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The reflection, refraction, and associated production of photoelectrons by ultrasoft x rays
(10-100 A) can be important bases for the determination of material constants such as the
linear x-ray absorption coefficients and the electron mean free paths. These may then beused
to establish directly the photoionization cross sections and the electron-collision cross sec-
tions which account for the dominant energy-absorbing processes within solids for this energy
region. Because the effective sample depths for these interactions are typically less than 100
A, they constitute an important practical basis for surface characterization. By applying the
exact theory for the reflection-refraction of a plane electromagnetic wave at an absorbing di-
electric interface to the shorter-wavelength region (& 10 A), it can be showf&~&that the conven-
tional approximate theory of x-ray reflection is adequate. However, the ~~We exact theory
must be applied in the region of longer x-ray wavelengths (& 50 A). Although the derivations
of the exact theory are tedious, the results can be expressed in relatively simple form as func-
tions of two material constants G. and y, which are identifiable as the unit decrements to a
complex dielectric constant, of the grazing-incidence angle, and of a parameter which is a
function of this grazing angle and which becomes the angle of refraction for small angles of
incidence. X-ray absorption coefficients and electron mean-free-path values have been deter-
mined from x-ray reflection and refraction and photoelectron excitation data. These values
have been shown to agree reasonably well with such material constants as determined by trans-
mission measurements through thin samples.

I. INTRODUCTION

It is well known that x rays do reflect from sur-
faces with high efficiency in the grazing-incidence
region. The characteristic reflectance curve,
which falls off to zero value with increasing angle,
is the basis for an important method for determin-
ing the optical constants of the reflecting medium
and its surface structure. '~ Also, a precise
knowledge of this "total-reflection" characteristic
curve is important in the design of mirror mono-
chromators, of optimized diffraction gratings, and
of astronomical telescope systems for the x-ray

region.
As will be described below, the refracted x-ray

beam, when used to produce photoelectrons, can
also be an important basis for the determination of
certain constants of the medium and of its surface
structure.

In order to relate experimental reflection, re-
fraction, and associated photoelectron excitation
data to the optical constants, one may apply a rela-
tively simple electromagnetic model based upon
approximations permitted by the small values of
the grazing-incidence angles and of complex re-
fractive-index unit decrements which obtain for the
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E=Zp; Q& = 1/A;

p, is the number of atoms of type i per unit volume,

Q& is their atomic ionization cross section, and A

is the mean free path for the q-type photoelectrons
being measured.

For small g, &f& is not equal to &t and must be
determined by an analysis of the refraction of a
plane electromagnetic wave at the boundary of the
sample.

To be exact, in Eq. (2), P defines the direction
of energy flow within the medium (i. e., that of the
Poynting's vector) and this direction is not neces-
sarily perpendicular to the equiphase planes. R
should be determined from the exact Fresnel equa-
tions, and, in a precise analysis, p, may not be
taken as a constant but rather as a function of the
incident angle P.

Qualitatively, the equations for N above predict
that the no-loss photoelectron peak intensity should
be a constant as the sample is rotated in the large-
/ region. In the small-P region, however, a peak
in photoelectron intensity is predicted as resulting
from the fact that near the "total-reflection" region
the x-ray beam is refracted at a small angle from
the surface, thus creating more photoelectrons
within the escape depth. These characteristics are
demonstrated in the experimental measurement of
photoelectron line intensity vs P, presented in Fig.
2. The line at 1404 eV was excited by Al Ko. (14&7-
eV) photons from the Au 4fv& & level (from a "thick"
evaporated gold film).

Before attempting to interpret such data quanti-
tatively, we will consider in a general way, and for
the ultrasoft-x-ray region, the descriptions of x-
ray reflection and refraction.

III. X-RAY REFLECTION-REFRACTION THEORY

There is good experimental evidence that one can
satisfactorily treat the x-ray interaction described
above as a boundary-value problem for the reflec-
tion and refraction of a plane electromagnetic wave
at an absorbing medium.

For example, the author and others ' have ob-
tained good fits to experimental x-ray reflection
curves with theoretical ones based upon the Fres-
nel equations and refractive indices derived from
the quantum-mechanical dispersion theory.

A. Approximate Solutions

In this section, a conventional approximate, but
complete, treatment of the boundary-value problem
for the refraction of x rays will be presented in or-
der to illustrate the nature of the assumptions and
approximations that are made. In Sec. IIIB, these
will be shown to be valid for the shorter-wave-
length region.

In this approach a complex index of refraction is
used, given by

n= 1 —5 —iP.
It is assumed that the unit decrements i5 and p

are very small as compared to unity. The unpo-
larized x-ray beam is assumed to reflect and to
refract precisely as does a beam polarized with its
electric vector normal to the plane of incidence so
that only an analysis for this polarized component
need be given.

The electric vector E& for the wave inside the
boundary (medium 2) may be described as

@ (0) ei &ei k& r&-.
(&)

where

ATE 0 GOLD
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FIG. 2. Illustrating, for a homo-
geneous isotropic sample, the sharp
increase in photoelectron intensity in
the critical reflection "cutoff" region
near p~, and the characteristically
constant photoelectron signal in the
large-(t) region.
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kz ' r = kz„x+ k2, z .
Now we have

ka=kq„+kgg=n kg .8 2 8 8 2

where F(p) - 1 for P» (26)
F(Q) may be expressed as a universal function:

( )
16x A

[4A'(x+A. )'+y'] (A+z) '

At the boundary, the tangential (x) components of
the external and internal electric fields must be
equal, including their phase. Therefore, we have

where
x= y/(2~)"', (22)

(28)
kp„= kg„.

From (V) and (8), we may write

(8) z = p, cose/a(26)'I'= 2' (26)'I'(A/X) cose, (24)

A'= —,'([(x'-1)'+y']" '+ (x'-1)] .
kp = k g„+ kpg = k g„[(1—26 —2i P)/cos P] .

And for P small, (9) becomes

kg„+kpg—- kg„(1 —26+ Q —2iP).

Since kq„=k&, (10) becomes

kpg= kg(P —26 —2iP) ~ =kg(ap —ibp) .

Therefore, (6) may be written

(9)

(10)

b.'=-,'{[(y'-26)"4~']"'- (y'-26)] = (~/+)'.
(i4)

Finally, from (12), we note

tang = ap = P

Multiplying (12) by its complex conjugate, we ob-
tain

Ep(0) e pkgbpt

Since P = a and k &
= 2w/X, we have

2k ' bp z = 2k1 ap bp z/ap = (47lP/X) t. '

Defining p=4wP/z, we have

2kqboz = p,r .

(16)

Equation (16) becomes the usual absorption law

I -E (0) e "".
Returning to Eq. (2) for P small and replacing

sing by P (= ap), we obtain for thick samples

X=s(i-ft, (p r'
18

e ap+ y, (cosa)/e '

where, from the approximated Fresnel equations,

Ep = [ ap'(y —a,)'+ P']/[ a p'(y + ap)'+ P'] . (19)

Combining (18) and (19),

x=s p~"
[ap'(y+ a,)'+ P'] [a, + p, (cose)/e]

(2o)

E,= E,(0) exp{i[+i —k~(x+ ap z)]) exp(- k& b, z),
(12)

and a and bo can be evaluated as

a',= —,'([(y'-26)'+ 4P']"'+ (y' - 26))

The universal function F(x, y, z) predicts the in-
tensity of the no-loss photoelectron signal N as
normalized to unity for its constant value in the
large-angle region for which P» (26)'~ . F(x, y, z)
is plotted in Fig. 3 as a function of x for typical
values of y and z. [The characteristic value (26)'~P
is often described as "a critical angle for total re-
flection" because it approximately defines the an-
gular region for which the reflected intensity "cuts
off. ]

The results of this section, based upon conven-
tional simplifying assumptions and approximations,
have been found to be satisfactory for the shorter
x-ray wavelengths. How to determine precisely
the wavelength region for which these results are
valid will be established in Sec. III B.

B. Exact Solutions

Many approaches and formalisms have been used
in solving the boundary-value problem of a plane
electromagnetic wave at an absorbing interface.
The analyses are invariably lengthy and the result-
ing equations are presented in many different

225-AK '~ I I I I I I 1 I
~CM
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FIG. 3. Photoelectron no-loss peak intensity, relative .

to that for the large-p region, as a function of g (which is
p/p~) given for a typical value of 0.3 for the absorption
ratio y (which is P/g) and illustrating the sensitivity of the
maximum-intensity value to the mean free path A for the
photoelectrons through the parameter z, which is equal
to (2gyp~) (A/Q cosg.
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forms. An attempt is made here to summarize the
results of the general solutions, specializing these
for the x-ray region, and expressing the solutions
in terms of a minimal set of appropriate operation-
al parameters. Three theoretical works have been
particularly helpful (along with many of their ref-
erences) in reviewing the theory and in assembling
the results as listed here.

The general theory, as applied here, may be ap-
preciably simplified because the first medium,
containing the incident beam, is to be a vacuum,
and because magnetic properties of the second me-
dium have negligible effect on the x-ray interaction
(permeability constant is unity). Therefore, the
material constants may be completely specified by
the real and imaginary components of a complex di-
electric constant, viz. , K and E . As noted earli-
er, from the theory point of view, these may be
derived from the quantum theory of dispersion for
the x-ray region, or semiempirically by using
measured photoelectric cross sections to establish
values for the differential oscillator strengths
which appear in the dispersion integrals. From
the experimental point of view, K' and E' can be
derived directly from reflectance curves, as will
be discussed later.

In the general theory, then, factors involving the
dielectric constant &, the permeability constant p, ,
the conductivity constant o (the notation of Ref. 7),
and the frequency v may be replaced by the real
and imaginary components of a complex dielectric
constant, & and K, as follows:

cp =K, 2po/v=K

refraction (and given in Refs. 7 and 8, for example)
may be expressed as follows (subscripts 1 and 2

are used, respectively, for the cases in which the
incident beam is polarized with its electric vector
perpendicular to the plane of incidence and parallel
to the plane of incidence):

The refraction angle Pq for energy flow (specify-
ing the Poynting-vector direction) is given by

sing', = a/(cos'y+ a') "' . (28)

The refraction angle pq for energy flow iS given

2a'(1 —n)+ y'
2a (1 —n) cosy

(Note that the angle P, also specifies the direction
normal to the equiphase planes in the refracting
medium for both states of polarization. The equi-
amplitude planes are parallel to t'he interface. )

The Fresnel coefficient (the ratio of reflected to
incident intensity, I/Io, when the electric vector
is perpendicular to the plane of incidence) is given

4a'(sing —a)'+ y'
4a '(sing + a)' + y' '

The ratio of the Fresnel coefficients for the two

states of incident-beam polarization is

Rg 4a (a —cos(fl cot/ 1 + y
It, 4a'(a+ cos&f& cot/)'+ y

The reflection coefficient I/Io for an unpolarized
incident hearn is therefore

where the coxnplex dielectric constant is given as 1+Rg Rg (32)

K=K +iE

a'= —,']sin'y —a+ [(sin'y- o.)'+ y']"'$ . (27)

It can be shown that the results of the exact the-
ories as applied to ultrasoft-x-ray reflection and

Because throughout the x-ray region K is only
slightly less than unity, we depart from convention-
al notation at this point and redefine the complex
dielectric constant in terms of its unit decrements,
which we shall call n and y. Henceforth,

K=1 —n —zy .

The formalism which we have found most conven-
ient for the ultrasoft-x-ray region has been to ex-
press required results as functions of the grazing-
incident-beam angle P, of the material constants
e and y, and of a characteristic function a. Phys-
ically, this function a measures the refraction
angle tp for the case of the small-g, -6, and -p
region, approaching ao, as defined in the approxi-
mate analysis given earlier. The function a is de-
fined by

In the Poynting-vector calculations for the en-
ergy flow into the refracting medium, the usual
absorption factor appears, viz. , exp[ —(4'/X) (s/
sing )] in which x is the x-ray wavelength as mea-
sured in vacuum, (z/sing ) is the distance into the
medium at the refraction angle g (of energy flow),
and k is an extinction coefficient which is a func-
tion of P, but is independent of the polarization
state of the incident beam

The extinction coefficient k is given by

k=y/2(cos &+a )'~ (33)

This coefficient k becomes equal to the constant 8
for the small-g, -5, and -P region, as shown in
the earlier analysis.

The linear x ray absorption -coefficient p, may be
defined to be equal to the limiting value, as g - ~v,
of the factor (4vk/I); therefore we have

34
& (2$(1 —o)+[(1-o')'+y']" 0)"' '

As mentioned earlier, with absorption involved,
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the equiamplitude planes are definable as parallel
to the interface. In the direction normal to these
planes, i. e., the z direction, the absorption factor
may be written as

l.O

exp — . I z =exp

where d is the depth at which the energy flow has
dropped to its (I/e)th value (about 37%}and is
readily seen to be

0,5

d, = 1a/2~y (36)

when the incident beam is polarized with its elec-
tric vector normal to the plane of incidence. In
the vicinity of the "total-refiection cutoff, " i. e. ,
for sing, = o '~2, this effective depth becomes

lo Ioo
(mr ad)

I

l000

d„=X/4w(-,
' y)'~' .

In a nonabsorbing medium, a large illuminated
volume is involved in the interference that adds up
to the reflected and refracted beams. This inter-
acting region is typically limited to a very thin lay-
er by the effect of absorption (see below).

Finally, in order to justify the use of a complex
refractive index to account for absorption in the
approximate analysis (Sec. III A), let us use as a
formal relationship between the complex dielectric
constant and the complex refractive index,

n=@'~'

Hence, we have

Therefore, we have

@=25 —5 + P (38)

(39)

%hen these values for n and y thus defined in terms
of 5 and P are inserted into the results of the ex-
act theory, and the small-g, -6, and —P limits are
taken, the approximate results of Sec. IIIA follow
directly.

C. Some Numerical Examples

In Fig. 4 are plotted three experimental reflec-
tion curves for the ultrasoft-x-ray region and for
a gold reflector. (Gold is selected here as an ex-
ample because it exhibits a relatively strong ab-
sorption effect and because evaporated samples of
gold that are sufficiently continuous and without a
surface oxide layer can be prepared easily. ) The
data for Al Ko (8. 34-A) radiation are by Hendrick.
The data for B Ko. (67. 9-A) and for Be Kn (113.8-
A) radiations are by Lukirskii et al.

The material constants n and y for gold at these
three wavelengths were obtained as those which
yielded the "best fits" by the reflection function for

FIG. 4. Results of least-squares fitting of the exact
reflection efficiency function R(p) to the experimental
data of Hendrick (Ref. 9) for A1KG. (8.34-A) radiation off
gold and of Lukirskii et aE. (Ref. 10) for B KG. (67.9-A)
and Be KG, (113.8-A) radiations off gold. These fits yield
o. and y values for gold of 13.4&& 10 and 4.6&&10 for
8.34 A, 3.63x 10 2 and 1.36x 10 2 for 67.8 A, and 16.0
x 10 2 and 7.81 x 10 2 for 113.8 A.

unpolarized incident radiation R [from Eq. (32)] us-
ing a standard least-squares-fitting computer pro-
gram. %'ith these constants, the required reflec-
tion-refraction parameters were then calculated by
the exact functions given in Eqs. (27)-(33). These
are presented in Tables I -III for wavelengths 8.34,
67. 9, and 113.8 A, respectively.

It is interesting to note that there exists an angle

g for which no deviation occurs in the refracted
beam (i. e., the angle measured from the incident-
beam direction, Q —Q, has a zero value) and that
for very small angles the refracted beam bends
toward the normal. This effect is illustrated in
the plots of (g —g,) vs Q presented in Fig. 5.

The effective sample depths, defined here as d,
[Eq. (36)], have been calculated for 8. 34-, 67. 9-,
and 113.8-A reflections from a "thick" gold sam-
ple and are shown as a function of the incidence
angle P in Fig. 6. [d, is simply proportional to

a(y), as is given in Tables I—III.]
As a test of the use of such an effective-depth

measure d&„and to illustrate the additional ef-
fect of a thin-film interference, the reflection
curve has been calculated (and is plotted in Fig. 7}
for 8. 34-A reflection from aluininum with varying
thickness of Ales (oxide film) on the surface.
(This reflection model is idealized in that it is as-
sumed that there is a sharp "break" in density and

chemistry between the oxide film and the aluminum
substrate. ) The value of y used to characterize the
A1~03 material yielded an effective-depth estimate
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ap- sing f
Cp

(%)104k,(mrad)(mrad)

TABLE I. Al Kn (8.34-A) x-ray reflection-refraction characteristics for a gold surface using e and y values of 13.4
& 10 and 4.6 x 10, respectively, determined by fitting R(P) to experimental reflection data as shown in Fig. 4. Given
here are the characteristic function a as calculated from Eq. (27); the reflection efficiencies for the two states of polar-
izationandfor an unpolarized incident beam, R&, R2, and B, respectively, as calculated from Eqs. (30}-{32);the devia-
tion of the refracted-beam from the incident-beam direction for the energy flow within the medium, (II)

—p ', for the two

states of polarization, as calculated from Eqs. (28) and {29); and the extinction coefficient k as calculated from Eq. (33).
Presented in the last three columns are the percent errors which are made by using the approximate rather than the

exact theory by replacing sing'& by ap [Eq. (13)j, by replacing R by Bp [from Eq. (19)j, and by replacing k by P [from Eqs.
(38) and (39)]. [Note: Usually the largest errors are made in the determination of the optical constants from reflectance
data by using the approximate rather than the exact expression R(P) (see Sec. III). ]

R(-Bg Rp-R
B

a R (%) (mrad) {%)

0
10
20
30
40
50
60
70
80
90

100
200
300
400
500

Q. 006
0.006
Q. 007
0.010
0.020
0.035
0.048
0.060
0.071
0.082
0.093
0.195
0.293
0.388
Q. 478

l. 000
0.834
0.664
0.442
0.145
0.038
0.015
0.007
0.004
0.002
0.001

0.000
0.026
0.058
0.119
0.317
0.693
1.143
1.665
2.262
2.933
3.679

14.926
31.679
51.301
70.696

—6.192
3.578

12.704
20.087
20. 144
15.297
12.209
10.199
8.778
7.716
6.888
3.332
2.174
l.588
l.228

—6.209
3.561

12.690
20.076
20.139
15.294
12.207
10.197
8.777
7.715
6.887
3.331
2.174
1.588
l.228

2. 298
2. 299
2. 299
2. 299
2. 300
2. 300
2.300
2.300
2. 300
2. 300
2.300
2. 300
2. 300
2.300
2.300

0.053
0.047
0.030
0.007

0.005
0.020
0.040
0.064
0.092
0.123
0.621
1.450
2.603
4.073

0.000
0.010
0.021
0.03S
0.079
0.202
Q. 356
0.533
0.736
0.964
1.219
5.240

ll. 905
20.848
30.770

0.069
0.064
0.050
0.027
0.007
0.002
0.001
0.001
0.001

d„by Etl. (37) of 150 A in the angular region of
"total-reflection" cutoff.

As noted earlier and indicated in the convention-
al I-ray reflection-refraction theory presented as

an approximate solution in Sec. III A, sing, is ap-
proximated as na [Etl. (13)]; the reflection coeffi-
cient R for unpolarized incident radiation is ap-
proximated as Ro [Eq. (IQ)]; and the extinction co-

TABLE H. BKn (67.6-A) x-r yar flectei ornefr actiohncr atserieti sfcosr gaidorsfua e ciusg nanndyof2. 66 x 10"t and1. 66
x 10 respectively, and as determinedby fitting R (~)I)) to experimental reflection data as shown in Fig. 4. Characteristic values
were then calculated as described for Table I.

(mrad)
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Q. 041
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0.249
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0.541
0.624

1.000
0.894
0.795
0.701
0.608
0.513
Q. 413
0.309
0.205
0.122
0.070
Q. 042
0.026
0.018
0.012
0.009
0.002
0.001

B(-B2
Rg

(%)

0.000
0.327
0.668
1.039
l.464
1.981
2. 659
3.622
5.083
7.225
9.958

13.068
16.431
19.990
23.714
27. 579
48. 153
68.497
85.497
96.546

4-4(
(mrad)

-40.662
—20. 947
—l.836
16.564
34.035
50. 165
64.179
74. 634
79.342
77.324
71.359
64.738
58.747
53.593
49.192
45.414
32.499
24. 884
19.755
15.990

(mrad)

-42. 991
—23.261
-4.103
14.376
31.962
48.247
62.461
73.161
78.145
76.382
70.6GV

64. 117
58.216
53.128
48.778
45.039
32.246
24. 695
19.606
15.870

10k

67. 934
67. 947
67. 985
68.049
68. 137
68.247
68.376
68.516
68.646
68.743
68.800
68.832
68.850
68.862
68.870
68.875
68.889
68.894
68.896
68.897

ap - sintII)1

ap

(%)

1.117
1.094
1.025
0.913
0.761
0.576
0.376
0.193
0.077
0.045
0.070
0.139
0.244
0.378
0.535
0.711
1.834
3.307
5.102
7.203

Rp-R
R

(%)

0.000
0.122
0.247
0.382
0.532
0.705
0.914
1.177
1.538
2.110
2.975
4.065
5.304
6.662
8.125
9.689

18.808
29.069
37.509
39.167

g-k
k

(%)

1.421
1.402
1.345
1.251
l.120
0.957
0.766
0.561
0.370
0.228
0.145
0.099
0.072
0.056
0.044
0.036
0.016
0.009
0.006
0.004
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TABLE III. Be ECu {113.8-1) x-ray reflection-refraction characteristics for a gold surface using a and V of 15.0 && 10
and 7.81 & 10", respectively, as determined by fitting R(P) to experimental reflection data shown in Fig. 4. Characteris-
tic values were then calculated as described for Table I.

(mr ad)

0
40
80

120
160
200
240
280
320
360
400
440
480
520
560
600
700
800
900

1000

0.098
0.098
0.100
0.102
0.106
0.111
0.119
0.130
0.145
0.168
0.200
0.241
0.286
0.333
0.378
0.421
0.520
0.607
0.683
0.749

1.000
0.904
0.815
0.731
0.650
0.570
0.489
0.407
0.322
0.239
0.163
0.104
0.064
0.041
0.027
0.018
0.008
0.005
0.003
0.003

Rg —R2
R(
(%)

0.000
1.561
3.153
4.833
6.672
8.763

11.237
14.297
18.250
23.536
30.583
39.334
49.038
58.819
68.087
76.493
92.379
99.459
97.161
86.346

0 —4f
(mrad)

—97.474
—58.013
—19.670

17.431
53.056
86.807

118.034
145.666
167.962'
182.362
186.318
180.074
167.769
153.757
140.255
127.960
102.575
83.018
67.305
54.155

(mr ad)

—133.656
—94.049
—55.262
—17.405

19.307
54. 514
87.608

117.567
142.686
160.360
167.790
164.753
155.033
142.980
130.958
119.814
96.442
78.223
63.499
51.134

104&

388.576
388.866
389.738
391.190
393.221
395.821
398.964
402. 590
406. 564
410.606
414.250
417.036
418.889
420. 059
420. 814
421.323
422. 050
422. 419
422. 634
422. 770

ap —sinft) f
ap

(%)

6.586
6.500
6.240
5.811
5.218
4.473
3.602
2.653
1.719
0.946
0.482
0.340
0.439
0.735
l.194
1.787
3.705
6.094
8.855

11.938

Rp —R
R

(%)

0.000
0.555
1.126
l.730
2.391
3.136
4.000
5.031
6.288
7.859
9.935

12.850
16.710
21.168
25.744
29.985
36.169
31.102
13.507
10.509

p-k
k

(%)

8.859
8.778
8.535
8.132
7.573
6.867
6.025
5.070
4.043
3.018
2. 112
1.430
0.982
0.700
0.519
0.398
0.225
0.137
0.087
0.054

efficient k is approximated as P. In the last three
columns of Tables I-III, the percentage errors
that are made by these approximations are pre-
sented for the 8. 34-; 67. 9-, and 113.8-A x-ray
interactions.

IV. APPLICATION TO DETERMINATION OF
MATERIAL CONSTANTS a, y, AND A

A. Reflection-Intensity Measurements

The approximate theory, as given in Sec. IIIA,
including the reflection equation Ro, has been used
exclusively in the x-ray region for the determina-
tion of optical constants from reflectance data (see
Refs. 9 and 10 for examples). As has been illus-
trated in Tables I-III, the approximate theory is
satisfactory for x-ray wavelengths less than 10 A.
However, it is also indicated that for wavelengths
greater than 50 A, significantly large errors may
well result from this practice. In fact, in this
long-wavelength region, we have found that errors
as great as 45% have been made by not using the
more exact theory in the determination of the lin-
ear absorption coefficient from reflection measure-
ments.

The results of an application of the exact theory
as presented in Sec. III B above to the determina-
tion of optical constants for the ultrasoft-x-ray re-
gion from reflection measurements are presented
in Table IV. Here the constants n and y were de-
termined by least-squares fitting of the reflection

function R [Etl. (32)] to the reflectance data of
Lukirskii et al. for the B Kn (67. 9-A) x radiation
from lithium fluoride, magnesium fluoride, and
evaporated films of carbon, aluminum, silver, and
gold. With these constants, the linear absorption
coefficients were calculated, using Etl. (34). By
assuming sample density values as indicated, the
mass absorption coefficients were calculated.
These (p, /p) values were compared to those derived
from transmission measurements. +' Also pre-
sented in Table IV are the effective-depth estimates
d&„ for each of these samples.

B. Photoelectron-Intensity Measurements

As a test of the refraction theory discussed above
and of the model described in Sec. II for photoelec-
tron production, and to illustrate a new method for
measuring electron mean free paths, we have com-
pared the theoretical with the experimental photo-
electron-intensity-vs-Q results.

In our electron spectrograph (described previ-
ously ~ ) a thick evaporated gold sample was ir-
radiated by an 8. 34-A x-ray beam which departed
from being a parallel beam by about +4 mrad. The
intensity of the Au 4f~&a (1404-eV) photoelectron
line was measured as a function of the angle P, as
was illustrated in Fig. 2. As established above and
presented in Table I, the approximate theory of
Sec. IIIA can be appropriately applied to an inter-

0
pretation of this 8. 34-A grazing-incidence interac-
tion at a gold interface. From fitting the reflection
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FIG. 5. Plots of the deviation of the refracted beam
within gold from the incident-beam direction for the three
wavelengths 8.34, 67.9, and 113.8 A. The deviation
angle P —(II)~' (defined here as AP) was calculated from
Eq. (28) for the direction of energy flow (that of the Poyn-
ting vector) for the refracted beam resulting from the in-
cident-beam component which is polarized with its elec-
tric vector normal to the plane of incidence. Qp is
plotted here as relative to its maximum value, near ft)„
or A(t)0, given by 20.2, 80, and 186 mrad, respectively,
for the 8.34-, 67.9-, and 113.8-A wavelengths. (It is
interesting to note here that the refracted beam bends
toward the normal for the smaller angles of incidence. )

FIG. 6. Effective-depth values d& at which the energy
flow normal to the surface (and to the equiamplitude
planes) has dropped to its (I/e)th value within gold and
for the three wavelengths 8.34, 67.9, and 113.8 A.
These were calculated, using Eq. (36), for the incident-
beam component that is polarized with its electric vector
normal to the plane of incidence. d& is simply propor-
tional to the function a(Q), as given in Tables I-III. The
angular region for reflection "cutoff" for each wavelength
is indicated here by the corresponding p, values.

x10 for p, (cos())/E, or, equivalently, a value of
0. 14 for the parameter z. The resulting curve fit
is shown in Fig. 8.

I.O

0.9 s34 1 REFLECTION

OXIDIZED ALUMINUM

data as presented in Fig. 4, values for n and y
were determined which yielded the values for 5, P,
and p/5 as 6. 7x10~, 2. Sx10 ', and 0. 29, respec-
tively.

The ratio of the "no-loss" photoelectron line in-
tensity to its constant value for the large-P region,
viz. , F(x, y, s)I was plotted as a family of curves
[using Eq. (21)] for this example with a P/6 value
(i. e., y) of 0. 3, and was presented in Fig. 3. These
curves demonstrate that the maximum in the photo-
electron line intensity near the critical angle p,
has a value which is relatively sensitive to the pa-
rameter z —also sensitive, therefore, to the elec-
tron mean-free-path value A [see Eq. (24)]. In
fact, A may be measured simply as a function of
F, the ratio of the experimental intensity at its
maximum value to its value which is constant at
large angle g. Because this maximum is not
sharp, this ratio can be measured accurately even
with a relatively divergent x-ray beam.

The experimental value of this ratio, F, was
I. 39. By matching at the maximum in the inten-
sity near critical angle ItI, in our curve fitting,
with Eq. (20) or Eq. (21), we obtain a value of 5. 2

0.8

„0.7

0.6

06
&o

0.4
THICKNESS- d

OF OXIDE FILM
0.3 — l4 angstroms

0.2

O. I S O~~ XI(h-~~

IO I2 l4 l6 I8 20 22 24 26 28 30 32

(mrod)

FIG. 7. Illustrating the effect upon the reflection of
8.34-A radiation of the thin-film depth of aluminum oxide
upon an aluminum substrate. These curves were calcu-
lated, using the approximate theory as presented in Sec.
III A, as applied to a three-media model. The p, P, and
mass density p values assumed for A1203 were, respec-
tively, 28.5&&10, 2.10 x10, and 3.50 g/cm . The
corresponding values for Al were, respectively, 18.1
x 10, 0.57 && 10 ~, and 2.70 g/cm .
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TA1)LE 1V. Comparison of the mass absorption coefficients for B Kn (67. 9-A) x rays as calculated from reflectance
ata and as determined directly by transmission measurements. 0. and y values were determined by fitting R(Q) to the

reflection data of Lukirskii ep al. (Ref. 10). The linear absorption coefficients were calculated from Eq. (34) and the

p/p values were derived using assumed surface-density values as listed. As calculated from Eq. (37) effective-depth
estimates are presented for the grazing-incidence angle p, around "cutoff" (P~ is defined from the relation sing, =e' ).

Reflection
sample

Assumed
density
(g/cm3) 103m 103'

(I"/p) Ref i eet&N
(10-4 cm'/g)

(p/p)
(10-4 cm'/g)

Transmission
measurement
references

Effec tive
sample

depth d&c

(A)

2.0

2.7

13.0

19.2

l.27

13.8

0.60

4. 83

0.62

6.59
6.89

Henke et al.
(Ref. 11)

Henke
Lukirskii et al.

Ief. 10)

210

65

Au

LiF

MgF2

10.5

19.3
2.64

3.15

32.0

26.3

16.2

9.01

13.6
5.83

10.5 12.7

0.82

0.67

2.12

3.73

0.64

0.67

2. 61

3.76

Lukirskii

Lukirskii

Henke

Henke

80

100

We may use these results to determine a value
for the mean free path of 1.4-keV electrons in gold
by solving for A in the relation presented in (24)
above, yielding

free path in gold of 22 +4 A by an Uppsala group
using direct transmission and emission measure-
ments on calibrated evaporated gold films with
1.2-keV electrons.

A = za j2wyg, cos() . (40) V. CONCLUSION

l.5- I I I I I

I.O

I

ao

0 50
(mrad)

Ioo

FIG. 8. Fitting of the experimental no-loss photoelec-
tron-intensity-vs-P curve with that predicted theoreti-
cally by Eq. (20) in order to determine a mean-free-path
value for 1.4-keV electrons within gold. The x-ray-beam
divergence was + 4 mrad, which effect was made small
by matching the curves in the "flat" regions, viz. , at the
maximum near p~ and in the constant large-(II) region.
These data yielded a mean-free-path value A of 19 A.

Substituting in (40) the appropriate values for s,
&, y, Q„and 8 as 0. 14, 8. 34 A, 0. 29, (). 037
rads, and 21, respectively, we obtain 19 A for the
mean free path A. This value is in relatively good
agreement with a recent measurement for the mean

Because magnetic effects are negligible in the
x-ray region, one may apply directly a general
theory for the reflection and refraction of a plane
electromagnetic wave at an absorbing dielectric
interface. Although their derivations are typically
long and tedious, the results of this theory can be
written for application in the x-ray region in rela-
tively simple form, as summarized here in Eqs.
(27)-(37), in terms of the grazing-incidence angle

two material constants o. and y, and the function

a(Q) which becomes the angle of refraction p' for
the small-P region. The optical constants n and

y can be identified as the unit decrements to a
complex dielectric constant defined as

K=1 —n —iy.
These constants can be determined theoretically
from the quantum-mechanical dispersion theory as
developed for the x-ray region, or experimentally
by fitting x-ray reflectance data.

When these results are approximated for the
small-g, c., and -y va-lues, the conventional etlua-
tions for x-ray reflection and refraction are ob-
tained as those derived above in Sec. IIIA, using
the traditional complex dielectric-constant meth-
od. It may be noted that in this region (generally
applicable for wavelengths less than 10 A) the re-
flection-efficiency —vs —p characteristic is the
same for both states of polarization of the incident
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beam, i. e., for its electric vector perpendicular
and parallel to the plane of incidence; also, the di-
rection of the Poynting vector (energy-flow direc-
tion) within the medium is the same for both states
of polarization and is normal to the equiphase
planes. A linear x-ray absorption coefficient may
be defined as 4vH/A. , which is independent of the
grazing-incidence angle P.

For wavelengths greater than about 50 A, mea-
surable deviations from the predictions of this ap-
proximate theory become evident. The reflection-
efficiency-vs-g characteristic is significantly dif-
ferent for each state of polarization for the inci-
dent beam. Also, the angle of refraction P is dif-
ferent for each of these incident-beam polarized
components, with only one direction being normal
to the eguiphase planes (that which corresponds to
the incident beam with its electric vector perpen-
dicular to the plane of incidence). Finally, the
extinction coefficient k and, equivalently, the lin-
ear x-ray absorption coefficient p. are definable
only as functions of the angle P in this long-wave-
length region. The question of when such effects as
these need to be taken into account in a given ultrasoft-
x-ray measurement can be resolved by applying
the equations which have been summarized here.

The exact Fresnel equations for reflection do
yield satisfactory fits to the experimental data for
the ultrasoft-x-ray region and can be used to es-
tablish the optical constants n and y. Similarly,
the linear absorption coefficients for normal inci-
dence can be deduced from reflectance data. Ex-
amples of such x-ray absorption coefficients, as
determined from reflection measurements, have
been shown to be in reasonably good agreement
with those determined from direct transmission
measurements.

In this work, in order to test the refraction the-
ory, the theoretical prediction of the yield of "no-
loss" photoelectrons as excited by the refracted

beam has been shown to be in reasonably good
quantitative agreement with electron spectrograph-
ic measurements. In this case, the fitting of the
theoretical and the experimental curves yields the
electron mean-free-path value A. One comparison
has been possible of a mean-free-path value as de-
duced using the model given here for the production
of no-loss photoelectrons by the refracted beam
with a mean-free-path value as obtained from di-
rect transmission and emission measurements.
The agreement was reasonably good.

New and important techniques based upon low-
energy x-ray and electron spectroscopy' '" are
now being considered by many laboratories for the
physical and chemical characterization of surfaces.
For these new methods to be quantitative, cross-
section data for both x-ray and electron absorption
must be available. Only in recent years has there
been a significant amount of ultrasoft-x-ray ab-
sorption data reported. Electron-absorption data
for solids, and for this 100—1000-eV region (such
as ionization cross sections or mean-free-path
values), are essentially nonexistent at this time.
The determination of these cross sections by trans-
mission measurements is very difficult because of
the requirement for very thin samples. For this
reason, the methods which have been described
here for the determination of p. and A by ultrasoft-
x-ray reflection, refraction, and photoelectron ex-
citation may be of considerable practical value.
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