

units of Qp and energies in eV.

States

A 3Z'
8

Sets

0)
(ii)

(iii)
{iv)

0)
(ii)

{iii)
(iv)

(i)
(ii)

(iii)
(iv)

(i)
(ii)

(iii)

(i)
(ii)

(iii)
{iv)

0)
(ii)

(iii)

l.609
l.676
1.615
1.613

4.354
5. 035
4. 91.7
5.263

0.997
0.968
0.928
0. 706

0.0334
0. 0320
0. 0322

0.257
0.275
0.284
0.273

0. 133
0. 142
0.123

E(Q )

14.5

14.5
14.5
15.0

11.0
11.0
11..0
11.5
13.5
13.5
1.3.0
14.5

18
18
18

21
22
21
24

15
15
15

Q(40 eV)

0.367
0.365
0.364
0.403

0.491
0.569
0.536
0.619

0.187
0.179
0. 1.72
0. 175

0.00713
0.00701
0.00709

0. 148
0. 169
0. 163
0, 183

0. 0257
0.0272
0.0247

excitation function of Cartwright is uniformly
twice as large as ours for the reason explained in
Sec. I.

Included in Fig. 9 are the experimental excita-
tion functions (apparent) reported by Jobe, Sharp-
ton, and St. John and by Burns, Simpson, and
McConkey. '3 The C G„state receives little cas-
cade contribution, thus it is particularly suited for
making comparison between theory and experiment.
The magnitude and the position of the peak of our
theoretical curve (1.61a~ at 14.5 eV) agree well
with the experimental values of 1.85a~o at 15 eV by
Jobe et a/. md with 1.52ao at 14.0 eV by Burns
et aE. , but the shape of the theoretical excitation
function is somewhat broader than the experimen-
tal counterpart. The recent optical measurements
by Shemansky and Broadfoot' show a peak cross
section of 1.4a~~at 14.V eV. The unnormalized
optical excitation function of Freund ~ has a some-
what broader shape than those in Befs. 11 and 13.
The cross sections reported by Skubenich and

Zapesochny, ~ however, are much smaller than
those of Refs. 11 and 13. The good agreement
between our theoretical cross sections and the
experimental results of two different groups"'
suggests the possibility that the Born-Budge ap-
proximation may be reasonably adequate in de-
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2,0 difference of a factor 2 mentioned previously.

B II State (First Positive System)
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FIG. 9. Excitation function of the C 3II„statecomputed
by wave-function set (i) and by Rudge's modification
Q(i), solid line], by Ochkur's modification (scaled to 2)
C'O(i), long-short dashed line]. Included are also the ex-
perimental data of Jobe et al. given in Ref. 11 (even
dashed line), and those of Burnes et al. given in Ref. 13
(long-short-short dashed line).

The excitation function computed by using Nes-
bet's wave functions is shown in Fig. 11. It agrees
with the theoretical curves resulted from sets (ii)
and (iii) to within 8/0. When the wave functions of
set (iv) were used, the peak cross section is found
to undergo a 30% reduction, whilethe cross sectiens
above 40 eV are not much affected (8%). Although
we had expected our cross sections to be about
one-half of those of Cartwright, ' the latter are
found to be about three times larger than our
values using similar wave functions.

Experimental measurements of the apparent
excitation functions have been reported by Stanton
and St. John, '

by McConkey and Simpson, ' and
by Skubenich and Zapesochny. '~ The first two sets
of data are quite close to each other, whereas the
Skubenich and Zapesochny cross sections differ
quite appreciably from those of Befs. 14 and 15 for
incident energies below 16 eV. These apparent
excitation functions contain, in addition to direct
excitation, the cascade contributions from higher
states. Among the states which may cascade to
the I3 g, state, it is clear that C g„is an impor-
tant contributor. By using the experimental data
of the optical excitation function of the C II„-B II
transition reported by St. John and co-workers, "
we have corrected the experimental data of Ref.

scribing electron-impact excitation for the triplet
states of N&. The Born-Ochkur cross sections,
however, are more than two times greater than
the Born-Rudge counterpart near the peak, and by
40% at 40 eV and 27% at 60 eV.

2. g Z+„State(Vegard-Eaplan Bands)

The transitions between A ~Z„'and X'Z,' have
been observed by various methods. "'6 The mech-
anism of population of A Z„'is of aeronomical in-
terest. In their analysis of auroral spectrum,
Broadfoot and Hunten ~ suggested that the popula-
tion of ASZ„'is almost entirely due to cascade.
Very recently Borst' has reported direct experi-
mental measurements of the A Z„'. In Fig. 10 we
present our calculated cross sections (Nesbet's
wave functions) along with Borst's experimental
results. The excitation functions gotten by using
other sets of wave functions are somewhat (15-
20%) larger than the one shown in Fig. 10, but
their shapes and the positions of peak agree very
well with one another. While the peaks of both
curves occur at about the same energy, the theo-
retical cross sections are substantially larger than
the exyerimental ones„ lying beyond the limits of
uncertainty given by Horst. Cartwright's theoret-
ical values are consistent with ours except for the
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FIG. 10. Excitation functions of the A 3Z'„state (solid
line), of the W3&„state enlarged by a factor of 20 (even
dashed line), and of the E3&~ state enlarged by a factor
of 40 (long-short dashed line) computed by Budge's mod-
ification using wave-function set (i). Included are also
the experimental data of A 3&'„byHorst given in Ref. 16
(long-short-short dashed line).
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FIG. 11. Fxcitation function of the B3&~ state com-
puted by Budge's modification using wave-function set (i)
(solid line) along with the experimental apparent ex-
citation function of Stanton and St. John given in Ref. 15
(even dashed line) and the one corrected for cascade
from the C II„stateby means of the experimental data of
Hef. 11 [long-short dashed line].

15 for cascade from C g„.This corrected excita-
tion function along with the uncorrected apparent
excitation function of Stanton and St. John is in-
cluded in Fig. 11. %e are not able to find experi-
mental data of excitation cross sections of the
C'3II, state to estimate its cascade contribution.
The C 3II„state [configuration (lv„)3(3o )(1v.)~] in-
volves two electrons in excited orbitals; no ac-
curate wave functions for this state have been pub-
lished to our knowledge. Of the other triplet states
which may cascade to B rf„the cross sections of
the 5' ~ and D Z„'states are much smaller than
the direct excitation cross sections of B II as will
be seen in Sec. IVC4 and IVC5. Under the Born-
Budge (or Born-Ochkur) approximation, the colli-
sion amplitude of excitation of the B' Z„vanishes.
Thus no further cascade subtraction will be made
to the "corrected" excitation function in Fig. 11.
It is seen that the experimental excitation cross
sections of B II are considerably larger than our
calculated values. From their recent optical mea-
surement, Shemansky and Broadfoot' estimate the
peak cross section as 4. 3ao which is about two
times larger than ones reported in Refs. 12, 14,
and 15.

Gilmore' pointed out the interesting possibility
of the cascade scheme of A Z„'(high v)- B II
(low v)-A~Z„' (low v). Our calculations indeed in-
dicate that the excitation cross sections of A Z„'
is about five times larger than those of BIII~ and
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FIG. 12. Excitation function of the D3Z'„state com-
puted by Budge's modification using wave-function set (i)
(solid line) along with the experimental curve by Skubenich
and Zapesochny given in Ref. 12 (dashed line) and the one
by Freund given in Ref. 46 (dots) which is normalized to
the theoretical value at 18 eV.

that the Franck-Condon factors of AGE„'favor exci-
tation to the vibrational levels around v = 10 which
may cascade to the lower vibrational levels of
B lI .. Such a double-cascade mechanism may be
responsible for at least part, of the discrepancy be-
tween the theoretical and experimental curves.

4. D 3Z+„State

Our theoretical excitation function of the DSZ„'
state computed with set (i) is shown in Fig. 12
with the experimental data of Skubenich and Zap-
esochny, ' and the optical excitation function of
Freund 6 (normalized to theory at 18 eV). Wave-
functions sets (ii) and (iii) give results within 4%
of the ones shown. The shape of the excitation
function is markedly different between theory and
experiment. The broad secondary peak around 25
eV reported in Ref. 12 is in distinct contrast with
the present theoretical results. A recent experi-
mental optical-excitation function by Freund 6 al-
so shows somewhat similar shape to the one in Ref.
12. The theoretical cross sections of Cartwright'
are some six to eight times larger than our values.
It may be noted that in Cartwright's calculations
of the excitation function of the D3Z„'state, ' the
multicenter terms in the transition amplitude were
neglected. Because of this difference in the com-
putational scheme, we shall not make detailed com-
parisons of Cartwright's cross sections with ours
for the D3Z„'state.

fV 5„andE Z+ States

The theoretical excitation function of the W~~
state shows a peak around 22 eV which is distinctly
broader than those of the other triplet states
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studied in this work (Fig. 10). The excitation func-
tion shown in Fig. 10 is obtained by using wave-
function set (i). The other three sets of wave func-
tions give cross sections which are somewhat
larger (about 15%) than the ones shown. We have
not been able to find any experimental measure-
ments of the excitation cross sections of the 8' d„
in the literature to compare with our theoretical
values. Although we expect a factor of 2 between
ours and Cartwright's cross sections, ~ his excita-
tion function for W ~ is virtually identical to ours.

In Fig. 10 is also included our calculated exci-
tation function of the ZsZ,' by using set (i). Sets
(ii) and (iii) give cross sections that are about 8%
larger and smaller, respectively, than the ones
shown in Fig. 10. In the cross-section calculations
for the ESZ' state reported in Ref. 5, the multi-
center terms in the transition amplitude were
neglected (like the case of DsZ„'), and these cross
sections are some four to nine times larger than
ours. Several investigators' have found a sharp
peak around 12.3 eV attributed to the E Z,' state
in their excitation experiments, e.g. , the experi-
mental measurements by Horst'6 with the peak
cross section of 0. 25a~. Our theoretical excitation
function shows a much broader shape with the peak
cross section of 0. 133go at 15 eV. Since the ex-
perimental evidence is suggestive of a resonance-
type mechanism, no further comparison will be
made.

All the triplet cross sections fall off as E~ at
high incident-electron energies. Our computed
cross sections using Nesbet's functions show such
energy dependence (within 5%) starting at 1VO eV
(a'Z„'), 190 ev (a'll, ), 150 ev (C'll„), 85 ev
(D Z„'), 100 eV (EsZ;), and 190 eV (Wsn„).

V. CONCLUSIONS

By using the GTO as basis functions of the mo-
lecular orbitals, the Born-approximation cross
sections of electron-impact excitation of the elec-
tronic states of diatomic molecules can be calcu-

lated by a very simple procedure which is no more
complicated than the corresponding case of excita-
tion of atoms. In this paper we present the theo-
retical excitation functions for 12 states of the N&

molecule. %hen molecular wave functions of
sufficiently high accuracy are used, the computed
cross sections do not appear to vary too sensitively
with the choice of the wave functions.

For the excitation of the singlet states one can
use the Born approximation for the direct-excita-
tion scattering amplitude neglecting the exchange
term, or alternatively include the exchange ampli-
tude by the Ochkur or the Budge scheme. At en-
ergies well above the threshold all three schemes
(Ochkur, Budge, and nonexchange) result in near-
ly the same cross sections. Near the threshold
region, the Budge-modification cross sections
substantially exceed the other two types; however,
at the low-energy range the Born approximation is
not expected to be reliable for singlet-singlet ex-
citation. Thus the difference among the three
schemes is not of great interest to us. Compari-
son of our calculated singlet excitation cross sec-
tions with the available experimental data shows
about 25% agreement for the a II state at 900 eV,
but for the g" 'Z' state at 80 eV the experimental
cross section is 50% of the theoretical value.

In the case of singlet-triplet excitation, the low-
energy range is of prime interest in most of the
experimental work. For the theoretical calcula-
tions of the cross sections, we have adopted the
Budge modification. Our theoretical excitation
cross sections of the C II„stateare in good agree-
ment with the experimental values, whereas for the
A Z„'and BSII states the discrepancy becomes
considerably larger.

In conclusion we may state that with the use of
the GTO, the Born approximation along with the
Budge modification provides a simple practical
scheme to compute the electronic excitation cross
sections of N~, and the results are in reasonable
agreement with the available experimental data.
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The angular distribution of electrons elastically scattered from N2 as a function of energy
has been measured utilizing a crossed-beam technique. Measurements have been made of
monoenergetic electrons with energies between 5 and 90 eV scattered from a collimated beam
of N2 at angles from -114' to +160'. The wide angular range of the measurements has enabled
the determination of the total elastic-scattering and momentum-transfer cross sections. The
measurements are relative and have been normalized to Fisk's theoretical calculation at 5eV.
The results generally agree well with other published measurements and with theory.

INTRODUCTION

Scattering of electrons with energies in the range
of a few eV to a few hundred eV from N2 has been

investigated by several authors. Norrnand' and
Aberth et ai. have measured the total scattering
cross section. Eiastic-scattering cross sections
for N, as a functi". -l~. of energy have been measured


