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obtained from Eqe. (33) and (36). In addition, the
satisfaction of this cusp condition is observed to be
independent of the choice of the variational param-
eter Sz.
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X-Ray Scattering from Liquid Crystals. I.
Cholesteryl Nonanoate and Myristate

W. L. McMillan
Jjel/ Laboratories, Murray Hill, Nese Jersey 07974

(Received 2 March 1972)

X-ray scattering intensities from unoriented samples of cholesteryl nonanoate and myristate
are reported for several temperatures in the smectic A, cholesteric, and isotropic liquid
phases. The measured Bragg-scattering intensities from the smectic planes are used to test
a recent theoretical model of the smectic A phase. Strong pretransition scattering (short-
range-order or order-parameter fluctuations) are observed in the cholesteric phase and a
Landau theory is constructed to describe this effect.

I. INTRODUCTION

In his classic study. ,of liquid .crystals Friedel
differentiated three tyyes of phases —nematic,
cholesteric, and smectic. The nematics and cho-
lesterics exhibit orientational order with the long
molecular axis oriented preferentially parallel to
an axis in space. In cholesterics this preferred
axis has a helical twist but from the thermodynamic

point of view the two phases are the same. The
nematic is just a cholesteric with infinite helical
pitch. For the smectics then under study Friedel'
postulated and Friedel verified a planar structure.

The nematics and cholesterics have been studied
intensively for the last few years and the theo-
retical situation is well advanced. One has a
microscopic theory due to Maier and Saupe, a
continuum elastic theory4' which has been extended
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to a Landau theorys describing the nematic-iso-
tropic phase transition and, finally, a hydrody-
namic theory has been developed. There have
been a number of experiments testing various as-
pects of the theory.

By contrast the smectic phases have received
little attention. Herrmann's x-ray photographs
exhibited a smectic phase with hexagonal order
within the planes and selective miscibility studies
have shown the existence of several smectic
phases. Recently the microscopic Maier-Saupe
theory was extended to the smectic A phase by
Kobayashi'2 and by the author. ~3 The theory as-
sumed a model intermolecular potential and solved
self-consistently for the orientational and (one-
dimensional) translational order Fr. om the theory
one finds the temperature dependence of the two
order parameters

q = (-,' cos'8 —
z &

describing the orientational order and

v = (cos(2m'/d) )

describing the amplitude of the one-dimensional
density wave. Here 8 is the angle between the
long molecular axis and the z (preferred) axis and
d is the interplanar spacing.

The translational order parameter 7 can be mea-
sured directly by measuring the x-ray Bragg-
scattering intensity vs temperature: 7~vI~. In
this way one gets the most direct test of the theo-
retical model and this was the motivation for the
present experimental study. We find that the model
intermolecular potential requires some improve-
ment. Early in the experimental work we observed
pretransition phenomena in the cholesteric phase
and in order to characterize this phenomena we
have measured the scattered intensity versus angle
in the cholesteric and isotropic liquid phases using
monochromatic copper E~ radiation. These mea-
surements were performed at twelve temperatures
between 56 and 95 'C which covered the smectic A,
cholesteric, and isotropic liquid ranges for cho-
lesteryl nonanoate and cholesteryl myristate. In
addition, in order to determine in detail the tem-
perature dependence of Bragg scattering, the scat-
tering angle was fixed at the Bragg angle and the
temperature swept over the same range.

We discuss the pretransition phenomena in
terms of a Landau theory of the order-parameter
fluctuations. One can calculate the "enhancement
factor" of the Landau theory from the microscopic
theory and we find it. useful to do this. The micro-
scopic theory is not realistic enough to provide the
other Landau theory parameters. We find that the
experimental data in the cholesteric and isotropic
liquid phases can be fit using the Landau theory
with the microscopic "enhancement factor. " How-

The apparatus is outlined in Fig. 1 and consists
of a x-ray source, a monochromator, a regulated
hot stage for the sample, a scintillation counter
and equipment to control the temperature and scat-
tering angle and to record the scattered intensity.
The x-ray source (X) is a conventional GE CA-7H
copper x-ray tube with a GE XRD5 power supply
with regulated voltage and current (25 kV peak,
20 mA). The collimated beam is monochromatized
by a bent LiF crystal (M) and a final collimator
limits the angular divergence of the beam. The
collimators (C) are I mm in diameter and circular
and are spaced 22 cm apart giving an angular di-
vergence of 15 min of arc. The primary beam
passes through the sample (L) into the beam stop
(S). A LiF crystal mounted on the beam stop de-
flects a portion of the primary beam into scintilla-
tion counter (8) to permit continuous monitoring
of the incident beam intensity. The scattered
beam passes through an annular ring collimator C'
with a radius of 1 cm and a slit width of 1 mm and
is counted in scintillation counter A. The pulse-
height analyzer outputs from channels A and B
are fed into a frequency counter operated in the
ratio mode whose output is then the ratio of scat-

M
C ~

C

22 col
I I /

C
I

A

FIG. 1. Sketch of the apparatus vrhieh is described in
the text. (X) x-ray source; (C) collimators; (M) mono-
chromator crystal; {L)hot stage containing sample; (8)
beam stop; (C') annular ring collimator; (A) and (8)
scintillation counters.

ever our data on unoriented samples does not
uniquely determine all of the Landau theory param-
eters and it is desirable to have experiments on
oriented samples at higher resolution.

The plan of the paper is as follows. In Sec. II,
we discuss the details of the x-ray apparatus and
in Sec. III, we present the experimental results.
In Sec. IV, we develop the microscopic theory with
a modified model potential and calculate the "en-
hancement factor. " In Sec. V, we present the
simple Landau theory and calculate the fluctuation
contribution to the liquid structure factor. Finally
in Sec. VI, we fit the Landau theory to the experi-
mental data in the cholesteric and isotropic liquid
phases and compare the microscopic theory with
the smectic-phase Bragg-scattered intensity.

H. APPARATUS
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tered intensity to transmitted primary beam inten-
sity. Scattered intensities vary from about 10
counts/sec in the isotropic liquid phase to 200
counts/sec in the smectic A phase and the counting
time is about 100 sec. The scattering angle is
given by tan2g = 1 cm/R, where 8 is the sample to
ring collimator distance and the angle is changed
by translating the collimator and counter A on an
optical bench. The angular range covered is
0.0115& (sine)/X(0. 04 A which is equivalent to a
d-spacing range of 12.5-43 A. The interplanar
spacings of cholesteryl nonanoate (myristate) are
about 2V A (33 A). The counter is translated slow-
ly down the optical bench by a servomotor and its
position is sensed by a ten-turn potentiometer at-
tached to the gear box.

The hot stage consists of an outer copper can
thermally regulated within + 0. 2 'C and an inner
copper sample holder regulated within + 0.02 'C.
The temperatures are sensed by thermistors in a
bridge circuit. The bridge off balance signals are
amplified and used to switch off and on the heater
power. The third leg of the bridge contains a
motor driven 10-turn potentiometer so that the
temperature can be continuously swept. The tem-
perature is swept at 0. 05 'C/min for the data in
Figs. 4 and 5. Alternatively a stepping switch
can be used to change the resistance in the third
leg of the bridge so that data can be taken versus
angle at a sequence of fixed temperatures. The
sample temperature is measured by a platinum
resistance thermometer (in contact with the copper
sample holder) which was calibrated in melting
ice and in condensing water vapor.

The liquid-crystal sample sits in a 2-mm hole
in a 1.6-mm-thick copper block with —,'-mil Mylar
windows on both sides; Mylar windows are also
used on the outer hot stage.

Data are taken in two modes. (i) Fixed tempera-

ture, where the temperature is held constant and
the counter is translated to change the scattering
angle. The scattered beam is counted for about
100 sec (the actual counting time is inversely pro-
portional to the primary beam intensity) and the
count and position potentiometer voltage are printed
and plotted on an x-y recorder. At the end of the
angular sweep the temperature is changed by ad-
vancing the stepping switch and the sample equil-
ibrates while the counter is returned to its starting
position. In this way intensity-vs-angle data are
taken automatically for twelve temperatures. (ii)
Fixed angle, where the counter is positioned at the
average Bragg angle in the smectic A phase and
the temperature is swept by the motor-driven
potentiometer in the hot-stage bridge. Starting in
the isotropic liquid phase the sample is cooled
slowly to the lowest desired temperature in the
smectic A phase and then heated slowly to the
isotropic liquid phase. The sample temperature
is measured from the off-balance signal from the
platinum resistance thermometer bridge. The
scattered intensity and temperature signal are
printed and plotted on the x-y recorder. Typical
data are shown in Figs. 4 and 5.

Cholesteryl nonanoate was obtained from K and
K Laboratories and recrystallized three times
from n-pentyl alcohol. Cholesteryl myristate was
obtained from Eastman and recrystallized twice
from ethanol and once from n-pentyl alcohol. The
samples were examined in a polarizing microscope
equipped with a Mettler FP5 hot stage. The ther-
mal transitions were observed by differential scan-
ning calorimetry on a Perkin-Elmer DSC-18. The
transition temperatures and heats of transition are
given in Table I and agree with results of other
workers. The widths of the melting transitions
indicate an insoluble impurity content of less than
one percent. Commercial samples are known to

TABLE I. Measured transition temperatures (Mettler FP5 hot stage) and transition entropies (DSC 3. B) together with the

transition entropies and model parameters for models A and B.

Transition temperatures
solid-liquid crystal.
smectic-choles teric
choles ter ic-iso tropic liquid

Transition entropies
smectic-cholesteric (expt. )
cho].esteric-isotropic liquid (expt. )
smectic-choleateric (model A)

0' (model A)
smectic-cholesteric (model B)

n (model B)
n (model B)

Choles texyl
nonano ate

78.6
75.0
91.2

(0.06+ 0.OC)r,(.1 0. }8',
0 74ap
0.875
0.14Rp
0.415
0.65

Choles te xyl
myris tate

70.6
78.7
83.6

(0.43 + 0.09)Rp
(0.28+ 0.07)Rp

1.06Rp
0.950
0.47Rp
0.4544
0.65
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FIG. 2. Measured x-ray scattered intensity
per unit solid angle vs scattering angle for cholesteryl
nonanoate for five temperatures in the isotropic liquid
(IL), cholesteric (C), and smectic A (S) phases. To avoid
confusion, curves 2, 3, and 4 are plotted only in the re-
gion of the peak.

contain homologous impurities which are not re-
moved by recrystallization. The smectic -choles-
teric transitian has a transition width of 0. 1 'C as
observed in the intensity of Bragg scattering versus
temyerature. The materials appear to be as goad
as those used by other workers in this field and
the impurities are believed to have an unimportant
effect on the results.

III. EXPERIMENTAL RESULTS

The measured intensity versus scattering angle
for several temperatures are shown in Figs. 2
and 3 for cholesteryl nonanoate and myristate.
The data plotted are intensity per unit solid angle
and are actual count/(sample-to-counter distance).
The intensities are corrected for air absorption
of the scattered beam. A background count is
taken with an empty sample holder and the back-
ground subtracted. The background is primarily
due to air scattering of the primary beam and is
at most 20% of the measured intensity in the iso-
tropic liquid phase.

The measured intensity versus temperature at
the Bragg angle are shown in Figs. 4 and 5 for
cholesteryl nonanoate and myristate. In the tem-
perature range shown for the smectic A phase the
Bragg angle shifts by 1/0 (2%) for the nonanoate

FIG. 3. Measured x-ray scattered intensity per unit solid
angle for cholesteryl myristate.

(myristate); positioning the counter at the mean
Bragg angle leads to intensity errors of & I%.

In the isotropic liquid phase we find a broad
peak in the scattered intensity at (sin8)/X = 0. 023
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FIG. 4. Measured x-ray scattered intensity vs tem-
perature at the Bragg angle for cholesteryl nonanoate.
The points are data taken cooling from the isotropic liquic,
and the crosse, are data taken on the subsequent heating
cycle; the crosses are shown only where the heating curve
did not reproduce the cooling curve. The dashed line is
the calculated diffuse-scattering and fluctuation-scatter-
ing contribution. The solid lines labeled A and B are the
Bragg scattering plus diffuse and fluctuation scattering
calculated from the microscopic theory for model poten-
tials A and B, respectively. The theoretical intensity has
been fit to the experimental intensity at the lowest tem-
perature.
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(0. 019) A for the nonanoate (myristate). Other
workers observe another peak at larger angles
which is not studied here. This two-peaked struc-
ture is characteristic of excluded volume effects
for strongly anisotropic molecules with the small-
(large-) angle peak characteristic of the molecular
length (width). In the isotropic liquid phase the
scattered intensity is insensitive to temperature
and the myristate and nonanoate data can be sur-
perimposed merely by shifting the horizontal axis.

In the cholesteric phase the small-angle peak
grows larger and sharpens up and moves to small-
er angle as the temperature is lowered. There is
a small but usually detectable jump in the peak in-
tensity at the cholesteric-isotropic phase transition
(Figs. 4 and 5). In the neighborhood of the cho-
lesteric-smectic A phase transition the peak in-
tensity increases sharply. Thus we find that the
short-range order at angles characteristic of the
molecular length increases upon entering the cho-
lesteric phase and continues to increase as the
orientational order in the cholesteric phase in-
creases. Then, just before the transition to the
smectic A phase, there is a dramatic increase in
the short-range order. One can probably differ-
entiate two physical effects here. The first effect
is that. the short-range order increases as one in-
creases the angular orientation of the long mole-
cules. This effect follows simply from the ex-
cluded volume as sketched in Fig. 6. Lining up
the long molecular axes makes it more likely to
find the molecules end to end (6b). We expect to
find this effect in all nematics and cholesterics.
The second effect that the short-range order in-
creases sharply just before the transition to the
smectic A phase, is clearly a precursor to the
smectic A transition and can be labeled "order-
parameter fluctuations. " Physically because of
van der Waals or dipolar forces the central ring

FIG. 5. Measured x-ray scattered intensity vs
temperature at the Bragg angle for cholesteryl myristate.
The points are data taken cooling from the isotropic liquid
which reproduced well on heating. The theoretical curves
are labeled as in Fig. 4.

structures attract each other and one finds nearly
planar regions of increasing size as one approaches
the smectic A transition [Fig. 6(c)]. The magni-
tude of this effect is quite large. The peak inten-
sity in the cholesteric phase near the smectic A
transition is a factor of three larger than the peak
intensity in the isotropic liquid phase. The pres-
ent measurements on unoriented samples are an
isotropic average. The effects would be much
larger for an oriented nematic. Another precur-
sor effect is well known; the cholesteric untwists
in the neighborhood of the smectic A transition.
One can show from the Landau theory that the
order-parameter fluctuations lead to a stiffening
of the twist (and. bend) elastic constants and thus
to an untwisting of the cholesteric helix. Thus the
two precursor phenomena are related.

At the transition to the smectic A phase the in-
tensity at the Bragg angle jumps to a large value

and the width of the peak reduces to nearly the in-
strumental resolution. Upon further cooling the
Bragg intensity grows and the peak width narrows
slightly. In both the cholesteric and smectic A
phases the diffuse scattering at angles well away
from the Bragg angle decreases as the temperature
is lowered. There is a slight shift of the Bragg
peak to smaller angles as the temperature is low-

(b)

(c)

(e)

FIG. 6. Sketch of molecular correlations discussed in
Sec. III. (a) Isotropic liquid phase with little correlation;
(b) nematic phase indicating that parallel alignment of the
molecules increases the probability of finding them end
to end; (c) nematic phase with central portion in smectic-
like planar configuration illustrating pretransition phe-
nomena; (d) smectic A phase with thermal motion of
molecules out of planes; (e) perfect smectic A phase.
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ered in the smectic A phase. In the nonanoate the
shift is 1/0 on going from 57 to 71 'C and in the
myristate the shift is larger, 2%%ug on going from
60 to V6 'C. This shift in d spacing is probably due
to a shortening of the average molecular length
(due to increased flexibility of the end chains with
increasing temperature) although one can think of
a number of other possibilities: i.e. , a coupling
to the orientational or translational order. The
yrinciyle effect in the smectic A phase, however,
is the decreasing intensity of the Bragg peak with
increasing temperature (nothing but the Debye-
Waller factor) preparatory to the collapse of the
planar structure at the transition to the cholesteric
phase. This decrease in intensity is due to the
thermal motion of the molecules out of the planes
and is shown pictorially in Fig. 6(d) compared to
the perfectly ordered smectic Fig. 6(e). As this
thermal motion increases with increasing tem-
perature the average potential holding the mole-
cules on the planes decreases leading to a further
increase of the thermal motion. Thus with in-
creasing temperature the Bragg intensity and the
self-consistent yotential weaken until the final
collapse of the planar structure at the smectic A-
cholesteric transition. This is the physical basis
of the microscopic theory which predicts the tem-
perature dependence of the Bragg scattered in-
tensity. The theory will be compared with the ex-
perimental measurements after the theory is fur-
ther developed in Sec. IV. One expects order-pa-
rameter fluctuations in the smectic A phase due to
fluctuations in interplanar spacing near Tsc. This
is presumably the cause of the slight increase in
linewidth near the transition. However, with the
present rather low resolution measurements (the
half-width at half-height is 8/0) we are unable to
resolve the fluctuation scattering from the Bragg
scattering in the smectic A phase. We will there-
fore be forced to use the theory to correct for
fluctuation scattering and this will lead to uncer-
tainties in the Bragg-scattered intensity, particu-
larly for the nonanoate.

The absolute intensity in the cholesteric and
isotropic liquid phases reproduces well, a 3%%ug from
sample to sample. However the absolute intensity
of the Bragg peak in the smectic A phase varies
from run to run and from sample to sample by
10/o or more. The cooling curve accurately re-
produces a 2% on heating but subsequent cooling
curves can be weaker or stronger. In addition,
on wider samples the Bragg intensity varies by
+10%%uq from point to point on the sample. This
indicates a weak preferred orientation of the do-
mains in the sample. The temperature variation
of the Bragg-scattered intensity reproduces + 290

even though the "bsolute value may be 30% differ-
ent. Thus we are able to measure accurately only

the temperature dependence of the Bragg intensity
and not its absolute magnitude. In addition, for
cholesteryl nonanoate there is a weak thermal
history effect near the smectic-A-cholesteric
transition as shown in Fig. 4. This effect is ab-
sent in the myristate where the transition entroyy
is much larger. In the nonanoate the magnitude
of the hysteresis is reduced by a factor of two
when the cooling rate is reduced by a factor of
ten. The temperature sweep is so slow that this
is clearly not a thermal lag effect. It is more
likely a "strain"* effect due to the incomplete un-
twisting of the cholesteric helix, as one approaches
the transition from above.

IV. MICROSCOPIC THEORY OF SMECTIC A PHASE

The microscopic theory of the smectic A phase
has been presented in detail previously' and is
based on a model intermolecular potential treated
within the self-consistent-field approximation.
The model was worked out in detail by the author
using a two parameter potential, the two param-
eters being the strength of the potential and its
effective range. The model predicts two transition
temperatures for the smectic-cholesteric (or
nematic) transition T,c and the cholesteric-iso-
tropic liquid transition Tc&. The two parameters
of the model potential can then be determined by
fitting the measured transition temperatures and

one can compare further predictions of the model
with experiment. When used in this way the two-
parameter model predicts a universal curve of
smectic-cholesteric transition entropy versus
ratio of transition temperatures Tsc/Tc, . Qn

comparing this curve with experiment (Fig. 9 of
Ref. 13) one finds that the experimental transition
entropies for two homologous series are much
smaller than predicted. The x-ray measurements
reported here indicate that for cholesteryl myris-
tate the order parameter varies more rapidly with

temperature in the smectic A phase and exhibits
a smaller drop at the phase transition than the
theoretical model predicts. The nonanoate data
do not agree but are believed to be less reliable.
The consistency of the heat-capacity and x-ray
data indicate that the theoretical model is predict-
ing a transition which is too strongly first order
and that the fault probably lies with the choice of
model potential rather than in the method of solu-
tion. We therefore feel justified in modifying the
model potential to produce better agreement with
experiment. The model potential used previously
was purely d wave, i.e. , proportional to —,

' cos~»
——,', where 8» is the angle between the long axes
of the two molecules. This results in a strong
coupling between the density-wave order parameter
and the orientational order parameter. The den-
sity-wave transition is permitted to be second
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order by symmetry; however, the strong coupling
to the orientational order parameter makes the
transition first order where the orientational order
parameter varies rapidly with temperature. The
transition entropy can be reduced by adding an
attractive 8-wave component to the potential which
partially decouples the two order parameters. We
thus begin with a model intermolecular potential

V12(r12 cos812) = (VQ/NrQzr )

xe '"» 'o"(-', cos'812-y+II), (3)

ular potential (3) we calculate the average poten-
tial felt by one molecule

V1(z1, cos81)-=N J d x2dQQV12(r12, cos812)

xfz(z„cos82)/J d'xsdII2fz(z„cos82) . (I)

We require that this recalculated one-particle po-
tential be equal to the assumed potential (4) and
this self-consistency requirement yields the equa-
tions for the order parameters. For convenience
we add an external potential

where r» is the distance between centers of mass.
The self-consistent potential equations are set up
and solved as before. Assume a one-particle po-
tential

Vz(z& COS8) = VQ[TJ( 2 COS 8 2 )+ u5T COB(27zz/d)

+ uo cos(2zzz/d)(-2' cos 8 —y )], (4)

where

Vingt VQu fIT~„z COS (2zzz/d)

Yj = (2 Cos 8 —r&f,2 1

T = &cos(2zzz/d) &, + T,„, ,

e= (cos(2zzz/d)(-2' cos 8 —
2 )&f,

where the thermal average of any one-particle
operator A is given by

(9)

(10)

(11)

-(~S 0 zr'd)

and d is the interplanar spacing. The one-particle
distribution function is

fz(z, cos8)=exp[-V1(z, cos8)/kT] .
Using this distribution function and the intermolec-

1.0

jdtxdDA(x, 0) fz(z, cos8)
fdsxdLI fz(z, cos8) (12)

In (9)-(11), zI is the orientational order parameter,
7 is the density wave amplitude, and 0 is a mixed
order parameter which is required because the
potential couples together the translational and
orientational order. The equations are solved nu-
merically by a nonlinear minimization method de-
scribed previously. " One needs the expressions
for the entropy S and the internal energy U:

—TS = NVQ(TI2+ uzz2+ ubT2)
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FIG. 7. Order parameters and heat capacity vs reduced
temperature (= TlTcz) from the microscopic theory
(model 8) for cholesteryl nonanoate. g is the orienta-
tional order parameter and v is the density wave ampli-
tude.

-NkT ln[(1/d) f dz f d (cos8) e "z~ ], (13)

U= —yNVQ(q + uo +u&T ).
For fixed model-potential parameters Vo, ro, 5

(and with T,„,= 0) the equations are solved for the
order parameters, the entropy and heat capacity
versus temperature. We now have three model-
potential parameters and these are fixed by re-
quiring the model to fit the measured transition
temperatures, TN„and Tc„and the smectic-cho-
lesteric transition entropy. The temperature de-
pendence of the order parameters g and 7 and the
heat capacity are shown in Figs. 7 and 8 for the
model potentials (Table I) appropriate for the
nonanoate and myristate.

We turn now to the calculation of the "enhance-
ment factor" from the microscopic model. Within
the framework of the model the x-ray scattering
is proportional to the liquid-structure factor

3. -=&p-p -& p-=-Z e"'z (15)

where x,. is the position of the center of mass of
the ith molecule. We can compute S, in the usual
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the sterol rings as lumps of electron density mov-
ing in a paraffin liquid of lower electron density.
Although the sterol rings are anisotropic we ne-
glect this and assume an isotropic molecular form
factor f, for the ring system. The scattered in-
tensity is then proportional to fzS„where 8, is the
isotropically averaged liquid structure factor
[q = 4m(sine)/X is the momentum transferred during
the scattering event]. In this section we propose
a model for S, including excluded volume effects
and order -parameter fluctuation effects.

A. Excluded Volume Effects

The molecular shape of the cholesteryl esters
and of all liquid-crystal molecules is very aniso-
tropic. We assume a cylindrical excluded volume
of length L and diameter D with a region of high
electron density at the center. We then lo+k at one
molecule oriented in the z direction. The centers
of neighboring molecules are excluded from a
cylinder of length L+D and diameter 2D and we
assume a uniform distribution outside this cylinder.
The anisotropic structure factor is then

FIG. 8. Order parameters and heat capacity vs re-
duced temperature from the microscopic theory (model
8) for chol,esterffl myristate.

S- =1-X
+ cy1

iO&& t

way by applying an external field and calculating
the response of the system. One can show that

2kT &(cosqz)
ox& 8

This is useful here only for q = 2m/d because the q
dependence of the model potential is not realistic.
Only this one Fourier component of the model po-
tential has been used in the above thermodynamic
calculations. In the cholesteric and isotropic liq-
uid phases one finds a simple expression for the
"enhancement factor" P

sin[ y q„(1.+D)] ~J(q,D)"' qiHr(L+D)]

where J& is a Bessel function, N is the particle
density, and 0,» is the cyclindrical volume; we
make the usual assumption that NO,» = I. Here
q„and q, are the components of momentum trans-
fer along the z axis and perpendicular to it. The
anisotropic structure factor is thus approximately
zero in a pancake-shaped region

and exhibits a peak just outside this region. We
are interested only in the small-angle region where

I+a(q +k)"" (I-a~)(1-ak) -~a/' '
(17)

sin~q„(L+D)
%qadi(L+D)

a= Voa/2kT, k=((-,' o ces—y) )~.

In the smectic A phase p is computed numerically
by the nonlinear minimization program which solves
for the order parameters. The temperature depen-
dence of this enhancement factor is shown in Fig.
11 for the three-parameter model potentials for
cholesteryl nonanoate and myristate.

V. PHENOMENOLOGICAL THEORY OF CHOLESTERIC
(NEMATIC) AND ISOTROPIC LIQUID PHASES

8. Order-Parameter Fluctuation Effects

In the cholesteric phase near thy smectic tran-
sition we observe a strong peak in S, near the
Bragg angle. Physically this is due to small re-
gions of the material fluctuating into a smectic-
like configuration and out again. We can treat
these fluctuations phenomenologically using a
simplified Landau theory. The oqder parameter
for a one-dimensional density wave is a complex
scalar quantity

X-ray scattering measures the electron density-
density correlation function. In the cholesteryl
esters the sterol ring has a higher electron density
than the parrafin end chains and one can think of

y(x) =Z; g;e"'*,

where the particle density is

(2O)
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p(x ) = po (1+Re [g (x )]) .
One assumes a free energy for a density wave of
wavelength 2a/q and amplitude g; of the following
form:

F(q, g;, T) = ~N iaTA; qa, (22)

where A.; has cylindrical and inversion symmetry
and A; is a minimum for q = a qa = (2a/d) z, that is
the free energy is minimum for a density wave
with planes perpendicular to the preferred direc-
tion (the z axis) and with interplanar spacing equal
to the observed spacing in the smectic phase. We
have taken

T)+ a„(~q„~ -q ) /1-P(T)

where one would normally assume

(23)

(24)

Here T„ is a critical temperature somewhat lower
than the first-order transition temperature Tac.
We will not make use of (24) but will use the values
of P computed from the microscopic model. The
thermodynamic average mean-square amplitude is
then

(25)

The thermodynamic average density-density cor-
relation function is

pa(r~a) = (1/pa)(p(rx)p(ra))

= pa[1+K(y;)cos(g r„)]
= pa[1+K; (1/NA)) cos(q r~a)) .

Including excluded volume effects we have

(26)

pa(ria) = p~~( i r)[a1 Z+;(1/NA;) cos(q r,a)].
(2V)

Finally Fourier transforming pa(r~a) we find

S;=1+ [p,(r) pa] e '""dar—

1 pr'1 -S„.
b(

I, WA-„) (28)

The first term is the liquid-structure factor with
excluded volume effects only. The second term is
the order -parameter fluctuation contribution. The
third term is a subtraction term which is necessary
to make the density-density correlation function
zero in the excluded volume region. This term
acts to reduce the diffuse scattering well away
from the Bragg angle and is essential to permit a
quantitative comparison of theory and experiment.
Equation (28) holds for a molecule oriented in the

f.'=f &/(1+v'q') . (29)

For the excluded volume we chose L/D = 5 and L
equal to the measured d spacing in the smeetic A
phase. For the Landau theory parameters we
chose qa= 2a/d and took P(T) from the microscopic
theory. This left two more parameters &, and a„
to be adjusted. The particle density was deter-
mined from the liquid density (= 1 g/cm estimated
from the measured x-ray absorption length) and
the molecular weight. We then adjusted the four
abailable parameters to fit the nonanoate data in
the isotropic liquid phase at T=95.5 C and in the
cholesteric phase at T= 76. 2'C. The parameter
values are f a

= 130 (units of Fig. 8), y= 0. 8/qa,
~„=20, and ~, = 0. 5. The instrumental resolution
was folded into the calculated intensity curve. The
nonanoate data at intermediate temperatures
agreed well with the theory using the appropriate
P(T) values. The fit for three temperatures is
shown in Fig. 9. The values of a are very aniso-
tropic but the anisotropy is not well determined by
the data; values of o.'„/o.', between 10 and 100 gave
an aeeeptabie fit to the data. For smaller values

g direction; one must average (28) over the angular
distribution function which is isotropic for unori-
ented samples.

VI. CHOLESTERIC AND ISOTROPIC LIQUID PHASES

A. Cholesteric and Isotropic Liquid Phases

We now have at hand the theoretical apparatus
necessary to interpret the data. There are two

types of questions which one would like to have
answered. First of all one would like to know
whether or not the physical picture of order-pa-
rameter fluctuations as described by the Landau
theory is qualitatively correct. We will show that
the Landau theory appears to work well over a
broad temperature range. Second, one would like
to be able to determine the parameters of the
Landau theory from the data and to test the micro-
scopic model predictions of the enhancement factor
P(T). We find, however, that there are too many
parameters in the theory and not enough informa-
tion in the data. One cannot uniquely determine
all the parameters from the data and we must
settle for the more modest goal of finding a physi-
cally reasonable set of parameters which are con-
sistent with the data. It turns out that one can fit
the nonanoate data using the values of p(T) cal-
culated from the microscopic theory; the other
parameters are independent of temperature and
can be chosen to get a good fit to I(8) at several
temperatures.

The fitting procedure used is the following. We
chose a simple analytic form for the molecular
structure factor with two adjustable parameters
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the myristate predicts a critical temperature 2. 2'
below the first-order transition temperature where-
as the experimental P(T) curve extrapolates to zero
at most a few tenths of a degree below the transition
temperature.

8. SmecticA Phase
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FIG. 9. Scattered intensity vs scattering angle for
cholesteryl nonanoate. The lower curve is in the isotropic
liquid phase at 95.4'C, the middle curve is in the cho-
lesteric phase at 85.2'C and the upper curve is in the
cholesteric phase at 76.2'C. Successive curves are off-
set vertically by 20 units for clarity. The points are the
experimental data and the lines are the Landau theory fit
with four adjustable parameters but with p(T) computed
from the microscopic theory.

At the transition to the smectic A phase the in-
tensity at the Bragg angle jumps abruptly to a large
value and continues to increase as the temperature
is further decreased. At the transition the width
of the peak drops to nearly the instrumental resolu-
tion. There are three small effects which occur
in the smectic A phase: (i) The width of the Bragg
peak decreases slightly with decreasing tempera-
ture, (ii) the position of the Bragg peak shifts
slightly to smaller angles with decreasing tempera-
ture, and (iii) the diffuse scattering at angles well
away from the Bragg angle decreases with decreas-
ing temperature. The slight increase in linewidth
near the transition is probably due to order-param-
eter fluctuations in the smectic A phase. With the
present resolution we are unable to resolve the
Bragg-scattering and fluctuation contributions.
However, we can estimate the fluctuation contribu-
tion from the Landau theory using the computed
P(T) in the smectic A phase and the experimental
values of the other parameters. The fluctuation

of A~~ /&g the theoretical peak becomes too broad
and for larger values it becomes too skewed toward
large angles. The product e,a„and the other two
parameters are closely fixed by the data.

We will see below that the microscopic model
for the myristate predicts a critical temperature
which is too low and consequently the P(T) values
are a little off. We have therefore fit the myristate
data using f 0~, y, n„dann„given above and ad-
justing P at each temperature to give a good fit.
The fit to the data at three temperatures is shown
in Fig. 10. The same absolute structure factor
was used for the nonanoate and myristate.

We can now make use of the measured intensity
at the Bragg angle vs temperature to determine a
detailed experimental curve of P(T). We computed
the intensity at the Bragg angle as a function of P
using the values of f0, z, u„and o,'„determined
above. Then from the measured intensity at a
given temperature (Figs. 4 and 5) and the I(P)
curve we can read off a value of P for that tempera-
ture This an.alysis of the f(T) data is shown in
Fig. 11 for cholesteryl nonanoate and myristate
along with the P(T) computed from the microscopic
theory. Keep in mind that the nonanoate P was
forced to fit the model P at V6. 2 'C and in the iso-
tropic liquid phase. The only significant deviation
is found in the fact that the microscopic model for
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FIG. 10. Scattered intensity vs scattering angle for
cholesteryl myristate. The lower curve is in the isotropic
liquid phase at 85.2 C, the middle curve is in the cho-
lesteric phase at 81.3 C and the upper curve is in the
cholesteric phase at 78.8'C. The points are the experi-
mental data and the lines are the Landau theoxy fit with
one adjustable parameter p(T); the other parameters
were taken from the nonanoate fit.
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FIG. 11. Enhancement factor P vs temperature. The
points are experimental values extracted from the data
of Figs. 4 and 5 using the Landau theory. The solid lines
are the values calculated from the microscopic theory
(model B). The lower curve is the data for cholesteryl
nonanoate and the upper curve is data for cholesteryl my-
ristate. For the nonanoate the theoretical curve is forced
to fit the experimental at 76.2 'C and in the isotropic
liquid by the fitting process which determined the Landau
theory parameters.

and diffuse scattering contributions to the Bragg-
angle scattering are shown in Figs. 4 and 5 as a
dashed line.

We are now ready to test the microscopic theory.
The- Bragg scattering is proportional to the square
of the order parameter 7. The proportionality
constant is determined by fitting the observed in-
tensity at the lowest measured temperature; there
are no other free parameters. The theoretical
Bragg-scattering intensities are added ta the fluc-
tuation and diffuse-scattering term and plotted in
Figs. 4 and 5 for the two model potentials. Model
A is the original model with only d-wave potential
which predicts a too large transition entropy.
Model B contains an additional s-wave term and has
been fit to the transition entropy. The model pa-
rameters are given in Table I. The myristate
sample behaves exactly as expected. Model A pre-
dicts too weak a temperature variation of the scat-
tered intensity and too large a jump at the transi-
tion. Model B exhibits excellent agreement with
the measured intensity. The fluctuation contribu-
tion is small enough to be unimportant. For the
nonanoate the story is different. Model A appears
to agree with the x-ray data; however, the entropy
jump is far too large. Model 8 predicts a too
rapid temperature dependence of the scattered in-
tensity. Here the fluctuation contribution is much

more important and errors in its estimation may
be partly responsible for the discrepancy. The
nonanoate sits almost on the critical point separat-
ing the first- and second-order regions in the
phase diagram and there may be special problems
with the theory here. There are certainly large
order-parameter fluctuations. Thus we are unable
to assign the discrepancy either to the theory or to
the experiment; further work is clearly required.

VII. CONCLUSIONS

We have presented x-ray intensities versus scat-
tering angle (for monochromatic CuKa radiation)
for several temperatures in the smectic A, cho-
lesteric, and isotropic liquid phases of cholesteryl
nonanoate and cholesteryl myristate. The motiva-
tion for this work was to provide a quantitative test
of the microscopic model of the smectic A phase.
The x-ray experiment measures the order param-
eter directly and provides the most detailed test
of the theory. It was found desirable to modify the
model potential in the theory to improve the agree-
ment with experiment. Even with this improve-
ment in the theory it was found that one sample
agreed well with the theory and the second did not.
The reason for this discrepancy is not known and
it is clearly desirable to have more experimental
work on a wider variety of materials.

We have in addition observed short-range-order
effects in the cholesteric and isotropic liquid phases
and have attempted to provide the theoretical
framework necessary to understand these effects.
We have presented a simple Landau theory of the
order-parameter fluctuations and have calculated
the "enhancement factor" from the microscopic
theory. The present experiments on unoriented
samples are not inconsistent with the J andau theo-
ry. However there is insufficient information in
the experiment to pin down the Landau theory pa-
rameters and we cannot claim to have a rigorous
test of the Landau theory. Again further experi-
ments on oriented samples and at higher resolution
are desirable.

After this experimental work was completed the
author learned of the x-ray experiments of Wen-
dorrf and Price" on the same materials. The
reader is referred to that paper for details.
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Application of Green's Functions to Radiative
Cooperative Effects in Multiatom Systems*
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Spontaneous-radiation processes associated with a number of multiatom systems are
studied. Green's-function techniques are used in conjunction with a model of N two-level
atoms interacting with a quantized radiation field to investigate the assumption of the inde-
pendence of the spontaneous-radiation properties of a given atom from the states of the other
atoms in the system. It is shown that the natural linewidth of an excited atom in the presence
of a deexcited atom is different from that of an isolated excited atom. For interatomic sepa-
rations smaller than a critical separation, the two-atom system is best considered as a col-
lective unit with regard to its spontaneous-radiation properties. The influence of these
"radiative cooperative effects" is studied also for the systems of two initially excited atoms.
Also the influence of radiative cooperative effects in the scattering of a photon by a system
of two deexcited atoms is studied. It is shown that the frequency distribution of the scattered
radiation exhibits. a double-peak structure for interatomic separations smaller than @~g. The
techniques of Green's functions are then applied to the study of radiative cooperative effects
in several many-atom systems. It is shown that within the context of the model certain in.-
formation is obtained exactly via the Green's-function techniques as applied to the many-
atom problems of a single excited atom in the presence of N»1 deexcited atoms and the
scattering of a photon by a system of N»1 deexcited atoms. The necessity of treating many-
atom systems from a "collective" point of view is easily seen from our results.

I. INTRODUCTION

The emission of radiation by a single excited
atom is one of the classic problems of quantum
electrodynamics. An approximate quantum-me-
chanical solution was given quite early by Weiss-
kopf and Wigner (WW). ' The approach of WW has
by now become a standard approximation method for
computing the lifetime of an excited atomic state,
not only for an isolated excited atom but also for
systems of many atoms. That is, the usual treat-
ment of the spontaneous radiation emitted by an
extended system of atoms is based on the assump-
tion that the individual atoms in the system emit
radiatiori at a rate characteristic of the spontaneous
emission rate of a single isolated atom. Conse-
quently, implicit in these treatments is the assump-
tion that the radiation emitted by the individual
atoms is independent of the state of the other atoms
in the system.

Spontaneous emission of radiation from many-
atom systems has been considered by Dicke who

recognized the analogy between a system of two-
level atoms and a system of spins, and used it
to describe a many-atom systeminteracting through
a common radiation field. He showed that under
certain conditions the atoms may cooperate in a
manner so as to emit radiation at a rate much
larger than what would be expected assuming in-
dependent emission. Recently, in an impressive
work, Rehler and Eberly' have reviewed and ex--
tended virtually all of the previous results of Dicke
and others with regard to the treatment of super-
radiance. On a much smaller scale, Stephen and

Hutchinson and Hameka investigated the problem
of a pair of two-level atoms interacting with each
other via their common radiation field when one
atom is initially excited and the other is deexcited.
By extending the methods of the perturbation theory
of Heitler to this two-atom system they were able
to draw the conclusion that the excited atom radi-
ates at a rate different from that of an isolated
atom. In a similar spirit Ernst and Stehle and

Ernst "extended" the WW theory of the natural line-


